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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 49 ]. This is test number [ 193 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 93.88 (46 ) | %6.12(3)

Mathematica | % 95.92 (47 ) | % 4.08 (2)

Maple %97.96 (48 ) | %2.04 (1)
Maxima % 40.82 (20) | % 59.18 (29)
Fricas % 30.61 (15) | % 69.39 (34 )
Sympy % 16.33 (8) | % 83.67 (41)
Giac % 32.65 (16) | % 67.35 (33)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.88 0. 0. 6.12
Mathematica 73.47 0. 22.45 4.08
Maple 53.06 28.57 16.33 2.04
Maxima 22.45 18.37 0. 59.18
Fricas 14.29 12.24 4.08 69.39
Sympy 16.33 0. 0. 83.67
Giac 20.41 12.24 0. 67.35




The following is a Bar chart illustration of the data in the above table.
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.43 268.2 0.98 190. 1.

Mathematica 5.78 314.53 1.3 272. 1.04
Maple 0.29 2060.08 4.59 355. 1.63
Maxima 1.4 326.95 212 281.5 2.23
Fricas 5.4 2540.87 10.26 697. 5.26
Sympy 15.02 615. 4.57 427. 3.3
Giac 7.11 419.12 2.61 381.5 2.05
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1.4 list of integrals that has no closed form an-
tiderivative

(304131}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {29}

Mathematica {59} [10}[11}[12,[13}[14}[15,[16,[17} [I9}[21} [22} [29} 36} 37 [38} [39} 40} [41} |42} |43} 44 [45),

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.
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Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

2.1.1 Rubi
A grade: {[1}[2} B[4 5} 6} 7} 8 9} [L0}

)

20121} 22}[23} 24, [25} 27, [29

EE
S
==
EE

(50, 5T} B2} 33, B5} 36} 37} 38, B9, 40} |41} (43, 148]/49))
B grade: { }
C grade: { }

F grade: {[26][28][34}

2.1.2 Mathematica

A gradie: {12157 8, 310} ) L5 ) 7 23} 2 25) 27 28 290 B 52 B3 5 B 7 B9
0L 10, A2 5 A8 9

B grade: { }

C grade: {[5}[19}[13][14][19},21} 22, [26][34} [£4} [£6] }
F grade: {

2.1.3 Maple
A grade (5,16, 7 B} 13} 14 22 23| 24} 25 26]27] 28} B0} B B2 33} 35} 36} (44} 45} 4G, 47 48,49

15
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B grade: {[1} 2} 3} [0} [L0} 11} [21} [37 [38} [39} [40} [T} (42} [43] }
C grade: {[12}[15][16][17,[18,[19,[20,[34] }
F grade: {}

2.1.4 Maxima

A grade: (B BBBHEYESELEBED
B grade: (510 I 2B A0 AL A3 3
C grade: { }

F grade: { 5|12, [13)[14}[15 [16, 17} 18} 19} [20} [21} [23| [24} [25} 26} [27} 28} 29} ]8T} |82} ]33} |34} |35} [44}
[45}[46} 47 [48} [49)}

21.5 FriCAS

A grade: {[B}[4}[23}[24} 25,30} 31] }
B grade: {[IL[2}[6}[7}[81[27 }
C grade: {[32,[33]}

F grade: {5,010} 123 [4) 5[5} 7 5 10 20,2 22 2 25 20, 7 5,0 57 8, B}
L A3 3 A B0 A 5 09])

21.6 Sympy

A grade: {[T}[2} B} [4}[6}[23} 24} 25] }
B grade: { }
C grade: { }

F grade: { [}7,8}[%)[L0}[T1, T2} T3} T4} 15} 16} 17} 18} 19} 20} 21} [22} [26} 27} [28} [29} 30} 31} 32} 33}

=

[34,351[36,[37,[38, [39} [40} |41} (42} [43} [44} [45] [46), 47, |48}, [49] }

2.1.7 Giac

A grade: (52325, B0 BT BA )
B grade: (JBBABE)
C grade: { }

F grade: { [5} ) [10} L1} 12} 13} [14} [15}[16, 17,18} 19} 20} 2T} [22} 26} 29} 34} B5} 36} 87 [38, 39} (40} 41}
[£2}[43} 14} [451 [46] |47, |48, |49}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 149 149 274 395 369 697 381 524
normalized size | 1 1. 1.84 2.65 2.48 4.68 2.56  3.52
time (sec) N/A 0.141 0.18 0.031 0977 1733 5.246 1.333
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A B A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 125 125 205 308 282 527 279 397
normalized size | 1 1. 1.64 2.46 2.26 4.22 223 318
time (sec) N/A 0.141 0.132 0.03 0966 1794 335 1.331
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A A A B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 96 96 129 218 185 358 178 263
normalized size | 1 1. 1.34 2.27 1.93 3.73 1.85  2.74
time (sec) N/A 0.122 0.095 0.029 0.99 1.666  2.037 1.152
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A A A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 84 84 96 92 112 228 92 157
normalized size | 1 1. 1.14 11 1.33 2.71 11 1.87
time (sec) N/A 0.076 0.01 0.029 0973 1649 1184 1.163
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 114 114 257 148 0 0 0 0
normalized size | 1 1. 2.25 1.3 0. 0. 0. 0.
time (sec) N/A 0.081 0.245 0.132 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 93 93 102 114 134 387 782 176
normalized size | 1 1. 11 1.23 1.44 4.16 8.41 1.89
time (sec) N/A 0.067 0.119 0.031 0967 1911 8.629 1.173
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 130 130 133 154 257 933 0 791
normalized size | 1 1. 1.02 1.18 1.98 7.18 0. 6.08
time (sec) N/A 0.129 0.15 0.039 0971 2371 0. 1.742
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F(-1) B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 175 175 173 223 458 1713 0 1511
normalized size | 1 1. 0.99 1.27 2.62 9.79 0. 8.63
time (sec) N/A 0.188 0.263 0.046 1.012 4121 0. 3.094
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 359 359 506 1430 1056 0 0 0
normalized size | 1 1. 1.41 3.98 2.94 0. 0. 0.
time (sec) N/A 0.534 0.887 0.058 1.799 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 257 257 319 1050 707 0 0 0
normalized size | 1 1. 1.24 4.09 2.75 0. 0. 0.
time (sec) N/A 0.409 0.636 0.049 1.795 0. 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 160 160 174 462 423 0 0 0
normalized size | 1 1. 1.09 2.89 2.64 0. 0. 0.
time (sec) N/A 0.33 0.423 0.052 1.762 0. 0. 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 188 188 938 1170 0 0 0 0
normalized size | 1 1. 4.99 6.22 0. 0. 0. 0.
time (sec) N/A 0.05 12.51 0.549 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 321 321 317 605 0 0 0 0
normalized size | 1 1. 0.99 1.88 0. 0. 0. 0.
time (sec) N/A 0.313 4.383 0.117 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 480 480 470 824 0 0 0 0
normalized size | 1 1. 0.98 1.72 0. 0. 0. 0.
time (sec) N/A 0.499 7.508 0.069 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 614 614 830 6104 0 0 0 0
normalized size | 1 1. 1.35 9.94 0. 0. 0. 0.
time (sec) N/A 1.183 2.008 2.605 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 387 387 591 4600 0 0 0 0
normalized size | 1 1. 1.53 11.89 0. 0. 0. 0.
time (sec) N/A 0.804 1.296 2.211 0. 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 244 244 331 12404 0 0 0 0
normalized size | 1 1. 1.36 50.84 0. 0. 0. 0.
time (sec) N/A 0.602 0.763 0.954 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 272 272 0 2367 0 0 0 0
normalized size | 1 1. 0. 8.7 0. 0. 0. 0.
time (sec) N/A 0.057 109.64 0.43 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 517 517 1110 3497 0 0 0 0
normalized size | 1 1. 2.15 6.76 0. 0. 0. 0.
time (sec) N/A 0.525 15.401 0.613 0. 0. 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F C F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 953 953 0 53538 0 0 0 0
normalized size | 1 1. 0. 56.18 0. 0. 0. 0.
time (sec) N/A 1.027 87.225 3.486 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 67 109 240 118 0 0 0 0
normalized size | 1 1.63 3.58 1.76 0. 0. 0. 0.
time (sec) N/A 0.07 0.276 0.04 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 88 108 272 127 194 0 0 0
normalized size | 1 1.23 3.09 1.44 2.2 0. 0. 0.
time (sec) N/A 0.066 0.099 0.036 1.45 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 182 220 254 306 0 1145 1083 423
normalized size | 1 1.21 1.4 1.68 0. 6.29 595 232
time (sec) N/A 0.223 0.284 0.031 0. 2.339 45.228 2.399
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 158 158 170 223 0 918 1652 289
normalized size | 1 1. 1.08 1.41 0. 581 1046 1.83
time (sec) N/A 0.21 0.167 0.032 0. 1.809 34.135 1.915
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) A A A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 117 94 104 91 0 616 473 166
normalized size | 1 0.8 0.89 0.78 0. 5.26 4.04  1.42
time (sec) N/A 0.093 0.058 0.043 0. 1.806 20.337 1.316
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F C A F F F(-1) F
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 325 0 285 362 0 0 0 0
normalized size | 1 0. 0.88 111 0. 0. 0. 0.
time (sec) N/A 0.063 17.47 0.07 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) B F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 166 166 261 181 0 1350 0 366
normalized size | 1 1. 1.57 1.09 0. 8.13 0. 2.2
time (sec) N/A 0.279 0.356 0.034 0. 26.882 0. 1.174
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F A A F(-2) F(-1) F(1) B
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 226 0 379 310 0 0 0 684
normalized size | 1 0. 1.68 1.37 0. 0. 0. 3.03
time (sec) N/A 0.066 0.712 0.04 0. 0. 0. 89.474
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F(-2) F F F
verified N/A NO NO TBD TBD TBD TBD TBD
size 1085 1216 684 0 0 0 0 0
normalized size | 1 112 0.63 0. 0. 0. 0. 0.
time (sec) N/A 2.438 3.184 0.269 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.119 45.243 0.33 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A F(-2) A F(-1) A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 22 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.369 42.476 0.457 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) C F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 336 332 299 500 0 20131 0 527
normalized size | 1 0.99 0.89 1.49 0. 59.91 0. 1.57
time (sec) N/A 0.511 0.279 0.032 0. 18.189 0. 4.292
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) C F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 285 285 333 362 0 9110 0 432
normalized size | 1 1. 1.17 1.27 0. 31.96 0. 1.52
time (sec) N/A 0.452 0.102 0.031 0. 14.72 0. 2.18
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A F C C F F F(-1) F
verified N/A N/A Yes TBD TBD TBD TBD TBD
size 523 0 515 182 0 0 0 0
normalized size | 1 0. 0.98 0.35 0. 0. 0. 0.
time (sec) N/A 0.062 99.21 0.171 0. 0. 0. 0.
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F(-2) F(-1) F(1) F(1)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 414 414 534 591 0 0 0 0
normalized size | 1 1. 1.29 1.43 0. 0. 0. 0.
time (sec) N/A 0.773 0.558 0.039 0. 0. 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 195 195 160 309 332 0 0 0
normalized size | 1 1. 0.82 1.58 1.7 0. 0. 0.
time (sec) N/A 0.601 0.552 0.053 1.796 0. 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 160 160 130 276 281 0 0 0
normalized size | 1 1. 0.81 1.72 1.76 0. 0. 0.
time (sec) N/A 0.429 0.38 0.05 1.751 0. 0. 0.
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 120 120 96 243 224 0 0 0
normalized size | 1 1. 0.8 2.02 1.87 0. 0. 0.
time (sec) N/A 0.26 0.22 0.051 1.752 0. 0. 0.
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B A F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 78 78 75 186 136 0 0 0
normalized size | 1 1. 0.96 2.38 1.74 0. 0. 0.
time (sec) N/A 0.125 0.097 0.046  2.075 0. 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 69 69 72 217 215 0 0 0
normalized size | 1 1. 1.04 3.14 3.12 0. 0. 0.
time (sec) N/A 0.244 0.125 0.053 1.624 0. 0. 0.
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 117 117 118 315 335 0 0 0
normalized size | 1 1. 1.01 2.69 2.86 0. 0. 0.
time (sec) N/A 0.363 0.324 0.057 1.784 0. 0. 0.
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 157 157 158 348 393 0 0 0
normalized size | 1 1. 1.01 2.22 2.5 0. 0. 0.
time (sec) N/A 0.456 0.537 0.066 1.785 0. 0. 0.
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 192 192 187 381 446 0 0 0
normalized size | 1 1. 0.97 1.98 2.32 0. 0. 0.
time (sec) N/A 0.571 0.753 0.062 1.796 0. 0. 0.
Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 460 460 558 651 0 0 0 0
normalized size | 1 1. 1.21 1.42 0. 0. 0. 0.
time (sec) N/A 0.783 2.97 0.06 0. 0. 0. 0.
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Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 374 374 337 539 0 0 0 0
normalized size | 1 1. 0.9 1.44 0. 0. 0. 0.
time (sec) N/A 0.485 1.447 0.057 0. 0. 0. 0.
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 318 318 551 462 0 0 0 0
normalized size | 1 1. 1.73 1.45 0. 0. 0. 0.
time (sec) N/A 0.322 1.534 0.053 0. 0. 0. 0.
Problem 47, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 358 358 302 540 0 0 0 0
normalized size | 1 1. 0.84 1.51 0. 0. 0. 0.
time (sec) N/A 0.587 1.124 0.062 0. 0. 0. 0.
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 413 413 360 620 0 0 0 0
normalized size | 1 1. 0.87 1.5 0. 0. 0. 0.
time (sec) N/A 0.72 1.624 0.068 0. 0. 0. 0.
Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 506 506 394 741 0 0 0 0
normalized size | 1 1. 0.78 1.46 0. 0. 0. 0.
time (sec) N/A 0.872 2.673 0.072 0. 0. 0. 0.
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules

column is the number of unique rules used. The integrand size column is the leaf size of
number of rules

the integrand. Finally the ratio is given. The larger this ratio is, the harder the

integrand size

integral was to solve. In this test, problem number [29] had the largest ratio of [ 2.167 |

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand N
# grade steps unique antideri\./ative leaf size ntegrand leal size
used rules leaf size
1 A 6 4 1. 16 0.25
2 A 6 4 1. 16 0.25
3 A 6 4 1. 16 0.25
4 A 6 4 1. 14 0.286
5 A 4 4 1. 16 0.25
6 A 6 4 1. 16 0.25
7 A 4 3 1. 16 0.188
8 A 4 3 1. 16 0.188
9 A 19 14 1. 18 0.778
10 A 15 12 1. 18 0.667
11 A 12 1. 16 0.562
12 A 1 1 1. 18 0.056
13 A 12 1. 18 0.333
14 A 18 10 1. 18 0.556
15 A 29 15 1. 18 0.833
16 A 20 13 1. 18 0.722
17 A 14 10 1. 16 0.625
18 A 1 1 1. 18 0.056
19 A 1. 18 0.389
20 A 21 11 1. 18 0.611
21 A 4 4 1.6 17 0.235
22 A 4 4 1.23 15 0.267
23 A 19 10 1.21 18 0.556
Continued on next page




Table 2.1 — continued from previous page

number of number of normalized integrand —
# | grade steps unique antideri\./ative leaf size togrand leaf size
used rules leaf size

24 A 12 10 1. 18 0.556
25 A 10 7 0.8 16 0.438
26 F 0 0 N/A 0 N/A
27 A 10 7 1. 18 0.389
28 F 0 0 N/A 0 N/A
29 A 104 39 1.12 18 2.167
30 A 0 0 0. 0 0.
31 A 0 0 0. 0 0.
32 A 25 14 0.99 18 0.778
33 A 23 13 1. 16 0.812
34 F 0 0 N/A 0 N/A
35 A 20 12 1. 18 0.667
36 A 19 10 1. 26 0.385
37 A 14 10 1. 26 0.385
38 A 9 9 1. 24 0.375
39 A 5 4 1. 23 0.174
40 A 5 7 1. 26 0.269
41 A 9 9 1. 26 0.346
42 A 14 9 1. 26 0.346
43 A 20 9 1. 26 0.346
44 A 20 11 1. 23 0.478
45 A 15 10 1. 21 0.476
46 A 11 5 1. 20 0.25
47 A 15 11 1. 23 0.478
48 A 19 13 1. 23 0.565
49 A 24 13 1. 23 0.565
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Chapter 3

Listing of integrals

31  [(d+ex)*(a+btanh™ (cx)) dx

Optimal. Leaf size=149

(d + ex)® (a +btanh™ (cx)) N bex? (10c2d2 + ez) N bdex (2c2d2 + ez) b(cd — e)° log(cx +1) . b(cd + €)% log(1 — ca
5e 10c3 c3 10c5e 10c5e

[Out] (bxd*ex(2*xc™2*xd"2 + e72)*x)/c”3 + (b*e™2*x(10*%c™2*%d"2 + e72)*x"2)/(10*c~3) +
(b*xd*e~3%x73) /(3*c) + (b*e"4*xx74)/(20%c) + ((d + e*xx) 5*x(a + bxArcTanh[c*x

1))/ (5%e) + (b*(cxd + e) bxLogl[l - c*x])/(10*%c"5xe) - (b*(c*d - e) 5xLogl[1

+ c*xx])/(10*c"5x*e)

Rubi [A] time = 0.140575, antiderivative size = 149, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, > % _

integrand size
0.25, Rules used = {5926, 702, 633, 31}
(d + ex)® (a +btanh™ (cx)) be?x? (10(:2012 + ez) bdex (2c2d2 + eZ) b(cd - e)® log(cx + 1) b(cd + ¢)3 log(1 — ¢
—~ +

+ +
5e 10c3 c3 10c®e 10c®e

Antiderivative was successfully verified.

[In] Int[(d + e*x) 4x(a + bxArcTanh[c*x]),x]

[Out] (bkxd*e*x(2*c™2%d"2 + e72)*x)/c”3 + (b*e™2*%(10*%c™2*d"2 + e72)*x"2)/(10*c~3) +
(bxd*e”3%x"3)/(3%c) + (b*xe"4*xx"4)/(20%c) + ((d + exx) 5*(a + bxArcTanh[c*x
1))/(5%xe) + (bx(cxd + e) bxLog[l - c*x])/(10*c~5*xe) - (bx(c*d - e) b*Logl[1

29
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+ c*x])/(10*c”"5*e)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] > Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2xx72), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 702

Int[((d)) + (e_)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d)) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (c*xd)/(2*%q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] &% NiceSqrtQ[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

5
[+ et (o btann i) ax = L lx e e) 09 o 0
B Se 5o
5de?(2c2d2+e2)  e3(10c2d2+e?)x 53
(d + ex)® (a + btanh_l(Cx)) (be) [ (— - _ : _ep
B Se B =

bde (202112 + ez) x  be? (1002012 + ez) X> pdedd®  betxt  (d+ex) (a + btanh
= +

+ + +
c3 10c3 3¢ 20c

5e

_ bde (2c2d2 + ez) x  be? (10c2d2 + ez) X2 pdedy3 N betyt N (d + ex)® (a + btanh

+ +
c3 10c3 3c 20c

5e

bde (2c2d2 + ez) x  be? (10c2d2 + 62) X> pded  betxt  (d+ex) (a + btanh
= + +

+ +
c3 10c3 3c 20c

5e
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Mathematica [A] time = 0.179837, size = 274, normalized size = 1.84

6c%ex? (20ac3d3 + be (1Oczd2 + ez)) + 60c?dx (ac3d3 + be (ZCZdZ + ez)) + 3c*e3x*(20acd + be) + 20c*de?x3(6acd + be) -

Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 4*(a + b*ArcTanh[c*x]),x]

[Out] (B0*c™2*xd*(a*xc™3*d"3 + b*xe*x(2*%c™2*xd"2 + e72))*x + 6%c”2%e*x(20*a*xc™3*d"3 + b
*ex (10*%c™2*%d"2 + e€72))*x"2 + 20%c”4*d*e 2% (6*a*xckd + b*xe)*x"3 + 3xc 4*xe”3x*(
20*a*xc*d + b*e)*x"4 + 12*xaxc”5xe”4*x”5 + 12*b*xc”5xx*(5%d"4 + 10*%d"3%exx + 1
0*xd~2%e”2*x"2 + bxd*e”3*%x"3 + e 4*x"4)xArcTanh[c*x] + 6xb*x(5xc~4*%d"4 + 10*c
“3*%d"3%e + 10%c”2xd"2*%e"2 + bxckdxe”3 + e”4)*Logl[l - c*xx] + 6*bx(5xc”4*xd"4

- 10%c™3xd"3*e + 10%c™2xd"2*e”2 - bkc*xd*xe”3 + e”4)*Log[l + c*x])/(60*c”5)

Maple [B] time = 0.031, size = 395, normalized size = 2.7

d° 4xd beldx  be*x?®  be*l -1) be*l +1) bl +1)d> b
2bezArtanh(cx)x3d2+a—+ ae + axd* + ¢ x+ cx + ¢ Inex )+ ¢’In(ex )— n(ex+1) + -
5e c3 103 105 105 10e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) “4x(at+b*arctanh(c*x)),x)

[Out] 1/5*a/e*xd”5+1/5*axe”4*x~5+a*x*d"4+b/c”3*e"3*xd*x+1/10/c”3*b*e”4*x"2+1/10/c”5
xbxe~4x1n(cxx-1)+1/10/c”5%b*e”~4*1n(c*xx+1)-1/10%b/e*1n(c*x+1) *d~5+1/10%b/ex*x1
n(c*x-1)*d~5+1/5%b/e*xarctanh (c*x) *d~5+1/5*b*e 4d*arctanh (c*x) *x~5+b*arctanh (
cxx)*x*%d~4+1/2/c*xb*1n(cxx+1) *d~4+1/2/c*xb*1n(c*x-1) *d"4+a*xe” 3*xx"4*xd+2xaxe” 2%
X"3*d"2+2*xaxexx " 2+%d"3+2*b*e " 2*arctanh (cxx) *x~3*%d"2+2*b/cxe*xd"3*x+1/cxbxe” 2%
x"2%d"2+2*b*exarctanh (c*x) *x~2*d"3+b*e” 3*arctanh (c*x) *x~4*d-1/c”2*xbxex1n(c*
x+1)*d"3+1/c” 3*b*xe”2*x1n(c*x—1)*d"2+1/c " 3*bxe”2*1n (c*x+1)*d~2+1/c " 2*b*e*x1n(c
*x-1)*d"3+1/2/c " 4*xb*xe”3*1n(c*x-1)*d-1/2/c " 4*xbxe~3*1n (c*x+1) *d+1/20*b*e”4*x"
4/c+1/3*xbxd*e”3*x"3/c

Maxima [A] time = 0.977438, size = 369, normalized size = 2.48

1 2 | +1 1 -1 |
= ae*x® + ade3x* + 2 ad?e®x3 + 2 ad®ex? + (2 x% artanh (cx) + c(—x _loglex+1) + 28 (ex )))bd3e + [2 x3 artan

c? c3 c3



32

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 4*(at+b*arctanh(c*x)),x, algorithm="maxima"

[Out] 1/5*a*xe”4*x”5 + axd*e”™3*x"4 + 2%a*xd ™ 2%e”2%x"3 + 2¥a*xd”3*e*xx”2 + (2*x~2*arct
anh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c”3))*bxd"3*%e + (2%
x"3%arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*b*d"2%e”2 + 1/6%(6%*x
“4xarctanh(c*x) + c*x(2%(c”™2*x"3 + 3*x)/c”4 - 3xlog(c*x + 1)/c”5 + 3*log(c*x

- 1)/c75))*b*d*e~3 + 1/20*(4*x~b*arctanh(c*x) + c*x((c™2*%x"4 + 2*x72)/c"4 +
2xlog(c™2%x"2 - 1)/c”6))*b*e™4 + axd”4*x + 1/2%(2+c*x*arctanh(c*x) + log(-
cT2%x72 + 1))*b*d"4/c

Fricas [B] time = 1.7327, size = 697, normalized size = 4.68

12 ac’e*x® + 3 (20 acde’® + bc4e4)x4 +20 (6 ac’d?e? + bc4de3)x3 +6 (20 ac’de + 10 bc*d%e? + bcze4)x2 + 60 (ac5d4 +21

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~4*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/60%(12*a*xc”5xe”4*x~5 + 3*(20%a*xc~b*d*e”3 + b*xc™4xe”4)*x"4 + 20*(6%a*c”5xd
“2*%e”2 + bxcT4xd*e”3)*x”3 + 6% (20*%a*c”5*d"3*%e + 10%¥b*xc”4xd"2%e”2 + bkxc " 2xe”
4)*x72 + 60*(a*xc”bxd"4 + 2%bxc”4*d"3*e + bkcT2*d*e”3)*x + 6% (b*¥bxc”4*d"4 -
10%b*xc™3%d"3%e + 10%bxc™2%d"2%e”2 - b¥b*ckd*e”3 + b*e"4)*log(c*x + 1) + 6%(
Bxbxc”~4*d"4 + 10%b*c”3*d"3*e + 10*b*c™2xd"2*e”2 + b*bxc*d*e”3 + bxe”4)x*log(

c*x — 1) + 6%(bxc”™bxe”"4*x"5 + Lbxb*c b*kd*e"3*x74 + 10*b*c~5*d"2*e”2*xx”3 + 10
*bxc"B*d"3*%exx"2 + Bxbxc~b*xd"4*x)*log(-(cxx + 1)/(cxx - 1)))/c”5

Sympy [A] time = 5.24591, size = 381, normalized size = 2.56

4.5
ad*x + 2ad3ex? + 2ad?e*x® + adedx* + % + bd*x atanh (cx) + 2bd%ex? atanh (cx) + 2bd%e?x® atanh (cx) + bde3x* at

€4X5
a (d4x + 2d%ex? + 2d2%e%x3 + delxt + -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**4*(atb*atanh(c*x)) ,x)
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[Out] Piecewise((a*xd**4*x + 2kaxd**3kexx**2 + 2kaxdrkke*x*2+xx**3 + a*xdkex*x3kx**4
+ akxexxdxxx*5/5 + bxd*x*4+x*atanh(c*x) + 2xbxdx*x3xexx**2*atanh(c*x) + 2*xbxdx*
*2kxex*x2kxkk3*katanh (cxx) + bxd*e*x*3*x**4*atanh(cxx) + bxexx4*x**5*xatanh (c*x)

/5 + bxd**4*xlog(x - 1/c)/c + bxd*x4*atanh(cxx)/c + 2%bkdx*3*e*xx/c + bxd**2x*
ex*x2*x**2/c + bkdkex*x3xx*x*x3/(3*c) + brexkdkxk*d/(20%c) - 2xb*d**3*xe*atanh(c

*xx) /cx*2 + 2xbkxd*kx2ke*xx2xlog(x - 1/c)/c**3 + 2*bkd*x*2*ex*2*atanh(c*x)/c**3

+ bxdkex*3xx/cx*3 + bxex*x4*xx**2/(10*c**3) - bxdrxexx3*atanh(c*x)/c**4 + bkxex
x4xlog(x - 1/c)/(B*cx*5) + bkexkxdxatanh(c*x)/(5xc*xx5), Ne(c, 0)), (a*x(d**4x*

X + 2kdxx3kexxkx2 + 2kdFk*kkex*kkxk*x3 + dkex*k3kxkkd + exxdxxx*x5/5), True))

Giac [B] time = 1.33342, size = 524, normalized size = 3.52

6 bcx® 410g( s 1) +30bc5dx4e310g( s 1) + 60 bcdd?x3 2log( = 1) +60bc5d3xzelog( = 1) +12ac’x%e* + 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~4*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] 1/60%(6*b*c™b*x"6%e”"4xlog(-(c*x + 1)/(c*x - 1)) + 30%bxc~5*xd*xx"4*e~3*xLlog(-(
ckx + 1)/(c*x - 1)) + 60*bxc~5*xd"2*x"3*e”"2x1log(-(c*x + 1)/(c*x - 1)) + 60%*Db
xc"Bxd"3*x"2%exlog(-(c*xx + 1)/(c*x - 1)) + 12%axc”b*x"b*e”4 + 60*axc”5xd*x"
4xe”3 + 120*a*c”5*xd"2xx"3*%e”2 + 120%a*xc”5xd"3*x"2%e + 30%b*xc~5*xd 4*x*Llog(-(

ckx + 1)/(c*xx - 1)) + 60*axc”b*xd~4*xx + 3*b*xc™4*xx"4*e”4 + 20%bkc~4*d*x"3%e”3

+ 60*b*c”™4*d"2*x"2%e"2 + 120%bxc”4*d"3*x*e + 30*b*c"4xd"4*xlog(c™2*x"2 - 1)

- 60*b*c”3*d"3*exlog(c*x + 1) + 60*b*c~3*d"3*exlog(c*x - 1) + 60%b*xc~2xd"2
xe"2x1og(c™2%x72 - 1) + 6*b*xc”2*x"2%e”4 + 60%bxc”2xd*x*e”3 - 30*b*ckd*xe”3%1
og(c*x + 1) + 30%b*cxdxe~3*log(cxx - 1) + 6*bxe"4xlog(c™2*x"2 - 1))/c”5
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32  [(d+ex)?(a+btanh™ (cx)) dx
Optimal. Leaf size=125

(d +ex)* (‘1 +btanh™ (cx)) . bex (602d2 + 32) _ bled - ¢)*log(cx +1) . b(cd + e)*log(1 - cx) . bde*x? s be3x3
4e 4¢3 8cte 8cte 2c 12¢

[Out] (b¥ex(6+c™2xd™2 + e72)*x)/(4*c™3) + (b*d*xe™2xx72)/(2xc) + (b¥xe”3*x73)/(12%c
) + ((d + exx)"4x(a + bxArcTanh[c*x]))/(4xe) + (b*(c*d + e) 4xLog[l - c*x])
/(8xc™4xe) - (bx(cxd - e)” 4xLogl[l + c*x])/(8*c 4xe)

Rubi [A] time = 0.141063, antiderivative size = 125, normalized size of antiderivative

. . b f rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, e e e

0.25, Rules used = {5926, 702, 633, 31}

integrand size

(d + ex)* (a +btanh™ (cx)) . bex (6C21712 + ez) b(cd - e)*log(cx + 1) . b(cd + e)* log(1 — cx) N bde?x? N be3x®
de 4¢3 8cte 8cte 2c 12¢

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~3%(a + bxArcTanh[c*x]),x]

[Out] (b*ex(6xc™2%d"2 + e"2)*x)/(4*c™3) + (b*dxe"2%x72)/(2%c) + (b*e~3%x73)/(12xc
) + ((d + e*xx)”4x(a + bxArcTanh([c*x]))/(4*e) + (bx(cxd + e) 4xLog[l - c*x])
/(8xc”4xe) - (b*(c*d - e) 4xLogl[l + c*xx])/(8*c™4xe)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] > Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF}, x] && NeQl[q, -1]

Rule 702

Int[((d_) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633
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Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 21}, Distle/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distle/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQ[{a, b}, x]

Rubi steps

d +ex)*(a +btanh ™ (cx))  (be) @0t 1o
f(d +ex)® (a + btanh_l(cx)) dx = ( ) ( ( )) f 12
4e 4e
b 6czd2+e ) 4dedy A2 rdt+6cldll et
(d+ex)* (a + btanh ™ (cv) (bo) [ |- 2 @t T ane
- 4e 4e
4d4 6 ZdZ
be (6c2d2 + ez) X bde? b (d+ex)t (a + btanh_l(cx)) b f e
- 4¢3 " 2c " 12¢ " 4e -
be (6c2d2 + 62) x . bdex2 . bed 3 . (d + ex)* (a + btanh_l(cx)) N (b(cd - e)4)
B 4¢3 2c 12c 4e 8¢:
be (6(:2512 + ez) X bde2x? b (d+ex)? (a +b tanh_l(cx)) b(cd + e)* 1o
= + + + +
4¢3 2c 12¢ 4e 8ct

Mathematica [A] time = 0.131718, size = 205, normalized size = 1.64

6cx (4ac3d3 + be (6c2d2 + ez)) +2c3e2x3(12acd + be) + 12c3dex?(3acd + be) + 6acte3x* + 6bctx tanh™ (cx) (6dzex + 4y
24c%

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)”3x(a + bxArcTanh[c*x]),x]

[Out] (B*xc*x(4d*xaxc™3*d"3 + b¥e*x(6%c™2*d"2 + e72))*x + 12%c~3*d*e*(3*a*xckd + b*xe)*x
T2 + 2%c73*ke 2% (12*%axckd + bxe)*x”3 + 6*akc 4*ke”3*x"4 + 6xbxc 4xx* (4473 +
6*%d"2%e*x + 4xd*xe”2*xx"2 + e”3%x"3)*ArcTanh[c*x] + 3*b*x(4*c~3*%d"3 + 6*c™2%d"

2%e + 4xckd*e”2 + e”3)*Logl[l - ckx] + 3xbx(4*c”™3*%d™3 - 6*c”2%d"2%e + 4kckdx*

e”2 - e73)xLogl[l + cx*xx])/(24%c™4)
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Maple [B] time = 0.03, size = 308, normalized size = 2.5

ac’xt . Baexd? a4 ﬁ . be Artanh (cx) x* + b Artanh (cx) ¥ + 3 beArtanh (cx) x2d?

+ + + bA
ae“x>d P 1 > bArtan

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 3% (a+b*arctanh(c*x)),x)

[Out] 1/4*axe”3*x"4+axe”2xx"3*d+3/2*a*e*xx”2*xd"2+a*xx*d~3+1/4*a/e*xd"4+1/4*b*e”3*arc
tanh (c*x) *x"4+bxe~2*xarctanh (c*x) *x~3*d+3/2*b*e*xarctanh (c*x) *x~2*d"~2+b*arcta

nh (c*x)*x*d~3+1/4%b/e*arctanh (c*x) *d~4+1/12xbxe~3%x~3/c+1/2*b*d*e”2*x~2/c+3
/2%b/cxe*xx*xd~2+1/4xb/c” 3xx*e”3+1/8*b/ex1ln(c*xx-1) *d~4+1/2/c*¥b*1n(c*x-1)*d~3+
3/4/c”2*xbxex1ln(cxx-1) *d~2+1/2/c”3*b*xe~2*x1n(c*x-1) *d+1/8/c 4*b*e~3*1n(cxx-1)
-1/8*b/e*x1n(cxx+1)*d~4+1/2/c*b*1ln(c*x+1) *d"3-3/4/c " 2xbxex1n (c*x+1) *d"2+1/2/
c"3*b*xe”2%1n(c*x+1) *d-1/8/c” 4*xb*xe~3*1n (c*x+1)

Maxima [A] time = 0.966265, size = 282, normalized size = 2.26

1 3 3 2 1 +1 1 -1
—ae®x* + ade*x® + = ad®ex? + - |2 x% artanh (cx) + ¢ 2y _log(extl) L 2% (-1
4 2 4 2 3 3

1
))bdze *5 [2 x3 artanh (cx) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "3x(at+b*arctanh(c*x)),x, algorithm="maxima")
g g

[Out] 1/4*a*xe”3xx"4 + a*xdxe™2%x"3 + 3/2%a*xd™2xe*xx”2 + 3/4*(2xx”2*arctanh(c*x) + c
*x(2xx/c”2 - log(cxx + 1)/c”3 + log(c*xx - 1)/c™3))*b*d"2%e + 1/2%(2xx"3*arct
anh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c”4))*b*d*e”2 + 1/24*(6*x"4*arctan
h(c*x) + c*(2*%(c™2%xx"3 + 3*x)/c”4 - 3xlog(c*x + 1)/c”5 + 3*xlog(cxx - 1)/c”5
))*bxe”3 + axd"3xx + 1/2x(2kcxxxarctanh(cxx) + log(-c™2%x"2 + 1))*b*d~3/c

Fricas [B] time = 1.79442, size = 527, normalized size = 4.22

6actex* +2 (12 actde® + bc363)x3 +12 (3 act*d%e + bc3dez)x2 +6 (4 ac*d® + 6 bccd%e + bce3)x +3 (4 bc3d® — 6 bcd?e +

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) " 3x(a+b*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/24x(6*a*xc™4*e”3*x"4 + 2x(12*axc”4*xd*e”2 + b*xc™3*e73)*x"3 + 124 (3*axc™4*d”
2%e + bxc”3*%dxe”2)*x"2 + 6x(4xaxc”4*xd”3 + 6xb*c"3xd"2%e + bxc*e"3)*x + 3x(4
*bxc~3*d"3 - 6xbkxc”2xd"2%e + 4xbkckdke”2 - bk*e~3)xlog(cxx + 1) + 3%(4xbxc”3

*d"3 + 6*%bxcT2+d"2%e + 4xb*ckd*e”2 + b*e”"3)*log(cxx - 1) + 3*(b*c 4*e"3xx74

+ 4xbkcT4*d*e”2%x"3 + 6xbkcT4*xd"2%e*x”2 + 4xb*c”4*d”3*x)*1log(-(c*xx + 1)/(c

*x - 1)))/c™4

Sympy [A] time = 3.34995, size = 279, normalized size = 2.23

3 1
3bd2ex? atanh (cx be3x* atanh (cx bd”log (x——)
3bdex atanh (@) | pge233 atanh (cx) + @ ‘

3ad2ex?
2 4 c

ad®x +

dz 34
(d3x+ > +de?x3 + S )

3.4
+ade?d + & 4x + bd®x atanh (cx) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(a+b*atanh(c*x)),x)

[Out] Piecewise((a*xd**x3xx + 3ka*xd**2ke*xx**2/2 + akxdrxex*x2¥x**3 + akxe*x*3*xx**x4/4 + b
*d**3*x*atanh (c*x) + 3xbxd*x*2%exx**2*atanh(c*x)/2 + bxdxex*2*x**3*atanh (c*x

) + bxex*3kxx*x4*atanh(c*xx)/4 + bxd*x3*xlog(x - 1/c)/c + b*xd**3*atanh(c*x)/c

+ 3xbxd*x*x2%exx/(2%c) + bxdkxex*x2xx*x*x2/(2%c) + bkxex*3*xx**x3/(12%c) - 3xb*xd*x*2x%
exatanh(c*x) /(2*c**2) + b*xd*ex*2xlog(x - 1/c)/c**3 + bkxdxe*x*2*atanh(c*x)/cx*

*3 + bxex*3xx/(4xc**3) - bxex*3xatanh(c*x)/(4*cx*x4), Ne(c, 0)), (a*x(d**3xx

+ 3xd**2ke*x*%2/2 + dkex*2+x*x*x3 + e*x*3*xxx*x4/4), True))

Giac [B] time = 1.33147, size = 397, normalized size = 3.18

3 bctxted log ( x+1) +12bc*dx3e? log ( Cx+1) +18 bc*d?x?elog (——) + 6actxte® + 24 actdx3e? + 36 ac*d®x%e + 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] 1/24x%(3xbxc”4*x"4*e"3xlog(-(cxx + 1)/(c*xx - 1)) + 12%bkc™4xd*x"3*e™2x1log(-(
ckx + 1)/(c*x - 1)) + 18*bxc™4*xd"2*x 2*e*xlog(-(c*x + 1)/(c*x - 1)) + 6*axc”
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4xx"4%e”3 + 24kaxcT4xd*x"3*%e”2 + 36%axc”4*d"2xx"2%e + 12*bkcT4xd"3*x*log(-(
ckx + 1)/(c*x - 1)) + 24xaxc™4*d™3*x + 2%b*c™3*x"3%e”3 + 12%bkc™3*d*x"2%e”2
+ 36%b*c”3*%d"2xx*e + 12%b*c”3*d"3*log(c”2*x"2 - 1) - 18%b*xc”2xd"2*exlog(c*
X + 1) + 18xb*c”2+d"2xe*xlog(c*x — 1) + 12xb*ckxd*xe”2xlog(c™2*x"2 - 1) + 6*bx
ckxx*e”3 - 3xb*e”~3*xlog(c*x + 1) + 3xbxe”3*log(cxx - 1))/c™4
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33  [(d+ex?(a+btanh™ (cx)) dx
Optimal. Leaf size=96

(d + ex)® (a +btanh™ (CX)) _ bled - ¢)’log(cx +1) . b(cd + e)® log(1 - cx) s bdex .\ be?x?
3e 6c3e 6c3e c 6¢c

[Out] (bxdxexx)/c + (b*e™2%x"2)/(6%c) + ((d + e*x)"3x(a + b*ArcTanh[c*x]))/(3%e)
+ (bx(c*d + e)~3xLogl[l - cxx])/(6%c”3%e) - (b*(cxd - e) 3*Logll + cx*x])/(6%
c~3x*e)

Rubi [A] time = 0.121853, antiderivative size = 96, normalized size of antiderivative =

. . b f rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, e e e

0.25, Rules used = {5926, 702, 633, 31}

integrand size

(d +ex) (11 +btanh™ (cx)) b(cd - e)® log(cx + 1) N b(cd + e)® log(1 — cx) s bdex .\ be?x?
3e 6c3e 6c3e c 6¢c

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~2%(a + bxArcTanh[c*x]),x]

[Out] (b*xd*exx)/c + (b*e™2xx72)/(6%c) + ((d + ex*x)~3x(a + b*ArcTanh[c*x]))/(3*e)
+ (bx(cxd + e)"3*Log[l - c*x])/(6%c”3%e) - (b*(c*d - e) 3*xLogl[l + cx*xx])/ (6%
c”3%*e)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] > Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF}, x] && NeQl[q, -1]

Rule 702

Int[((d_) + (e_.)*(x )) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633
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Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 21}, Distle/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distle/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 31
Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,

x]1/b, x]1 /; FreeQl[{a, b}, x]

Rubi steps

d +ex)? (a + btanh™ (cx (be) (d+en? dx
f(d + ex)? (a + btanh_l(cx)) dx = ( ) ( ( )) e 12
3e 3e
3de? €3x c2d3+3dez+e(3c2d2+ez)x
(d + ex)® (u +b tanh_l(cx)) (bo) | ( —zt 2(1-c222) X
B 3e 3e
1 c2d3+3de? +e 362d2+€ )
bdex be2x2 (d+ex)? (a + btanh (cx)) b f 53 dx
o - 6¢ - 3e 3ce
_ 1 ,
_ bdex . be?x2 . (d + ex)? (a + btanh 1(cx)) N (b(cd — e)3) i —dx ) (b(cd +e
c 6¢ 3e 6ce
_bdex b @+ ex)? (a +btanh™ (cx)) , bled +eP log(l —cx) _ bled - 0]
o 6c 3e 6c3e 6c

Mathematica [A] time = 0.0953217, size = 129, normalized size = 1.34

2(6acd + be)  6dx(acd + b b (3c%d? + 3cde + €%) log(1 —cx)  b(3c?d? — 3cde + €?) log(cx +1
: ex(u(; e)+ x(acc e)+2aezx3+ ( - ) g )+ ( - ) g( )+21

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2x(a + bxArcTanh[c*x]),x]

[Out] ((6xdx(a*cxd + bxe)*x)/c + (ex(Bxakxcxd + bxe)*x"2)/c + 2*%a*xe”2*x"3 + 2%bxx*
(3%d"2 + 3xd*xexx + e 2%x"2)*ArcTanh[c*x] + (b*(3*%c™2%d~2 + 3*c*d*xe + e~2)*L
ogll - c*x])/c™3 + (b*(3%c™2*%d"2 - 3*c*d*e + e~ 2)*Logl[l + c*x])/c~3)/6




41

Maple [B] time = 0.029, size = 218, normalized size = 2.3

3¢2 d®  be?Artanh 3 bArtanh @ be?
B axde + axd® + L;—e Mt a131 (@) x + beArtanh (cx) x2d + bArtanh (cx) xd? + d ar;e(cx) + 2:

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (atb*arctanh(c*x)),x)

[Out] 1/3*a*xx”3*e”2+axx~2xd*e+a*x*d”2+1/3*a/e*xd”3+1/3*bxe~2*arctanh (c*x) *x~ 3+b*ex*
arctanh (c*x) *x~2*xd+b*arctanh (c*x) *x*d~2+1/3*b/e*arctanh (cxx)*d~3+1/6*b*e” 2%
x"2/c+bxd*e*xx/c+1/6*b/ex1ln(cxx-1)*d~3+1/2/c*¥b*1n(c*x-1)*d"2+1/2/c” 2xb*xe*x1n (
cxx-1)*d+1/6/c”3*b*e”2x1n(c*x-1)-1/6*b/e*x1ln(c*x+1) *d"3+1/2/c*b*x1n(c*x+1)*d"
2-1/2/c”2*%b*exIn(c*x+1)*d+1/6/c”3*b*e”2*1n(c*x+1)

Maxima [A] time = 0.989791, size = 185, normalized size = 1.93

1 1 2 1 +1 1 -1 1 2 lo
3 ae®x® + adex? + > (2 x% artanh (cx) + C(C—;C _ 28 (cx+1) + 08 (cx )))bde + < (2 x3 artanh (cx) + c[f—z + _g(

c3 c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2 (atb*arctanh(c*x)),x, algorithm="maxima"

[Out] 1/3%a*xe”2*x”3 + akxd*e*x”2 + 1/2%(2xx"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c73))*bxd*e + 1/6%(2xx"3*%arctanh(c*x) + c*(x72/c”2

+ log(c™2%x72 - 1)/c™4))*b*e”2 + axd~2*x + 1/2%(2*c*x*xarctanh(c*x) + log(-c
T2%x72 + 1))*b*xd"2/c

Fricas [A] time = 1.66562, size = 358, normalized size = 3.73

2ac’e®x® + (6 ac3de + bczez)x2 +6 (ac3d2 + bczde)x + (3 bc2d? — 3 bede + bez) log (cx +1) + (3 bcd? + 3 bede + bez) 1

6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2% (atb*arctanh(c*x)),x, algorithm="fricas")
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[Out] 1/6%(2%axc”3%e”2*x"3 + (6*a*xc”3xd*e + b*c™2%e”2)*x"2 + 6*(a*c™3*%d"2 + b*xc™2
xd*e)*x + (3*b*c”2*%d"2 - 3xb*ckxd*e + b*e"2)*xlog(cxx + 1) + (3*b*c™2*d"2 + 3
xb*xckxd*e + b*e"2)*xlog(cxx - 1) + (b*c™3%e”2%x"3 + 3*b*xc~3*d*e*x”2 + 3*xb*c”3
*xd"2*xx)*log(~(c*x + 1)/(c*x - 1)))/c”3

Sympy [A] time = 2.03709, size = 178, normalized size = 1.85

2 1
be2x3 atanh bd IOg(x") bd? atanh bdex  be2?
ad?x + adex? + == + bd?x atanh (cx) + bdex? atanh (cx) + ———— @ 4 o) j b atamh(cy) | bdex | bex

3 c c c 6c
0 2 23
a|d®x + dex +—3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(at+b*atanh(c*x)) ,x)

[Out] Piecewise((axd**2xx + a*xd*e*xx**2 + akex*2xx**3/3 + bxd**2*x*atanh(c*x) + bx*
dxexx**2*xatanh (c*x) + b¥xex*2*xxx*3*atanh(c*x)/3 + bxd*x2*log(x - 1/c)/c + bx
d**2*xatanh(c*x)/c + bxd*exx/c + bkex*x2*xx**2/(6*c) — bxd*exatanh(c*x)/cx*2 +
bxex*x2xlog(x - 1/c)/(3*c**3) + bxex*2*xatanh(c*x)/(3*c**3), Ne(c, 0)), (ax(
dx*2%x + dxe*x**2 + exx2*x**3/3), True))

Giac [B] time = 1.15238, size = 263, normalized size = 2.74

bc® 3210g( C+1)+3bc3dx elog( )+2ac3 x3e? + 6 ac3dx? e+3bc3d2x10g( )+6ac3’clzx+bc2 2¢2 + 6 bc?

6c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] 1/6%(b*c~3*x"3%e”2xlog(-(c*x + 1)/(c*x - 1)) + 3*xb*xc~3xd*x"2%e*log(-(c*x +
1)/(cxx = 1)) + 2%a*xc™3*x"3%e”2 + Bxa*xc”3xd*x"2%e + 3*bxc”3*xd"2*x*log(-(c*x

+ 1)/(c*x - 1)) + 6*axc™3+xd"2*x + bxc 2*x"2%e"2 + 6*bkcT2xd*x*e + 3xb*xcT2x
d"2%log(c™2*x"2 - 1) - 3xb*ckdxe*xlog(c*x + 1) + 3xbkcxd*exlog(cxx - 1) + bx
e"2xlog(c™2*x"2 - 1))/c”3
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34  [(d+ex)(a+Dbtanh™ (cx)) dx

Optimal. Leaf size=84

(d + ex)? (11 + btanh_l(cx)) _ bled - e)?log(cx +1) . b(cd + e)? log(1 — cx) . bex
2e 4c2e 4c2e 2c

[Out] (bxexx)/(2*xc) + ((d + exx) 2*(a + bxArcTanh[c*x]))/(2%e) + (b*(cxd + e) 2x*L
ogll - c*x])/(4*xc™2xe) - (bx(cxd - e) 2xLogl[l + cxx])/(4xc™2x%e)

Rubi [A] time = 0.0762702, antiderivative size = 84, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 14, e o e

0.286, Rules used = {5926, 702, 633, 31}

integrand size

(d + ex)? (‘1 + btanh_l(cx)) _ bled - e)?log(cx +1) . b(cd + e)? log(1 — cx) . bex
2e 4c2e 4c2e 2c

Antiderivative was successfully verified.

[In] Int[(d + e*x)*(a + b¥ArcTanh[c*x]),x]

[Out] (bxexx)/(2*xc) + ((d + exx)"2*(a + bxArcTanh[c*x]))/(2%¥e) + (b*(cxd + e) 2*L
ogll - c*x])/(4*xc™2xe) - (bx(cxd - e) 2xLogl[l + cxx])/(4xc™2%e)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh([c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, qF}, x] && NeQ[q, -1]

Rule 702

Int[((d) + (e_.)*(x ))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)™m, a + c*xx~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 633

Int[((d) + (e_)*(x ))/((a_) + (c_.)*(x_)~2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
*d)/(2*q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[



-(axc)]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,

x]1/b, x] /; FreeQ[{a, b}, x]

Rubi steps

(d+ex)2 (a+btanh” (cx)) (b) [ =

f (@ +ex) (a + btanh ™ (cx)) dx —

2d2+e2+2c%dex

- (d + ex)? (a + btanh™ (cx)) _(bd°f(_%

2e

bex (d+ ex)? (a + btanh_l(cx)) b [
=— +

c2d?+e? +2c2dex

2c 2e
bex (d+ ex)? (a +b tanh_l(cx))

dx (b(cd +e)2) l C_lz

CceX

(

=— +
2c 2e

Y !
et -o?) [

bex (d + ex)? (ﬂ +b t«‘*th_l(cx)) b(cd + e)? log(1 — cx) _ b(ed - e)? log(1 + cx)

4e

2c 2e

Mathematica [A] time = 0.0096586, size = 96, normalized size = 1.14

2,2
e+ laexz N bd log( c*x ) N belog(l — cx) _be log(cx +1)
2 2c 4c? 4c?

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*(a + b*ArcTanh[c*x]),x]

4c2e

b
+ bdx tanh™ (cx)+ 2bex tanh™ (cx)+ %

[Out] a*d*x + (bxex*xx)/(2xc) + (a*exx"2)/2 + bxd*x*xArcTanh[c*x] + (b*e*xx~2*%ArcTanh

[c*x])/2 + (bxexLogl[l - c*xx])/(4xc”2) - (bxexLogl[l + cxx])/(4%c”2) + (bxdxL

ogll - c™2xx~2])/(2%c)

Maple [A] time = 0.029, size = 92, normalized size = 1.1

ax?e bArtanh (cx) x%e bex bln(cx-1)d .\ bln(cx-1)e

bln(cx+1)d B bln(cx +

— + adx + > + bArtanh (cx) xd + > + F

42
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)x*(a+b*arctanh(c*x)),x)

[Out] 1/2*a*x~2*e+axd*x+1/2*xb*arctanh(c*x)*x"2%e+b*arctanh (c*x)*x*d+1/2%b*xe*xx/c+1
/2/cxbx1ln(c*x—-1)*d+1/4/c”2*bx1n(c*x—-1) *e+1/2/cxb*1ln(c*xx+1)*d-1/4/c”2*b*x1n(c
*x+1) *e

Maxima [A] time = 0.972936, size = 112, normalized size = 1.33

(2 cx artanh (cx) + log (—czx2 + 1))bd
2c

2x log(cx+1) log(cx—1)
2 3 " c3

1 1
—aex? + 1 2 x? artanh (cx) + ¢ ))be + adx +

2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x)),x, algorithm="maxima"

[Out] 1/2%a*xexx”2 + 1/4*%(2*x"2*arctanh(c*x) + c*x(2*x/c”2 - log(c*x + 1)/c”3 + log
(c*x - 1)/c™3))*b*e + axd*x + 1/2x(2xc*x*arctanh(c*x) + log(-c™2*x72 + 1))x*
bxd/c

Fricas [A] time = 1.64868, size = 228, normalized size = 2.71

2 ac%ex® + 2 (2 ac’d + bce)x + (2 bcd - be)log (cx + 1) + (2 bed + be) log (cx — 1) + (bczex2 +2 bczdx) log (—g—j)

4.2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/4%(2%axc™2%e*xx”2 + 2% (2%a*xc”™2xd + bxcke)*x + (2*¥bxc*d - b*e)*log(c*xx + 1)
+ (2xb*cxd + bxe)*log(c*xx - 1) + (b*c™2%e*xx™2 + 2*bxc~2*xd*x)*log(-(c*x + 1
)/ (c*x - 1)))/c2
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Sympy [A] time = 1.18385, size = 92, normalized size = 1.1

1
bex? atanh (cx) bdlog (x— E) bd atanh (cx) bex  beatanh (cx)
+ + +—
2 c c 2c 2¢2

ex2 .
a (dx + 7) otherwise

forc#0

aexz
adx + -+ bdx atanh (cx) +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(a+b*atanh(c*x)),x)

[Out] Piecewise((axd*x + axe*xx**2/2 + bkd*x*atanh(c*x) + bxexx**2*atanh(c*x)/2 +
bxd*log(x - 1/c)/c + bxd*atanh(c*x)/c + bxexx/(2*c) - bkxexatanh(c*x)/(2xc**
2), Ne(c, 0)), (ax(d*x + e*xx**2/2), True))

Giac [A] time = 1.16253, size = 157, normalized size = 1.87

bc*x%e log( x—j) +2ac*x?e + 2 bc*dx log ( x—j) + 4 ac’dx + 2 bexe + 2 bed log (szz -~ 1) —belog (cx +1) + belog (c.

C. C:
CX CcX
42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] 1/4%(b*c™2*x"2xexlog(-(cxx + 1)/(cxx - 1)) + 2xa*xc™2%x"2%e + 2%bkc™2xd*x*lo
g(=(c*x + 1)/(c*xx - 1)) + 4*a*xc™2xd*x + 2*¥bxcxx*e + 2*xbxcxd*log(c™2xx"2 - 1
) - bxexlog(c*xx + 1) + b*exlog(c*xx - 1))/c™2
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-1
35 f a+btanh ~(cx) dx

d+ex

Optimal. Leaf size=114

2¢(d+ex)
(cx+1)(cd+e)

2e 2e e e

2 - 2c(d+ex) 2
bPolyLog (2,1 - ) . bPolyLog (2,1 - Cx?) . (a + btanh 1(cx)) log (m) log (ij) (a +bta

[Out] -(((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x])*Log[(2
xcx(d + exx))/((cxd + e)*(1 + c*x))])/e + (b*PolyLog[2, 1 - 2/(1 + c*x)])/(
2xe) - (b*PolyLogl[2, 1 - (2*xc*x(d + exx))/((c*xd + e)*(1 + c*x))])/(2%e)

Rubi [A] time = 0.0807015, antiderivative size = 114, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 16, e =

integrand size
0.25, Rules used = {5920, 2402, 2315, 2447}

2c(d+ex) 2 -1 2c(d+ex) 2
_bPolyLog (2,1 - m) . bPolyLog (2,1 - ﬁ) . (a + btanh (cx)) log (m) log (m) (a + bta

2e 2e e e

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[cx*x])/(d + ex*x),x]

[Out] -(((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x])*Logl[(2
xck(d + exx))/((cxd + e)*(1 + c*x))])/e + (b*PolyLogl[2, 1 - 2/(1 + c*xx)])/(
2%e) - (b*PolyLogl[2, 1 - (2%cx(d + e*x))/((c*xd + e)*x(1 + c*x))])/(2%e)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((cxd + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x]1 && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Log[(c_.)/((d ) + (e_)*(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e™2*f + d~2x*g, 0]
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Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x11}, Simp[C+Polylogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]]1, Expon[Pq, x]1]

Rubi steps
-1 (a+btanh™ (cx))1 (a + btanh™ (cx)) log [ —ared_ (1)
f a+btanh “(cx) i a an X)) 08 1+cx + a an cx))1og (cd+e)(1+cx) (be )f 1-c22 (
X = - _
d+ex e e
-1 2c(d+ex) . 2c(d+ex)

- (a + btanh (cx)) log (1+cx) . (a + btanh “(cx))log ((Cd+e)(1+cx)) bLi, (1 - m)

B e e 2e
(a +b tanh_l(cx)) log (157) (a +b tanh_l(cx) log ( (Cjigaefzx)) bLi, (1 - 157) bL
= - —+ + _—

e e 2e

Mathematica [C] time = 0.245294, size = 257, normalized size = 2.25

~2(tanh™! o anh ™ (cx - _
—%ib (—iPolyLog (2,6 a5 stant ™ )))—iPolyLog (Z—e“anh 1(“‘)) log( )(n—Zitanh 1(cx))+i(tar

V1-c2x2

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*x])/(d + e*x),x]

[Out] (axLogld + exx] + bxArcTanh[c*x]*(Logl[l - c~2%x72]/2 + Log[I*Sinh[ArcTanh[(
cxd)/e] + ArcTanh[c*x]]1]) - (I/2)*b*((-I/4)*(Pi - (2*I)*ArcTanh[c*x])"2 + I
*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~"2 + (Pi - (2*%I)*ArcTanh[c*x])*Log[l + E~
(2%ArcTanh[c*x])] + (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Logl[l - E~(-2%(
ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2%I)*ArcTanh[c*x])*Log[2/Sqrt[1

- ¢ 2*xx72]] - (2+I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)*Sinh[ArcTa
nh[(cxd)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] - I*PolyLo
gl2, E"(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/e
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Maple [A] time = 0.132, size = 148, normalized size = 1.3

aln(cxe +cd) bln(cxe + cd) Artanh (cx)  bln (cxe + cd) cxe +e b . cxe +e bln (cxe + cd)
+ - ln( )—— 1log( )+ ln(<

e e 2e —cd +e 2e —cd +e 2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d) ,x)

[Out] a*1ln(ckxe*xx+c*d)/e+b*1ln(cke*x+c*d)/exarctanh(c*x)-1/2%b/e*x1ln (cxe*xx+c*xd)*1n ((
cxexx+e)/(-cxd+e))-1/2xb/exdilog((c*xe*xx+e)/(-cxd+e))+1/2xb/ex1n(c*xe*xx+c*d) *
1n((c*xe*xx-e)/(-c*d-e))+1/2*b/exdilog((c*e*x-e)/(-c*d-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

lbflog(cx+1)—log(—cx+1) x4 alog (ex + d)
2 ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(exx+d),x, algorithm="maxima")

[Out] 1/2*b*integrate((log(c*x + 1) - log(-c*x + 1))/(e*x + d), x) + axlog(exx +
d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
ex+d

7

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x) + a)/(exx + d), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

a + batanh (cx)
f dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x))/(e*xx+d),x)

[Out] Integral((a + b*atanh(c*x))/(d + e*xx), x)

Giac [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
f dx
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(e*x + d), x)
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-1
36 f a+btanh ~(cx) dx

(d+ex)?

Optimal. Leaf size=93

a+ btanh™ (cx) ~ bclog(d + ex) ~ bclog(1 — cx) N bclog(ex +1)
e(d + ex) c2d? — e2 2e(cd + e) 2e(cd — e)

[Out] -((a + bxArcTanh[c*x])/(ex(d + e*x))) - (b*cxLogl[l - c*x])/(2xex(cxd + e))
+ (bxc*xLog[l + c*x])/(2%(c*d - e)*e) - (b*xcxLogld + exx])/(c™2*%d"2 - e72)

Rubi [A] time = 0.0670172, antiderivative size = 93, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 16, e .

0.25, Rules used = {5926, 706, 31, 633}

integrand size

a+ btanh_l(cx) _be log(d + ex) _be log(1 — cx) N bclog(cx +1)
e(d + ex) c2d? — 2 2e(cd + e) 2e(cd — e)

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])/(d + e*x)~2,x]

[Out] -((a + bxArcTanh[c*x])/(ex(d + e*x))) - (b*cxLogl[l - c*x])/(2xex(cxd + e))
+ (bxcxLog[l + c*x])/(2%(c*d - e)*e) - (b*xcxLogld + exx])/(c™2%d"2 - e72)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + exx)~(q + 1)*(a + bxArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x~2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 706

Int[1/(((d ) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*e”2), Int[1/(d + exx), x], x] + Dist[1/(c*xd”2 + a*e”2), Int[(c*d -
cxexx)/(a + c*xx"2), x], x] /; FreeQl{a, c, d, e}, x] && NeQ[c*xd"2 + axe”2,
0]

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_)*x(x_))/((a_) + (c_.)*x(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (cxd)/(2*q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rubi steps
1
f a+b tanh_l(cx) _ o a+ b tanh_l(cx) N (be) f (d+ex)(1-c2x2) ax
(d + ex)? *= e(d + ex) e
_ Zd 2 1
_ o a+ btanh™ (cx) ~ (be) [ Cl_;i;x dx ~ (bee) [ ——dx
- e(d + ex) e (czd2 - 52) c2d? — ¢2

_a+ btanh_l(cx) _ bclog(d + ex) B (bcs) f _C_lczx dx (bc3) f c—in dx

e(d + ex) c2d? — e? 2(cd - e)e 2e(cd + e)
_ o a+ btanh_l(cx) B bclog(l —cx)  belog(l + cx) ~ bclog(d + ex)
a e(d + ex) 2e(cd + e) 2(cd - e)e c2d? - e2

Mathematica [A] time = 0.119348, size = 102, normalized size = 1.1

_a B bclog(d + ex) B bclog(1 — cx) ~ bclog(cx +1) B btanh_l(cx)
e(d + ex) c2d? — e? 2¢(cd + e) 2e(e — cd) e(d + ex)

Antiderivative was successfully verified.

[In] Integrate[(a + bx*ArcTanh[c*x])/(d + e*x)~2,x]

[Out] -(a/(ex(d + e*x))) - (b*ArcTanh[c*x])/(ex(d + e*x)) - (bxc*xLog[l - c*x])/(2
xex(c*d + e)) - (b*xcxLogl[l + c*xx])/(2%ex(-(c*d) + e)) - (b*ckxLogld + ex*xx])/
(c™2xd"2 - e72)

Maple [A] time = 0.031, size = 114, normalized size = 1.2

~ ac ~ bcArtanh (cx) ~ bcIn (cxe + cd) B bcln (cx —1) N beln(ex +1)
(cxe +cd)e (cxe +cd)e (cd+e)(cd—e) e(Rcd+2e) e(2cd-2e)
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Verification of antiderivative is not currently implemented for this CAS.
[In] int((atb*arctanh(c*x))/(exx+d) ~2,x)

[Out] -c*a/(cxexx+c*xd)/e—-c*b/(cxe*xx+c*xd)/exarctanh (c*x)-c*b/ (cxd+e)/(cxd-e)*1n(c*
exx+c*d) -c*xb/e/ (2xcxd+2*e) *1n (c*x-1)+c*b/e/ (2*xc*xd-2*e) *1n (c*x+1)

Maxima [A] time = 0.967194, size = 134, normalized size = 1.44

1( (log(cx+1) log(cx—1) 2log(ex+d)\ 2 artanh(cx) b a
— C — — — —
2 cde — €2 cde + e2 c2d? — ¢2 e2x + de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(exx+d) 2,x, algorithm="maxima")
g g

[Out] 1/2%(c*(log(c*x + 1)/(c*d*e - e€72) - log(c*x - 1)/(c*dxe + e72) - 2xlog(exx
+ d)/(c”2*%d"2 - e72)) - 2*arctanh(c*x)/(e"2%x + d*e))*b - a/(e”2xx + dxe)

Fricas [B] time = 1.91065, size = 387, normalized size = 4.16

2ac?d? — 2 ae? - (bczd2 + bede + (bczde + bcez)x) log (cx +1) + (bczd2 — bede + (bczde - bcez)x) log (cx—-1) +2 (bce
2 (c2d3e —ded + (czdze2 - e4)x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~2,x, algorithm="fricas")

[Out] -1/2%(2%a*c™2*d"2 - 2xa*xe”2 - (b*c™2*d"2 + bxc*d*e + (b*c™2*d*e + bxc*xe™2)*
x)*xlog(cxx + 1) + (b*c™2%d”2 - bkckd*e + (b*c™2%d*e - bkxckxe”2)*x)*log(cxx -

1) + 2% (bkcxe”™2xx + bxckdxe)*log(exx + d) + (b*c™2%d™2 - b*xe”2)*log(-(c*x
+ 1)/(cxx - 1)))/(c™2%d"3%e - d*e”3 + (c72xd"2%e”2 - e74)*x)

Sympy [A] time = 8.62908, size = 782, normalized size = 8.41

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(exx+d)**2,x)

[Out] Piecewise((a*x/(d**2 + dxexx), Eq(c, 0)), ((a*x + bxxxatanh(c*x) + bxlog(x
- 1/c)/c + bxatanh(cx*x)/c)/d**2, Eq(e, 0)), (-2%axd/(4*d**2%e + 4xd*ke**2%x)
+ 2kaxexx/ (4xd**2xe + 4dxd¥ex*2xx) + 2xbkxd*atanh(e*xx/d)/(4xd*x*2xe + 4dxd*exx*
2xx) + b*d/(4xd*x*2*e + 4xdxex*2*x) - 2xbkxexx*atanh(exx/d)/(4*xdx*2*xe + 4xdxe
*xk2xx) — bxexx/(4xd*x*x2xe + 4d*xdxex*x2xx), Eq(c, -e/d)), (-2*axd/(4*d**2xe + 4
xdxex*k2*xx) + 2xakxexx/(4*dx*x2xe + 4xdxex*x2*xx) - 2xbxd*atanh(exx/d)/(4*d**2xe
+ 4Axdkex*k2xx) - bxd/(4xd*x*2%e + 4*xd*e**2*x) + 2xbkexxxatanh(exx/d)/(4*xd**2
xe + 4xdxex*x2%x) + bkexx/(4xd**2*xe + 4xdxe*xx2xx), Eq(c, e/d)), (zoox(a*x +
b*x*atanh(c*x) + bxlog(x - 1/c)/c + b*atanh(c*x)/c), Eq(d, -exx)), (-axc**2
*d*x*x2/ (cx*k2kd**3%ke + CkkDkd*k*xQkex*kkx — dkex*k3 — exk4d*xx) + akxex*x2/(cx*x2kxd*x*
ke + Cckkkd**2xex*k2kx — d¥ex*x3 — ex*4xx) + bkck*2xdxexx*katanh (cxx)/(c*k*2xd
*xk3ke + CR*xkdk*k2kex*k2kx — dkex*k3 - ex*k4xx) + bkckdkexlog(x — 1/c)/(c**2xdx*
x3%e + Ckk2kd*x*k2ke*x*2*%x — dkex*3 — exx4dxx) - bxckdxexlog(d/e + x)/(c*k*2*d*x*
3ke + Ckkkd**22xex*k2*x — dxex*x3 - exx4dxx) + bkckdxexatanh(c*x)/(cx*2*xd**3xe
+ CRA2kd*kDxe*xx2%x — dkex*k3 — ex*k4xx) + bxckxex* 2kxxxlog(x - 1/c)/(c**2%d**3
xe + CHR*2kdk*k2kex*2xx — dkex*k3 — ex*k4xx) - bkcxexx2*xxxlog(d/e + x)/(cx*2xdx*
*3ke + Ckx*kA*k*xQke*k*x2kx — d¥xe**x3 — ex*x4xx) + bkrckex*2kxxkatanh(c*xx)/ (c*x*x2xdx*
*3ke + Ckk2kd*k*kkexk2kxx — d¥xe*x*3 - exx4*xx) + b¥xex*2xatanh(c*x)/(c*x*x2xd*x*3%e
+ ck*2¥xdkx2kex*2xx — dkex*3 - ex*x4dxx), True))

Giac [A] time = 1.1734, size = 176, normalized size = 1.89

1 c xe+d = xe+d xe+d  xe+d 62 cx—1 b ae
2 cded — et cded + e* xe+d xe +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~2,x, algorithm="giac")

[Out] 1/2*(c*(log(abs(c - cxd/(xxe + d) + e/(x*e + d)))/(c*xd*e”3 - e”4) - log(abs
(c - cxd/(x*e + d) - e/(xxe + d)))/(cxdxe”3 + e74))*e”2 - e~ (-1)*log(-(c*x
+ 1)/(c*xx - 1))/ (x*e + d))*b - axe”(-1)/(x*e + d)
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-1
37 fa+btanh (cx) dx

(d+ex)3

Optimal. Leaf size=130

a + btanh™ (cv) s bc bcdlog(d +ex)  bc?log(l - cx) s bc? log(cx +1)
2e(d + ex)? 2(c2d? - ¢2) (d + ex) (c2a2 - ez)z de(cd + e)? 4e(cd — e)?

[Out] (b*xc)/(2x(c™2*%d"2 - e72)*(d + exx)) - (a + bxArcTanh[cx*x])/(2xex(d + exx)"2
) = (bxc™2*xLog[l - c*x])/(4*xex(cxd + e)~2) + (b*c™2*Log[l + c*x])/(4*x(c*d -
e)"2%e) - (bxc”3*d*xLogld + e*xx])/(c™2xd"2 - e72)72

Rubi [A] time = 0.12943, antiderivative size = 130, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 3, integrand size = 16, number of rules _

integrand size
0.188, Rules used = {5926, 710, 801}

_a+b tanh ™ (cx) s bc _ bc3d log(d + ex) _ bc? log(1 — cx) s bc? log(cx + 1)
2e(d + ex)? 2 (Czdz _ ez) (d + ex) (c2 g2 e2)2 4de(cd + e)? 4e(cd — e)?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])/(d + e*xx)~3,x]

[Out] (b*c)/(2*%(c™2*%d"2 - e72)*(d + exx)) - (a + b*ArcTanh[c*x])/(2%ex(d + e*x)”2
) — (bxc™2xLog[l - c*x])/(4*xex(cxd + e)72) + (b*c™2*Log[l + c*x])/(4*(c*d -
e)"2xe) - (b*c”3*d*Logld + e*xx])/(c™2xd"2 - e72)72

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢™2%x72), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

Rule 710

Int[((d_) + (e_.)*(x_)) " (m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(cxd™2 + a*xe”2)), x] + Dist[c/(c*d"2 + a*e”™2), In
t[((d + exx)"(m + 1)*(d - e*xx))/(a + c*xx~2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d~™2 + axe™2, 0] && LtQ[m, -1]
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Rule 801

Int [(((d_.) + (e_)*(x_))"m )*((f_.) + (g_.)*(x_)))/((a)) + (c_)*(xx_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) mx(f + g*x))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rubi steps

1
f a + btanh™ (cx) P + btanh ™ (cx) (be) f (d+ex)2(1-c2x2) dx

(d +ex)3 r= 2e(d + ex)? " 2e
3 d—ex
3 bc a+ btanh_l(cx) N (bc )f (d+ex)(1-c222) X
2 (c2d2 -~ ez) (d + ex) 2e(d + ex)? 2e (02d2 -~ ez)
3 —cd+e cd+e 2de?
3 bc _a+ btanh_l(cx) N (bc )f (2(cd+e)(—1+cx) + 2(cd—e)(1+cx) + (~cd-+e)(cd+e)(d
7 (c2d2 _ ez) (d + ex) 2e(d + ex)? 2e (czal2 - ez)
_ bc _a+ btanh*(cx) _bc?log(l —cx)  bc*log(l+cx)  bc’dlog(d +e:
" (c2d2 _ e2) (d + ex) 2e(d + ex)? de(cd + e)? 4(cd - e)%e ( 22 - 62)2
Mathematica [A] time = 0.149741, size = 133, normalized size = 1.02
1 2a s 2bc 4bc3dlog(d + ex)  bc?log(l — cx) . b2 log(cx +1)  2btanh™'(cx)
4| e(d+ex)? (CZdZ - 62) (d + ex) ( 2 _ 2 d2)2 e(cd + e)? e(e — cd)? e(d + ex)?

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + e*x)~3,x]

[Out] ((-2xa)/(ex(d + exx)~2) + (2%b*c)/((c™2*d"2 - e72)*(d + e*x)) - (2xbxArcTan
hlc*x])/(ex(d + exx)"2) - (bxc™2*xLogl[l - c*x])/(e*x(cxd + e)~2) + (bxc™2*Log

[1 + c*xx])/(ex(-(cxd) + e)72) - (4xbxc~3xdxLogld + exx])/(-(c72%d"2) + e72)

"2)/4

Maple [A] time = 0.039, size = 154, normalized size = 1.2

ac? c?bArtanh (cx) c?b bcdd In (cxe + cd) ~ c2bln(cx -1) N c2bln(cx +

p— — + p—
2 (cxe+cd)’e 2 (cxe+cd)?e (cd+2e)(cd—e)(cxe+cd) (cd+e)(cd-e)®  4de(cd +e) 4 (cd -e)*
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d)~3,x)

[Out] -1/2%c”2*a/(ckxe*xx+c*d) ~2/e-1/2%c"2%b/ (cxe*xx+c*xd) "2/e*xarctanh(c*x)+1/2%c~2%b
/ (cxd+e) / (c*xd-e) / (c*ke*xx+cxd) —c~3*b*d/ (cxd+e) "2/ (cxd-e) "2*1n(cxexx+c*xd) -1/4x*
c~2%b/e/ (ckd+e) "2%1n(c*x-1)+1/4*xbxc”2%1n(c*x+1)/(c*xd-e)~2/e

Maxima [A] time = 0.970935, size = 257, normalized size = 1.98

2 N 2 artanh (cx
e3x2 + 2dex +

1([ 4c%dlog(ex +d) clog(cx +1) N clog(cx —1)
4 (| cd* —2c2d%e? + e*  2d%e—2cde? +e3  c2d%e+2cde? +e3 243 — 42 + (CZdZe - e3)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="maxima"

[Out] -1/4x((4*c”2xdxlog(e*x + d)/(c”4*d™4 - 2*c™2xd"2%e”2 + e74) - cxlog(c*x + 1
)/ (c™2xd"2%e — 2xckd*e”2 + e73) + cxlog(cxx - 1)/(c™2*d"2%e + 2*c*xd*e”2 + e

~3) - 2/(c72%d"3 - d*e”2 + (c72*xd"2%e - e"3)*x))*c + 2*arctanh(c*x)/(e”3%x”

2 + 2xd*e”2*x + d"2*e))*b - 1/2%a/(e”3*x72 + 2*xd*e”"2*x + d"2*e)

Fricas [B] time = 2.3707, size = 933, normalized size = 7.18

2actd* —2bc3dPe — 4 ac?d?e® + 2 bede® + 2ae* -2 (bc3d2 2 _ bce4)x - (bc4d4 + 2bc3d3e + bc2d?e? + (bc4d232 +2bc3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="fricas")

[Out] -1/4*%(2*axc™4*xd~4 - 2%b*c”3*d"3*e - 4*xaxc™2xd"2xe”2 + 2%b*c*d*e”3 + 2*xaxe™4
- 2% (b*c™3*d"2*e”2 - bxcxe"4)*x - (b*c”™4*d"4 + 2xbxc"3*%d"3%e + b*c”2*d"2*e
"2 + (b*cT4*xd"2*%e”2 + 2xbxc”3*d*e”3 + bkcT2*e”"4)*x72 + 2x(b*c”4*d"3*e + 2*b
*xC"3%d"2%e"2 + bxc"2xd*e”3)*x)*xlog(cxx + 1) + (b*c™4*d™4 - 2%b*xc”~3xd"3*e +
bxc"2xd"2*xe”2 + (b*c 4*d"2*%e”2 - 2*%b*c"3xd*e”3 + b*c 2%e”4)*x"2 + 2% (bxc"4*
d"3%e - 2%b*c73xd"2%e”2 + b¥xc”2*d*e”3)*x)*log(ckxx - 1) + 4*x(b*c"3*kd*e”3*x"2

+ 2%b*c73*d"2%e”2xx + b*c"3*d"3%e)*log(exx + d) + (b*c™4xd"4 - 2%b*xc”2xd"2
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*xe”2 + bxe"4)*log(-(c*x + 1)/(c*x - 1)))/(c”4*d"6%e - 2%c™2xd"4*e”3 + d"2%e
"5 + (c74*xd"4*xe”3 - 2%cT2*%d72%e”5 + e77)*x72 + 2% (cT4*xd"hbxe”2 - 2%c”2%d"3*e
“4 + d*xe”6)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(e*xx+d)**3,x)

[Out] Timed out

Giac [B] time = 1.7422, size = 791, normalized size = 6.08

bctd?x?e? log (cx + 1) + 2 bc*dBxelog (cx + 1) — be*d?x%e? log (cx — 1) — 2 be*dPxelog (cx — 1) + be*d* log (cx + 1) — bea

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="giac")

[Out] 1/4*(b*c™4*d~2xx"2xe"2*xlog(cxx + 1) + 2*bxc~4*d"3*x*exlog(c*x + 1) - bxc™4x
d"2xx"2%e"2*%log(c*xx - 1) - 2*%bxc~4*d”3*x*exlog(c*x - 1) + bxc 4*d 4*xlog(c*x
+ 1) - bxc"4xd"4xlog(cxx - 1) - bxc™4*d"4xlog(-(c*x + 1)/(c*x - 1)) - 2xax
cT4*d™4 + 2%b*c”3*xd*xx"2%e”3*%log(ckx + 1) + 4xbxc”3*d"2kx*e"2xlog(cxx + 1) +
2xb*c”~3*d"3*%exlog(c*x + 1) + 2xb*c™3*d*x"2%e”3xlog(c*x - 1) + 4xb*c™3*d™2x%
x*xe”"2xlog(cxx - 1) + 2%b*xc”3xd"3*exlog(c*x - 1) - 4xb*c”~3*d*x"2*e”3xlog(x*e
+ d) - 8xbxc”3*%d"2xx*e”2*log(xxe + d) - 4*bkc”3xd"3*exlog(x*e + d) + 2%b*c
T3%d72%x*%e”2 + 2%b*c73*%d"3%e + b*cT2xx"2%e"4*xlog(ckx + 1) + 2¥bkcT2kd*x*e”3
xlog(c*xx + 1) + b*xc™2*%d"2%e"2xlog(c*x + 1) - bxc™2*xx"2*e"4xlog(c*x - 1) - 2
xb*xc”2xd*x*xe”"3xlog(cxx — 1) - b*c™2*d"2%e " 2xlog(c*x - 1) + 2xb*xc™2xd"2%e” 2%
log(-(cxx + 1)/(cxx — 1)) + 4xaxc™2*xd"2%e”2 - 2%bxc*x*e”4 - 2*bxcxd*e”3 - b
xe~4xlog(-(cxx + 1)/(cxx - 1)) - 2xaxe”4)/(c™4xd"4*x"2xe”3 + 2%c”~4*xd b*x*e”
2 + cT4*xd"6%e - 2%cT2xd"2*x"2%e”5 - 4kxcT2xd"3*%x*e"4 - 2%cT2%d"4*e”3 + x"2%e
“7 + 2xdxx*e”6 + d"2%e”b)
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-1
38 fa+btanh (cx) dx

(d+ex)*

Optimal. Leaf size=175

_a+b tanh ™ (cx) .\ 2bc3d .\ bc ~ bc (302012 + 62) log(d + ex) b’ log(l - cx)
3e(d + ex)3 3 (62d2 _ ez)z d+ex) 6 <02d2 - 32) (d + ex)? 3(cd — e)3(cd + e)® 6e(cd + e)3

[Out] (b*c)/(6%(c™2%d™2 - e72)*x(d + exx)"2) + (2%bxc™3*d)/(3*x(c™2xd"2 - e72)"2x(d
+ exx)) - (a + bxArcTanh[c*x])/(3xex(d + e*x)~3) - (bxc"3*Logl[l - c*x])/(6
xex(cxd + e)73) + (bxc™3*xLogl[l + c*x])/(6%(cxd - e)~3xe) - (b*c™3*(3*c™2xd”

2 + e"2)*Logld + e*xx])/(3*(c*d - e)~3*x(cxd + e)~3)

Rubi [A] time = 0.188482, antiderivative size = 175, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 3, integrand size = 16, e o e

0.188, Rules used = {5926, 710, 801}

integrand size

a+ btanh™ (cx) .\ 2bc3d . bc bc® (302d2 + 62) log(d +ex)  bcdlog(l - cx)
3e(d + ex)3 3 (c2d2 _ ez)z (d+ex) © (c2d2 - eZ) (d + ex)? 3(cd — e)3(cd + e)3 6e(cd + )3

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])/(d + e*xx)~4,x]

[Out] (bxc)/(6%(c™2*%d™2 - e72)*(d + exx)”"2) + (2%b*c™3*d)/(3%(c™2*d"2 - e72)72x(d
+ exx)) - (a + b*ArcTanh[c*x])/(3*ex(d + e*x)~3) - (b*c™3*Logl[l - c*x])/(6
xex(cxd + e)73) + (bxc™3*xLogl[l + c*x])/(6%(cxd - e)~3xe) - (b*c™3*(3*c™2xd”

2 + e"2)xLogld + exx])/(3*%(cxd - e)73*(c*xd + e)73)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + exx)~(q + 1)*(a + bxArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx"2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 710

Int[((d) + (e_)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex*x(d
+ exx)"(m + 1))/((m + 1)*(cxd"2 + a*xe”2)), x] + Distl[c/(c*d"2 + a*e”2), In
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t[((d + exx)"(m + 1)*x(d - exx))/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d"2 + ax*e”™2, 0] && LtQ[m, -1]

Rule 801

Int[(((d_.) + (e_)*x(x_))"(m )*((f_.) + (g_)*x(x_)))/((a_) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + exx) m*(f + gxx))/(a + c*x72), x],
x] /; FreeQ[{a, c, d, e, f, g}, x] && NeQ[c*d"2 + a*e”2, 0] && IntegerQ[m]

Rubi steps

1
f a + btanh™ (cx) P + btanh ™ (cx) N (be) f (d+ex)3(1-c22) ax
(d + ex)* B 3e(d + ex)3 3e
3 d—ex
_ bc a+b tanh_l(cx) (bC ) f (d+ex)?(1-c2x2) X
6 (c2d2 - 62) (d + ex)? 3e(d + ex)? 3e (c2d2 - ez)
3 _ c(cd—e) c(cd+e) 2
bc a+ btanh_l(cx) (bC )f( 2(cd+e)?(~1+cx) + 2(cd—e)2(1+cx) + (—cd-+e)(cd
= - +
6 (c2d2 _ e2) (d + ex)? 3e(d + ex)? 3e (c2d2 - ez)
_ be .\ 2bc3d a+btanh ™ (cx) be3log(l - cx) s be3 log
"6 (c2d2 _ e2) d+ex? 3 (c2 g2 62)2 (d + ex) 3e(d + ex)3 6e(cd + e)3 6(cd
Mathematica [A] time = 0.263068, size = 173, normalized size = 0.99
3 2bc3 (3c?d? + €2) log(d + ex) 3 - 3
1 2a N 4bc°d N bc B g ~ be’ log(l —cx)  be’ lo;
6| e(d+ex) (ez _ c2d2)2 (d + ex) (c2d2 _ ez) (d + ex)? (c2d2 _ 32)3 e(cd + e)? e(ce

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*x])/(d + e*x)~4,x]

[Out] ((-2*%a)/(ex(d + e*x)"3) + (b*c)/((c™2*d"2 - e”2)*(d + e*x)"2) + (4*b*xc~3*d)
/((=(c™2%d"2) + e72)72x(d + e*x)) - (2%bxArcTanh[c*x])/(ex(d + e*x)"3) - (b
*xc"3xLog[1 - cxx])/(ex(cxd + e)73) + (bkc™3*xLog[l + c*xx])/((c*xd - e) 3xe) -
(2%b*c™3* (3*%c™2+%d"2 + e"2)*Logl[d + exx])/(c™2%d"2 - €72)73)/6
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Maple [A] time = 0.046, size = 223, normalized size = 1.3

c3a c3bArtanh (cx) c3b c®b1n (cxe + cd) d? ~ c3be? In (cxe + cd)

3~ 3t 2~ 3 3 3 3
3(cxe+cd)’e 3(cxe+cd)e (6cd+6e)(cd—e)(cxe+ cd) (cd +e) (cd—e) 3 (cd +e) (cd—e)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d) "4,x)

[Out] -1/3*c”3*a/(cxexx+c*d) ~3/e-1/3*c”3*b/ (cxexx+cxd) ~3/e*arctanh(c*x)+1/6*c”3*b
/ (cxd+e) /(c*d-e) / (c*exx+cxd) “2-c~5%b/ (cxd+e) "3/ (cxd-e) "3*1n(cxexx+c*d) *d~2-
1/3*c"3*bxe~2/ (c*d+e) "3/ (c*d-e) "3*1n(cxexx+cxd)+2/3*c”4*b*d/ (cxd+e) "2/ (cxd-

e) "2/ (ckexx+c*xd)-1/6xc"3xb/e/ (c*d+e) "3*1In(c*x-1)+1/6*bxc~3*1n(c*x+1)/(c*d-e

)~"3/e

Maxima [B] time = 1.0115, size = 458, normalized size = 2.62

3

1 ([ c?log(cx +1) log (cx —1) 2 (3 ctd? + czeZ) log (ex + d)
6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x))/(exx+d) 4,x, algorithm="maxima")

[Out] 1/6*((c”2*log(c*xx + 1)/(c™3*%d"3*e - 3*c™2xd"2*%e”2 + 3*c*kd*xe”3 - e74) - c™2x%
log(cxx - 1)/(c™3xd"3%e + 3xc™2*%d"2*%e”2 + 3*ckd*e”3 + e74) - 2x(3*%c™4xd"2 +
c"2xe"2)*log(exx + d)/(c”6+%d”6 - 3xc”4*d"4*e”2 + 3*%c"2xd"2%e”4 - e76) + (4
*CT2xd*e*xx + 5xcT2xd"2 - €72)/(cT4*d"6 - 2%cT2xd"4*e”2 + d72xe”4 + (cT4xd"4

*e72 - 2*%cT2xd72*%e”4 + e76)*x72 + 2% (cT4*d"5*xe - 2*xcT2xd"3%e”3 + d*e”5)*x))

*c - 2*arctanh(c*x)/(e"4*x"3 + 3*d*e”3*x"2 + 3*d"2*e”"2*x + d"3%e))*b - 1/3%
a/(e”4*x"3 + 3xd*e”3*x72 + 3*d"2%e"2*x + d"3*e)

Fricas [B] time = 4.12074, size = 1713, normalized size = 9.79

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d) 4,x, algorithm="fricas")

- - +
c3d3e —3c2d%2e? + 3cded — et Bd3e +3c2d%e? + 3cded + et c0d — 3 ctd4e? + 3c2d2et —e® 446 — D 24402 4
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[Out] -1/6*%(2*%a*xc”6*xd~6 - 5xb*c~5*d"b*e - 6*axc™4*xd"4*xe”2 + 6*b*c~3*d"3*e”3
*cT2xd"2%e”4 - bxcxd*e”5 - 2%a*e”6 - 4x(b*c 5*d"3*e”3 - b*c 3*kd*e"5)*x"2 -

(9%b*c~5*d"4*e”2 - 10*b*c™3*d"2*xe"4 + b*c*xe”6)*x - (b*c™6*d"6 + 3*xbxc~5%d~5
*e + 3%bk*c"4*%d"4*e”2 + bxc”3*d"3%e”3 + (b*c"6%d"3*e”3 + 3xb*c"5xd"2%e”4 + 3
*b*c”4*d*e”5 + b*xc"3*e"6)*x"3 + 3k (b*cT6*%d"4*e”2 + 3kb*xc"5xd"3%e”3 + 3*b*c”
4xd"2%e”4 + bxc"3*d*e”5)*x72 + 3*(bxc”"6*d"5%e + 3¥b*c”5*%d"4*e”2 + 3xb*xc”4x*d
“3%e”3 + bxcT3*d"2%e”4)*x)*log(ckx + 1) + (b*cT6*d"6 - 3%b*kc"5*kd"bke + 3*bx
cT4xd"4%e”2 - b*c”"3*d"3*e”3 + (b*cT6xd"3%e”3 - 3*b*c”5kd"2*e”4 + 3xbxcT4xd*
e”5 — b*c”"3%e”6)*x"3 + 3x(b*c"6xd"4*e”2 — 3xb*xc"5xd"3*%e”3 + 3*xbxc 4*xd"2xe"4
- b*c"3*xd*e"5)*x"2 + 3*(b*c"6*%d"5*e - 3*bkc bkd"4*e"2 + 3*b*c”4*d"3*%e”3 -
bxc~3*%d"2%e"4)*x) *log(cxx - 1) + 2% (3*b*c™5xd"b*e + bxc~3*d"3*%e”3 + (3xb*c”
5xd"2xe”4 + b*c"3*%e”6)*x"3 + 3*(3*b*xc”5*d"3*e”3 + bxc"3*d*e”5)*x”2 + 3*(3*b
xC"Bxd"4*e”2 + bxc”"3*d"2%e"4)*x) *log(e*xx + d) + (b*xcT6*d"6 - 3xbkcT4*d"4xe”
2 + 3*bxc”2*xd"2*e"4 - bxe”6)*log(-(c*xx + 1)/(cxx - 1)))/(c”™6%d"9%e - 3*xc™4x
d"7xe"3 + 3%c”2xd"5*e”5 - d73%e”7 + (c”6*d"6%e”4 - 3*xc"4xd"4*e”6 + 3kxc"2%d”
2%e78 - e710)*x"3 + 3*(c"6*%d"T*e"3 - 3*c 4*d"5*e”5 + 3*xc"2*%d"3*e”7 - d*e”9)
*x72 + 3% (cT6%d"8*%e"2 - 3xc”4*xd"6%e”4 + 3*kcT2x%d"4*e”6 - d72%e”8)*x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(e*xx+d)**4,x)

[Out] Timed out

Giac [B] time = 3.09371, size = 1511, normalized size = 8.63

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d) 4,x, algorithm="giac")

+ 6%a

[Out] 1/6%(b*c”6*%d"3*xx"3*e”3*log(c*x + 1) + 3xbxc~6*d~4*x"2%e"2*log(cxx + 1) + 3%

bxc~6*d"bkx*exlog(ckx + 1) - b¥xc™6*d"3*x"3*e”3*log(ckx - 1) - 3%bxc™6+d 4*x
~2xe"2%log(c*kx - 1) - 3xb*c”6+d bxx*exlog(cxx - 1) + bxc 6xd 6*log(ckx + 1)
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- bxc"6xd"6*log(c*x - 1) - b*xc™6*xd"6xlog(-(c*x + 1)/(c*x - 1)) - 2xa*c”6xd
76 + 3%bkcTbxd"2*x"3*%e"4xlog(ckx + 1) + O9*b*xcT5xd"3*x"2%e"3xlog(ckx + 1) +
O9*%bxc~bxd ~4*xxxe”"2x1log(cxx + 1) + 3%bxc~5xd"bkxexlog(c*x + 1) + 3*xb*xc™5xd~2%x
“3%xe”4xlog(c*x - 1) + 9xb*c~5xd"3xx"2*e"3*xlog(c*kx — 1) + 9*bxc 5kd 4*x*xe 2%
log(cxx - 1) + 3%b*c™bxd b*e*xlog(cxx — 1) - 6*bkc~5xd~2*x"3*e"4xlog(x*e + d
) — 18%b*c”5*d"3*x"2%e”"3xlog(x*e + d) - 18%bkc~bxd 4*x*e"2xlog(x*e + d) - 6
*bxc~b5xd bxexlog(x*e + d) + 4xbxc”5*d"3%x"2%e”3 + 9xbxc~5xd"4*xx*e”2 + bxbxc
“b*d"b%e + 3*bkcT4*xd*x"3*%e bklog(ckx + 1) + 9xbkcT4*d"2+x"2xe"4xlog(cxx + 1
) + 9xbkxc~4*d"3*x*e"3*log(c*kx + 1) + 3xbkc~4*xd"4xe”2xlog(cxx + 1) - 3%bxc™4
*xd*xx"3*%e"bxlog(c*x — 1) - 9xbxc™4*d~2*xx"2xe 4*xlog(cxx — 1) - 9%bkc™4xd ™ 3*x*
e"3*%log(c*x - 1) - 3*bxc™4*d"4*e"2xlog(ckx - 1) + 3*bkxc ™ 4*xd"4*e”2*log(-(c*x

+ 1)/(c*x = 1)) + 6*axc™4*d"4*e”2 + bxc 3*x"3%e"6xlog(c*x + 1) + 3*b*c™3*d
*xx"2xe bklog(cxx + 1) + 3*bkxc™3*xd"2*x*e 4*log(c*kx + 1) + b*c™3*d"3*e”3*log(
ckx + 1) + bxc”3*x"3*%e"6*log(ckx — 1) + 3xbkc™3*d*x"2*%e"b*xlog(ckx - 1) + 3%
b*xc”~3*d"2*xx*xe"4xlog(cxx - 1) + b*c~3*d"3*e”"3xlog(c*x - 1) - 2xb*c”~3%x"3*e”6
*xlog(xxe + d) - 6xb*xc”3*d*x"2%e bxlog(x*e + d) - 6%bkxc”3*d”~2*x*e”4*log(x*e
+ d) - 2xbxc”3xd"3xe"3xlog(x*e + d) - 4*b*c”3*d*x"2%e”5 - 10%bk*c”~3*d"2kx*e”
4 - 6xb*c”3%d"3%e”3 - 3*bxc”2*xd"2*e"4xlog(-(c*xx + 1)/(c*xx - 1)) - 6xa*xc”™2xd
“2%e”4 + bxc*x*e”6 + bxckdxe”5 + bkxe"6xlog(-(cxx + 1)/(cxx - 1)) + 2xa*xe”6)
/(cT6xd"6%x"3*%e"4 + 3*xCT6xd"T*x"2%e"3 + 3*xcT6%d"8*x*e”2 + cT6xd"9*e - 3xc”4
*d"4*x"3%e"6 - 9*CcT4*d"5*x"2%e”5 - 9*cT4*d"6*xx*e”4 - 3xcT4xd"T7*e”3 + 3*xcT2x
d"2*x73%e”8 + 9*kcT2*d"3*x"2%e”7 + 9*cT2%d"4*x*e”6 + 3*c”2+d"b*e”5 - x"3xe”1
0 - 3*%d*x"2*%e”9 - 3*d"2*x*e”8 - d"3%e”7)
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39  [(d+ex)(a+btanh(cx)) dx

Optimal. Leaf size=359

b*d (C2d2 + ez) PolyLog (211 - 1_2? ) abex (6c2d2 + ez) d (c2d2 + ez) (a + btaunh_l(cx))2 (6C2d2€2 +ctd* + 64)
- 3 " 2¢3 " c3 - 44

[Out] (b~2*xd*e”"2*x)/c”2 + (axb*xe*x(6*%c™2*d”2 + e72)*x)/(2%c~3) + (b~ 2*e”3*x72)/(12
*c72) - (b"2xdxe”2*ArcTanh[c*x])/c”3 + (b7 2*e*x(6%xc”2*d"2 + e~2)*x*ArcTanh[c
*x])/(2%c”3) + (bxd*xe"2*xx"2x(a + b¥ArcTanh[c*x]))/c + (b*e"3*x"3*(a + b*Arc
Tanh[c*x]))/(6%c) + (d*(c™2*d"2 + e"2)*(a + b¥ArcTanh[c*x])~2)/c”3 - ((c™4x*
d"4 + 6xc”2xd"2*xe”2 + e~ 4)*(a + b*ArcTanh[c*x])~2)/(4xc"4*e) + ((d + e*x)"4
*(a + b*ArcTanh[c*x])~2)/(4xe) - (2*b*d*(c”2*d"2 + e"2)*(a + bxArcTanh[c*x]
)*¥Log[2/(1 - cxx)])/c™3 + (b™2*e"3*Logl[l - c™2xx72])/(12xc™4) + (b~ 2xex*(6%c
~2%d72 + e"2)xLogl[l - c™2%x72])/(4*c™4) - (b~2xd*(c"2*d"2 + e~2)*PolyLogl[2,
1 -2/(1 - ¢c*xx)])/c”3

Rubi [A] time = 0.533985, antiderivative size = 359, normalized size of antiderivative =
number of rules

1., number of steps used = 19, number of rules used = 14, integrand size = 18, “ntegrand size

0.778, Rules used = {5928, 5910, 260, 5916, 321, 206, 266, 43, 6048, 5948, 5984, 5918, 2402,
2315}

b*d (Czdz +¢?) PolyLog (2/1 - i) abex (602512 + ez) d (czd2 + ez) (a+ btaunh_l(cx))2 (6C2d2€2 +ctdt + 64)
- c3 " 2¢3 " c3 - 44

Antiderivative was successfully verified.

[In] Int[(d + e*x)~3*(a + bxArcTanh[c*x])~2,x]

[Out] (b72*d*e”2xx)/c”2 + (axbkxe*x(6%c™2xd"2 + e72)*x)/(2*c”3) + (b™2*e”3%x72)/(12
*c72) - (b”2*xd*e”2xArcTanh[c*x])/c”3 + (b 2*e*x(6xc™2*xd"2 + e~2)*x*ArcTanh[c
*x])/(2%c”3) + (b*d*e"2*xx"2x(a + b*ArcTanh[c*x]))/c + (b*xe”3*x"3*(a + b*Arc
Tanh[c*x]))/(6%c) + (d*(c™2%d"2 + e”2)*(a + bxArcTanh[c*x])~2)/c”3 - ((c™4x
d~4 + 6xc”2xd"2*xe"2 + e~ 4)*(a + b*ArcTanh[c*x])~2)/(4xc"4xe) + ((d + e*x)"4
*(a + b*ArcTanh[c*x])~2)/(4*e) - (2xbxd*(c”™2*%d"2 + e~2)*(a + b*ArcTanh[c*x]
)*Log[2/(1 - c*x)])/c”3 + (b"2*%e"3*Log[l - c™2*x72])/(12%c~4) + (b~ 2xex*x(6*c
~2%d"2 + e"2)xLogl[l - c™2*x72])/(4*c”4) - (b~2xd*(c"2xd"2 + e~2)*PolyLogl2,
1 -2/(1 - ¢c*xx)])/c”3

Rule 5928
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x]) p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1D/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2*x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, xJ

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 266

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int[x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"nl], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]
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Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL7#m + 4*n + 4, 0]1) || LtQ[9*m + 5(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_)*x((f) + (g_)*(x D))" (m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*xx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && I
GtQ[p, 0] &% EqQ[c™2xd + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x]) " (p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)]1)/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2%¥d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
c*¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]
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Rubi steps
2(¢ 232 2 -1 3 -
» e (6c d“+e )(u+b tanh (cx)) 3 4de x(a+btanh
1 2 (d + ex)* (a +b tanh_l(cx)) (be) f ( 4 2
f (d + ex)® (a + btanh (cx)) dx = ” -~
_ 2 cAdt+6c2d2e2+et+ac?de(c?d? +e2 )x)(a+b tanh_l(cx)
_ (d + ex)* (a + btanh 1(cx)) ) bf( 1Eszz il ;
4e 2c3e

abe (6c2d2 + 62) x  bde*x? (a +b tanh_l(cx)) be3x3 (a +b tanh_l(cx)) d
= + + + —
2¢3 c 6¢c

2de2x  abe (6c2d2 + ez) x b2 (602012 + ez) xtanh ™ (cx)  bdex? (a +btan
= + + +
c? 2¢3 2¢3 c

b2de2y  abe (6c2d2 + ez) X bde?tanh(cx) DbPe (6c2d2 + ez) xtanh ™" (cx)
T T 2¢3 - c3 " 2¢3

b2de2x  abe (6c2d2 + ez) X 2By p2de?tanh M(cx) bPe (6c2d2 + ez) x ta
= + + - +
c2 2¢3 12¢2 c3 2¢3

b2de2x  abe (6c2d2 + ez) X p23x2  b2de?tanhl(cx) bPe (602d2 + ez) xta
= - +

+ +
c2 2c3 12¢2 c3 203

b2de2x  abe (6czd2 + ez) X b2 bPde?tanhl(cx) bPe (6czal2 + ez) xta
= + + - +
c2 2¢3 12¢2 c3 2¢3

Mathematica [A] time = 0.886709, size = 506, normalized size = 1.41

12b%cd (2d? + ez) PolyLog (2, —e‘“anh_l(cx)) +18a2ctd?ex? +12a%c*d®x + 12a2c*de®x® + 3a2ctedx* + 2bc tanh ™ (cx)

Warning: Unable to verify antiderivative.

[In] Integratel[(d + e*xx)”~3%(a + bxArcTanh[c*x])~2,x]

[Out] (-(b"2*e”3) + 12*a~2%c~4*d"3*x + 36*axbkxc™3*xd"2xexx + 12¥b72%c”2*d*e ™ 2*x +
6*xaxbxc*ke 3xx + 18*%a”2*%cT4*d"2%e*x"2 + 12*%axb*c”3*d*e"2%x"2 + bT2%cT2*%xe”3*x
"2 + 12%a”2%c 4xd*e"2*xx"3 + 2%axb*c”3*e”3*x"3 + 3*a"2kxc"4*xe"3*x"4 + 3*b"2x%(
-4%c”3%d"3 - 6*cT2xd"2%e - 4xcxd*e”2 - 73 + cT4xx*(4*d"3 + 6xd"2%exx + 4x*d
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*e"2*x"2 + e73*%x73))*ArcTanh[c*x] "2 + 2*b*c*ArcTanh [c*x]* (3*xaxc™3*x* (4xd"3
+ 6%d72ke*xx + 4xdke”2%x72 + e73%x73) + bxex(18%cT2xd"2%x + Gxdkex(-1 + cT2%
X72) + e72*x*(3 + c72%x72)) - 12%bxd*(c"2xd"2 + e”2)*Log[l + E~(-2*ArcTanh[
c*x])]) + 18%a*xbxc”2xd"2*exLogl[l - c*x] + 3*axb*e”3*Log[l - c*x] - 18*axb*c
~2xd"2*exLog[1l + c*x] - 3*axbxe”3*Logl[l + c*x] + 12%a*xb*c~3*d"3*Logl[l - c~2
*x"2] + 18%b72%c”2*%d"2xexLogl[l - c™2%x72] + 4*b"2xe"3*Logl[l - c™2*x72] + 12
*xaxbkckdke 2xLog[-1 + c™2*%x72] + 12%b72xc*d*(c”2*d"2 + e~2)*PolyLog[2, -E~(
—-2*%ArcTanh [c*x])])/(12*c™4)

Maple [B] time = 0.058, size = 1430, normalized size = 4.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) 3*(at+b*arctanh(c*x))~2,x)

[Out] a~2*e”2*xx~3*d+3/2*xa"2%e*xx~2xd~2+1/2*a*b/c”3*x*e~3+1/4%a~2/e*d"4+3/c*b” 2*ex*a
rctanh (c*x) *x*d~2+1/c”3*%b"2*xe " 2*arctanh (c*x) *1n(cxx+1)*d-1/2/c”3*b"2*e”2*1n
(1/2+1/2*c*x) *1n(c*x-1) *d+1/c”3*b"2*e " 2*arctanh (c*x) *1n (cxx—1) *d+1/c*b"2%e”
2*arctanh (c*x) *x~2xd+3/2/c"2*b"2%e*arctanh (c*x) *1n(c*x-1) *d~2+3/4/c~2*b"2*e
*1n(1/2+1/2*%c*x) *1n(-1/2*xcxx+1/2)*d"2-3/2/c”2*b~2*e*xarctanh (c*x)*1n (c*x+1) *
d~2+1/c”3*a*xb*e”2x1n(c*x+1)*d-3/2/c " 2*axbxex1n(c*x+1)*d~2+3/2/c " 2*xa*b*ex*1n (
cxx-1)*d"2+1/c” 3*a*xb*xe”2x1n(c*x-1) *d+1/4*a"2%e~3*x"4+a"2*%x*xd"3+1/16/c~4*b~2
*xe"3*x1n(c*x+1)"2+1/3/c”4xb"2*xe " 3*1n(cxx-1)+1/3/c 4*xb~2*e " 3*1n(c*x+1)-1/4/c*
b~2+1n(c*x+1) “2%d~3-1/cxb~2*dilog(1/2+1/2*%c*x)*d~3+1/4/c*b~2x1n(cxx-1) “2%d"
3+1/16/c”4xb"2*e"3*1In(c*xx-1) "2+1/4*b"2*xe” 3*arctanh (c*x) “2*%x~4+1/16*b~2/e*1n
(c*x+1)72%d"4+1/16xb"2/ex1n(c*x—-1) "2*d~4+1/4*xb~2/e*arctanh (c*x) ~2*xd~4+3*a*b
/c*¥x*d"2%e-3/4/c”2xb"2xex1n (1/2+1/2*c*x) *1n(c*x-1) *d~2+2*a*xbxe~2*arctanh (c*
x) *x”3*d+3*axb*e*xarctanh (c*xx) *x~2*d"2+1/cxaxb*x~2*xd*e”2-1/2/c”3*b"2*xe"2*x1n (
1/2+1/2xcxx) *1n(-1/2*xc*xx+1/2) *d-3/4/c”2*%b"2xex1n(-1/2%c*x+1/2) *1n (c*xx+1) *d~
2+1/2/c”3*%b"2*%e " 2x1n(-1/2*xcxx+1/2) *1n(c*x+1) *d-1/2/c*xb™2x1n (1/2+1/2%c*x) *1n
(c*x-1)*d~3+1/6/c*b"2*e"3*arctanh (cxx) *x~3-1/2/c*xb™2*1n(1/2+1/2*c*x)*1n(-1/
2%c*xx+1/2)*d"3+1/2/cxb"2x1n(-1/2%c*x+1/2) *In(c*x+1) *d~3+1/c*b~2*arctanh (c*x
)*1n(cxx-1)*d~3-1/2/c”3*%b"2*%e"2*1n(c*x+1) *d-1/c”3*b"2*e"2*dilog(1/2+1/2*c*x
)*d+3/8/c”2xb”"2*xe*x1n(cxx+1) "2%d"2+1/6/c*a*xb*xx"3*e”3+1/4%b"2/e*arctanh (c*x) *
In(c*x-1)*d"4-1/4*b~2/exarctanh (c*x) *1n(c*x+1) *d~4+1/8xb"2/e*x1n(1/2+1/2*c*x
)*x1n(-1/2%c*x+1/2) *d"4+b~2*xe”"2*xarctanh (c*x) "2*x~3*d-1/8*b"2/ex1n(-1/2*c*x+1
/2)*1In(c*x+1)*d~4-1/8*b"2/ex1n (1/2+1/2*c*x) *1n(c*xx—1) *d~4+2*a*b*arctanh (c*x
) *x*d~3+3/2%b"2*e*arctanh (cxx) "2xx"2+%d"2+1/2*ax*b*e”3*arctanh (cxx)*x~4+1/2*a
*b/e*arctanh(c*x)*d~4+1/2/c"3%b"2*%e"2*%1n(c*x-1) *d+1/2/c~3*b"2*e"3*arctanh(c
*x)*x-1/8/c”4*xb"2xe"3*1n(-1/2%c*x+1/2) *1n(c*x+1)-1/8/c 4*xb"2%e~3*1n(1/2+1/2
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*c*xx)*1n(cxx-1)+1/4*a*xb/exln(c*xx-1) *d~4-1/4*a*xb/ex1n(c*x+1) *d~4+1/c*a*xb*x1n(
cxx+1)*d"3+1/c*a*b*In(c*xx—-1)*d~3+1/c*b~2*arctanh (c*x) *1n(c*x+1)*d~3+1/4/c"4
*b~2xe~3*arctanh (cxx) *1n(c*x-1)-1/4/c"4*b"2*xe~3*arctanh (c*x) *1n(c*x+1)+1/8/
cTA4xb"2%e"3*x1In(1/2+1/2*%c*x) *1n(-1/2*c*x+1/2)-1/4/c”3*b"2*xe”"2x1n (c*xx+1) ~2*d+
1/4/c”4xaxbxe”3x1n(c*xx-1)-1/4/c 4d*xaxb*xe”3x1n(cxx+1)+3/8/c 2xb~2*ex1n(c*x-1)
“2%d"2+1/4/c”3%b"2xe"2*x1n (c*x-1) "2%d+3/2/c”2*xb " 2*%ex1n (c*x—-1) *d"2+3/2/c”2%b"
2%ex1n (c*x+1)*d"2+b"2*arctanh (cxx) ~2*x*d~3+1/12*%b"2%e"3*x"2/c " 2+b " 2*xd*e " 2*x
/c”2

Maxima [B] time = 1.79891, size = 1056, normalized size = 2.94

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="maxima"

[Out] 1/4%a”2%e”3*x"4 + a~2xd*e”2%x”3 + 3/2%a”2xd"2%exx"2 + 3/2x(2*x”2*arctanh (c*
x) + cx(2xx/c”2 - log(c*x + 1)/c”™3 + log(ckx — 1)/c”3))*axb*d™2%e + (2%x73%
arctanh(c*x) + c*(x72/c”2 + log(c™2*x72 - 1)/c™4))*axbxd*xe”2 + 1/12%(6%x~4x*
arctanh(c*x) + c*x(2%(c™2*x"3 + 3*x)/c™4 - 3xlog(cxx + 1)/c”5 + 3*log(c*x -
1)/c75)) *a*xb*e”3 + a”2*%d"3*x + (2xcxx*arctanh(c*x) + log(-c™2*x~2 + 1))*ax*b
*d"3/c + (c72*%d"3 + d*e”2)*(log(c*x + 1)*log(-1/2%cxx + 1/2) + dilog(1/2%cx
X + 1/2))*%b72/c”3 + 1/6%x(9%c™2+d"2*%e - 3xc*xd*e”2 + 2%e”3)*b"2*log(c*x + 1)/
c™4 + 1/6%(9%c™2xd"2%e + 3xckd*e”2 + 2xe”3)*b"2*log(ckx - 1)/c™4 + 1/48x (4%
bT2xCT2%e73%x72 + 48%b72xcT2xd*e”2xx + 3% (bT2*cT4*xe”3%x74 + 4*xb"2xcT4xd*e”2
*X"3 + 6*%b72%cT4xd"2%e*xx”2 + 4xbT2kcT4*d"3*x + (4%c”3%d"3 - 6*c72+xd"2%e + 4
xckd*¥e”2 - e73)*b72)*log(ckx + 1)72 + 3x(b72xc"4*e”3*%x"4 + 4*bT2%kcT4xd*e 2%
X"3 + 6%b72%cT4*d"2%e*xx”2 + 4*¥b72%cT4*d"3%x - (4%cT3*d"3 + 6xcT2xd"2%e + 4%
ckd*xe”2 + e73)*b"2)xlog(-cxx + 1)72 + 4x(b"2%c"3%e”3*x"3 + 6*b"2%c”"3xd*e” 2%
X72 + 3% (6*c"3xd"2xe + c*xe”3)*b"2*x)*log(ckx + 1) - 2% (2%b72%c"3*e”3*x"3 +
12%b7"2xc"3*d*e"2%x"2 + 6% (6*c"3*d"2%e + c*e"3)*b"2xx + 3k (b"2*c"4*xe"3*x"4 +
4xb~2%Cc”4*d*e"2+x"3 + 6xbT2%cT4*d"2%xexx"2 + 4xb72%cT4*d"3xx + (4*c”3*%d”3 -
6*c"2*%d"2%e + 4xcxd¥e”2 - e73)*b"2)*log(c*x + 1))*log(-c*x + 1))/c”4

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (aze3x3 + 3a%de*x? + 3 a?d?ex + a®d® + (b263x3 + 3b%de’x? + 3 b?d%ex + b2d3) artanh (cx)2 +2 (abe3x3 + 30

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*e”3*x"3 + 3*a~2xd*e”2%x"2 + 3*%a~2*d"2%e*xx + a~2+%d"3 + (b"2%e”3
*x73 + 3*b72xd*e"2*xx"2 + 3*%b72+%d"2%e*x + b72*d"3)*arctanh(c*x) "2 + 2% (axb*e
~3%x73 + 3*axbkdkxe 2*xx"2 + 3xaxb*d"2%e*x + axb*d"3)*arctanh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))? (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3*(atb*atanh(c*x))**2,x)

[Out] Integral((a + bxatanh(c*x))**2%(d + e*x)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)3(b artanh (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(at+b*arctanh(c*x))~2,x, algorithm="giac")
g g g

[Out] integrate((exx + d)~3*(b*xarctanh(c*x) + a)~2, x)
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310 [(d+e?(a+btanh(cx)) dx

Optimal. Leaf size=257

b? (3c2d? + ¢2) PolyLog (2,1 - _Zcx) (3242 + ) (0 + btanh™ )’ d(ii; +d2) (a+btanh™ (@) 2b (3¢
+

3¢c3 3¢c3 3e

[Out] (2*axbkxd*exx)/c + (b~ 2%e"2%x)/(3*c”2) - (b~ 2*xe"2xArcTanh[c*x])/(3*c”3) + (2
*xb~2kd*e*xx*xArcTanh[c*x])/c + (b*e 2%x~2%(a + bxArcTanh[c*x]))/(3*c) + ((3%c
“2xd”"2 + e"2)x(a + b*ArcTanh[c*x])~2)/(3*c”3) - (d*x(d"2 + (3*e”2)/c"2)x(a +
bxArcTanh[c*x])"2)/(3*e) + ((d + exx) 3*(a + bxArcTanh[c*x])~2)/(3%e) - (2

*xb* (3%c™2+%d”"2 + e"2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(3%c”3) + (b~2x
dxexLog[l - c™2*x72])/c”2 - (b™2*(3*%c™2+%d"2 + e"2)*PolyLog[2, 1 - 2/(1 - cx
x)]1)/(3%c™3)

Rubi [A] time = 0.408535, antiderivative size = 257, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 15, number of rules used = 12, integrand size = 18, e o e
integrand size

= 0.667, Rules used = {5928, 5910, 260, 5916, 321, 206, 6048, 5948, 5984, 5918, 2402, 2315}

b2 (3c22 + ¢2) PolyLog (2,1- %) (322 + ) (a + btanh™ ) d(¥ +d2) (a+btanh™ (@) 2b (3¢
- 3¢3 " 3¢3 - 3e -

Antiderivative was successfully verified.

[In] Int[(d + exx) 2x(a + bxArcTanh[c*x]) 2,x]

[Out] (2*axbkxd*exx)/c + (b™2%e"2%x)/(3*c”2) - (b~ 2*xe"2xArcTanh[c*x])/(3*c”3) + (2
*xb~2kd*exx*xArcTanh[c*x])/c + (b*e 2%x~2%(a + bxArcTanh[c*x]))/(3%c) + ((3%c
“2xd”"2 + e"2)x(a + b*ArcTanh[c*x])~2)/(3*c”3) - (d*x(d"2 + (3*e”2)/c"2)x(a +
bxArcTanh[c*x])~2)/(3*e) + ((d + exx) 3*(a + bxArcTanh[c*x])~2)/(3*e) - (2

*xb* (3%c™2+%d"2 + e"2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(3%c”3) + (b~2x
dxexLog[l - c™2*x72])/c”2 - (b™2*(3*%c™2+%d"2 + e~2)*PolyLog[2, 1 - 2/(1 - cx
x)]1)/(3%c™3)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1)/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
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&& IGtQ[p, 1] && IntegerQlql && NeQl[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh [c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2*%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x"2), x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] &% GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, £, g}, x] & I
GtQlp, 0] && EqQ[c™2*d + e, 0] && IGtQ[m, 0]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e72, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps
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3dez(a+b tanh_l(cx)) 63x(a+b tanh_l(cx)) ((

f (@ +e? (a +btanh™(cx)) dx =

2 c?
3e 3e
_ 2 2d3+3de?+e(3c2d%+e2)x)(a+b tanh_l(cx)
_ @+ ex)* (a + btanh™ (cx)) (@) [ ( ( 1_@,22)( ) ix . @
3e 3ce
62d3(
@) [

2abdex  be*x? (a +btanh™! (cx)) (d + ex)? (a +b tanh_l(cx))
= + +

c

3c

3e

_ 2abdex N b2e?x N 2b2dex tanh™ (cx) N be*x? (ﬂ + btanh_l(cx)) N (d + ex)® (11 +

c

3¢2

c

3c

_ 2abdex . b2e2x  b2e? tanh™ (cx) s 2b%dex tanh ™ (cx) . be*x* (11 +btanh™ (cx

c

3c?

3c3

c 3c

_ 2abdex . P2e%x b2 tanh ™ (cx) s 2b2dex tanh ™ (cx) . be*x (ﬂ +btanh™ (cx

c

3¢c2

3¢c3

c 3c

_ 2abdex . b2e%x  b%e tanh™ (cx) s 2b2dex tanh ™ (cx) . be*x? (ﬂ +btanh™ (cx

c

3¢2

3¢3

c 3c

_ 2abdex . P2e2x b2 tanh ™ (cx) s 2b2dex tanh ™ (cx) . be*x® (ﬂ +btanh™ (cx

c

Mathematica [A] time = 0.635976, size = 319, normalized size = 1.24

3¢c2

3¢c3

c 3c

v? (3c2d2 + ez) PolyLog (2, -2 tanhfl(cx)) + 3a23d2x + 3a2c3dex? + a?c3e?x® + btanh ™~ (cx) (2ac3x (3d2 + 3dex + ex*

Warning: Unable to verify antiderivative.

[In] Integratel[(d + e*xx)"2x(a + bxArcTanh[cx*x])~2,x]

[Out] (3*a™2%c~3*d"2*x + 6xaxbxc ™ 2*d*exx + b ™2%c*xe”2xx + 3*a~2xc”3*kd*e*x”2 + axb*
CT2%e72%x72 + a"2*c”3*%e”2*x”3 + b72x (-1 + c*x)*(e”2 + cxex(3xd + exx) + c72
*(3*xd~2 + 3xd*exx + e 2*%x"2))*ArcTanh[c*x] "2 + bkArcTanh[c*x]*(bxex(-e + 6%
CT2xd*x + CcT2%e*x”2) + 2xaxcT3xx*x(3*%d72 + 3kdkexx + e72%xx72) - 2%b*x (3*xc”2*d
2 + e72)*Log[1l + E~(-2*ArcTanh[c*x])]) + 3*a*xbkckxdxexLogl[l - c*x] - 3*a*bx
ckdxexLog[1l + c*x] + 3*a*bxc”2*xd"2*Log[l - c”2*x"2] + 3xb~2*xc*d*exLogl[l - ¢
~2%x72] + axbxe”2xLog[-1 + c”2*x72] + b"2*(3*%c"2*%d"2 + e~2)*PolyLog[2, -E7(
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-2xArcTanh [c*x])])/(3%c~3)

Maple [B] time = 0.049, size = 1050, normalized size = 4.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (a+b*arctanh(c*x))~2,x)

[Out] 1/3/c”3*%xb"2%e"2*xarctanh(c*x)*1n(c*x-1)+1/6/c"3*xb"2%e"2*x1n(-1/2*c*xx+1/2)*1n(

cxx+1)+1/3/c”3*a*b*e”2x1In(c*x—1)+b~2xexarctanh (c*x) ~2*x~2*xd+2/3*a*xbxe~2xarc
tanh(c*x)*x"3-1/6%b"2/ex1In(-1/2*%c*x+1/2) *1n(c*x+1)*d"3-1/6*%b"2/e*x1n(1/2+1/2
*cxx)*1n(cxx—1)*d"3+1/3/c"3*%b"2xe " 2*arctanh (c*x) *1n(c*x+1)-1/6/c~3*b" 2*%e~ 2%
In(1/2+1/2*c*x)*1n(c*xx-1)-1/6/c"3*b"2*%e"2x1n(-1/2*c*xx+1/2) *1n(1/2+1/2*c*x) +
1/2/cxb™2%In(-1/2%c*xx+1/2) *1n(c*x+1) *d"2+1/c*a*xb*x1ln(c*xx-1) *d~2+1/c*a*b*1n(c
*xx+1)*d"2+1/3%a"2/e*xd"3+1/4/c*b”2x1n(c*x-1) "2*%d"2-1/cxb~2*dilog(1/2+1/2*c*x
)*¥d"2-1/4/cxb"2*1n(c*x+1) "2%d"2-1/12/c”3%b"2*xe"2*%1n(c*x+1) "2+1/6/c~3*b"2%e”
2x1In(c*x-1)-1/6/c"3*%b"2xe"2x1n(c*x+1)-1/3/c"3*%b"2xe"2*dilog(1/2+1/2*c*x)+1/
12/c"3xb"2%e " 2x1n(cxx—1) "2+1/3*%b"2/e*xarctanh (c*xx) "2*d~3+1/3*b~2%xe”~2*arctanh
(c*x) "2%x"3+a"2%e*xx"2*%d-1/3%b"2/exarctanh (c*x) *1n(c*xx+1) *d~3+1/3*a"2*e ™ 2%x"
3+a”2xx*d"2-1/c”2x¥b"2*%exarctanh (c*xx) *1n(cxx+1)*d-1/2/c”2*%b"2*xex1n(1/2+1/2*c
*x)*In(c*x-1) *d+1/2/c”2*xb"2xe*x1n (-1/2*c*x+1/2) *In(1/2+1/2*cxx) *d+1/c”2%b~ 2%
exarctanh (c*x) *1n(c*x-1)*d+2*axb*exarctanh (cxx) *x~2%d-1/c 2*axbxex1ln(cxx+1)
*d+1/c " 2*%axbxexIn(cxx—1)*d-1/2/c”2%b " 2%e*x1n(-1/2*c*x+1/2) *1n(c*x+1) *d+1/3/c
~3xaxb*e”2x1n(ckx+1)+1/4/c”2%b"2%e*x1n (ckx+1) "2*xd+1/c”2xb " 2*e*x1n (c*x+1) *d-1/
3*xaxb/ex1n(cxx+1)*d~3+2/3*a*b/e*arctanh (c*x)*d~3+1/3*a*xb/e*1In(c*x-1)*d~3+1/
6*%b~2/e*x1n(-1/2*%cxx+1/2)*1n(1/2+1/2*c*x) *d~3+2*ax*b*arctanh (c*x) *x*d~2+1/3*b
~2/exarctanh(c*x) *1n(cxx—1) *d"3+1/3/cxa*xb*x"2%e”2+1/c " 2xb"2*ex1n (c*x—1) *d+1
/4/c”2%b" 2xex1ln(cxx—1) "2*d+1/3/c*b"2xe~2*xarctanh (c*x) *x~2+1/c*xb~2*arctanh (c
*x)*1n(c*xx—1)*d"2+1/c*b"2xarctanh (c*xx)*1n(cxx+1)*d~2-1/2/c*b"2x1n(1/2+1/2%*c
*x)*1n(c*x-1)*d"2-1/2/cxb™2+%1In(-1/2*%c*xx+1/2) *1n(1/2+1/2*c*x) *d~2+b"2*arctan
h(c*x) "2*xx*d"2+1/12*b"2/ex1n(c*x+1) "2*d~3+1/12*b"2/e*x1n(c*x—-1) "2*d~3+1/3*b~
2%e”2xx/c”2+2*xaxbxd*e*xx/c+2*¥b”2xd*e*xx*arctanh (c*x) /c

Maxima [B] time = 1.79474, size = 707, normalized size = 2.75

1 2 1 +1 1 -1
3 a?e?x3 + a’dex? + (2 x% artanh (cx) + ¢ e @ +]) + og(ex-1)

c? c3 c3

1
))abde + 3 (2 x3 artanh (cx) + c[

2

X
c2

log
+ JEE—
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2x(atb*arctanh(c*x))~2,x, algorithm="maxima"

[Out] 1/3%a”2xe”24x"3 + a~2xd*e*x”2 + (2*xx~2%arctanh(c*x) + c*(2xx/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c73))*axbxd*e + 1/3*(2%x"3*arctanh(c*xx) + c*x(x72/c”
2 + log(c™2*%x"2 - 1)/c™4))*a*bxe”2 + a~2xd"2*x + (2*cxx*arctanh(c*x) + log(
—CcT2*%x72 + 1))*axb*d"2/c + 1/3%(3*xc”2*d"2 + e"2)*(log(c*x + 1)*log(-1/2%c*x
+ 1/2) + dilog(1/2*c*x + 1/2))*b"2/c”3 + 1/6%(6xc*d*e - e~2)*xb~2xlog(c*xx +
1)/c™3 + 1/6%(6*c*d*e + e 2)*b~2xlog(cxx — 1)/c”3 + 1/12%(4*b~2%c*xe™2%x +
(b™2%c™3%e™2%x"3 + 3*%b72xc”3*d*e*xx"2 + 3*b72xc”3*xd"2*x + (3*cT2xd"2 - 3*cxd
xe + e72)*b72)*xlog(cxx + 1)72 + (b72%c™3*%e”2*%x"3 + 3*b72xc”3xd*e*x"2 + 3%b”
2%c73*%d"2%x - (3*%cT2xd"2 + 3*cxdxe + e72)*b"2)xlog(-cxx + 1)72 + 2x(b"2%c”2
*xe"2%xX"2 + 6*b72xc”2xd*exx)*xlog(cxx + 1) — 2% (b72%c72%e”2*xx"2 + 6%b72xc”2%d
xexx + (b72%c"3%e"2%x73 + 3*%b"2*c"3*dkexx”2 + 3*kb"2*c”3*%d"2xx + (3*cT2*xd"2
- 3%cxdxe + e72)*b72)*log(cxx + 1))*log(-c*x + 1))/c”3

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (azezx2 + 2 a%dex + a?d? + (b262x2 + 2 b%dex + bzdz) artanh (cx)® + 2 (abezxz + 2 abdex + abdz) artanh (cx),
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~2*x(atb*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2xe”2*x"2 + 2%a”2xd*exx + a"2*d"2 + (b72%e”2%x"2 + 2xb~2xdxexx +
b~ 2xd"2)*arctanh(c*x) "2 + 2% (a*b*xe”2*xx"2 + 2¥axbxd*e*xx + axbxd~2)*arctanh(
c*x), X)

Sympy [F] time = 0., size = 0, normalized size = 0.
f (a + batanh (cx))2 (d+ ex)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x))**2,x)

[Out] Integral((a + bxatanh(c*x))**2%(d + e*x)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)z(b artanh (cx) + a)z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*x(atb*arctanh(c*x))~2,x, algorithm="giac")

[Out] integrate((e*xx + d) 2x(bxarctanh(c*x) + a)~2, x)
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311 [(d+ex)(a+btanh™(cn) dx

Optimal. Leaf size=160

2 2 _ 2 ,
b*dPolyLog (2, 1- 1_Cx) (i—z + dz) (ﬂ +btanh 1(cx)) (d + ex)? (a +b tanh_l(cx))2 d (a +b taunh_l(cx))2 :
- - + +

c 2e 2e c

[Out] (ax*bxexx)/c + (b~ 2*exx*ArcTanh[c*x])/c + (d*(a + bxArcTanh[c*x])~2)/c - ((d
"2 + e72/c”2)*(a + bxArcTanh[c*x])"2)/(2*%e) + ((d + exx)~2x(a + b*ArcTanhl[c
xx])7"2)/(2xe) - (2*b*d*(a + bxArcTanh[cx*x])*Log[2/(1 - c*x)])/c + (b~2*exLo

gll - c™2xx72])/(2%xc”2) - (b~2*d*PolyLog[2, 1 - 2/(1 - c*x)])/c

Rubi [A] time = 0.329908, antiderivative size = 160, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 9, integrand size = 16, number of rules_

0.562, Rules used = {5928, 5910, 260, 6048, 5948, 5984, 5918, 2402, 2315}

integrand size

2 &2 — 2 .

b*dPolyLog (211 - @) (C_z + dz) (ﬂ + btanh 1(cx)) (d + ex)? (a +btanh™ (cx))2 d (a + btaunh_l(cx))2 -

—_ — + + —_ -
c 2e 2e c

Antiderivative was successfully verified.

[In] Int[({d + exx)*(a + bxArcTanh[c*x])~2,x]

[Out] (ax*b*e*x)/c + (b"2*xexx*ArcTanh[c*x])/c + (d*(a + b*ArcTanh[c*x])~2)/c - ((d
"2 + e72/c”2)*(a + bxArcTanh[c*x])"2)/(2*%e) + ((d + exx)"2x(a + b*ArcTanhl[c
xx])72)/(2xe) - (2*b*d*(a + bxArcTanh[cx*x])*Log[2/(1 - c*x)])/c + (b~2*exLo

gll - c™2xx72])/(2%xc”2) - (b~2*d*PolyLog[2, 1 - 2/(1 - c*x)])/c

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2*%x72), x], x], x] /; FreeQ[{a, b, ¢, d, e}, x]
&& IGtQlp, 1] && IntegerQlq] && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
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c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*((f) + (g_)*(x))"(m_.))/(
(d)) + (e_.)*x(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && I
GtQlp, 0] && EqQLc~2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x]) (p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] & EqQlc™2%d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e72, 0
]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]



Rubi steps

(d + ex)? (a +b tamh_l(cx))2 (bo) [ (
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a+h tanh™ (cx)) (czd2+ez+202dex) (a+b tanhfl(

cz(l—czxz)

f(d + ex) (a + btanh_l(cx))2 dx =

2e e
2 242 40242024 bt nh—l
_d+ ex)? (a + btanh_l(cx)) ) b [ (o ae ffzz(; onb_ ) dx N (be) [ (“ + bt
- 2e ce
c2d2(1+§)(u+b tanh_l(cx)) 202dex(a+b tan
2 -1 2 b f 1-c2x2 1—c2x
abex (d+ex) (a + btanh (cx))
=—+ > -
2 -1 d +ex)? (a+btanh™ (cx u+btanh_
_ abex N b?ex tanh (cx) ( ) ( Y ) _ (obed)
¢ c 2e _ szz
abex  bPextanh™*(cx) (11 + btanh™ (cx) (dz + ) a+btanh (cx))
= + + +
c c
2
abex  bPextanh™ (cx) (a +btanh™ (cx) (dz + B—z ) a+btanh (cx))
= + + +
c c
2
abex b’ex tanh_l(cx) (Ll +btanh (cx) (dz + i—) a+btanh (cx))
c c
2
abex  bPextanh ™ (cx) (a +btanh (cx) (d2 + i—z) a+btanh (cx))
= + + +

c C

Mathematica [A]

c

time = 0.423255, size = 174, normalized size = 1.09

2b?cdPolyLog (2, 72 tanh_l(cx)) + 2a%c?dx + a®c?ex? + 2abcd log( - %x ) + 2bc tanh ' (cx) (acx(2d + ex) — 2bd log (

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + b*ArcTanh[c*x])~2,x]

[Out] (2%a~2xc™2*d*x + 2kaxbkcxexx + a”2xc™2%e*x"2 + b™2*(-1 + c*x)*(2%c*xd + e +
ckexx)*ArcTanh [c*x] "2 + 2xbxcxArcTanh[cxx]*(bkexx + axckx*(2%d + e*x) - 2%b
xd*Log[1 + E~(-2%ArcTanh[c*x])]) + axb*exLogl[l - c*x] - axbxexLog[l + c*x]

+ 2%axbxckd*Log[l - c™2%x72] + b~2*xexLog[l - c~2*x"2] + 2xb~2*cxd*PolyLog[2
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, "E7(-2xArcTanh[c*x])])/(2%c™2)

Maple [B] time = 0.052, size = 462, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(atb*arctanh(c*x))~2,x)

[Out] 1/2*a”2*x"2*xe+a~2xd*x-1/4/c”2%b"2*1In(-1/2*c*xx+1/2)*1n(c*x+1)*e-1/4/c”2*b™2x%
In(1/2+1/2*%c*x) *In(c*xx—1)*e-1/2/c*¥b™2*%1In(1/2+1/2*c*xx) *1n(-1/2%c*x+1/2) *d+1/
2/c¥b”2*%1In(-1/2*%cxx+1/2) *1n(c*x+1) *d-1/2/c*b™2x1n (1/2+1/2*c*x) *1n (c*x-1) *d+
1/cxb~2*arctanh (c*x) *1n(c*x-1) *d+1/c*axbx1n(c*xx+1) *d+1/c*a*b*Iln(cxx-1)*d+1/
cxb~2*arctanh (c*x) *1n(c*x+1) *d+2*a*xb*arctanh (c*x) *x*d+ax*b*arctanh (cxx) *x~2*
e+1/2/c”2*%axb*x1ln(cxx-1)*e-1/2/c " 2*a*bx1n(c*x+1) *e+1/2/c”2*xb~2*arctanh (c*x) *
In(c*x-1)*e+1/4/c™2+b"2*%1n(1/2+1/2%c*x) *1n(-1/2*%cxx+1/2) *e-1/c*b"2xdilog(1/
2+1/2%c*x) *d+1/2/c”2xb"2x1n (c*x+1) *e+1/8/c ™ 2*xb"2*1n (c*xx—1) "2xe+1/2/c”2%b~ 2%
In(c*x-1)*e+1/8/c ™ 2xb"2x1n(c*xx+1) "2%e-1/4/c*b™2*x1In(c*xx+1) “2*xd+1/4/c*b~2*1n(
cxx—1) "2*d+1/2*b"2*arctanh (c*x) ~2*x"2*e+b~2*arctanh (c*xx) ~2*x*d-1/2/c”2xb " 2%
arctanh (c*x)*1n(c*xx+1) *e+a*xb*exx/c+b”2xe*x*arctanh (c*x)/c

Maxima [B] time = 1.76164, size = 423, normalized size = 2.64

2x  log(cx+1) . log (cx — 1) (2 cxartanh (cx) + log (_szz + 1)

1 1
5 2ex? + 5 (2 x* artanh (cx) + C(C_z T3 c

))abe + a?dx + ;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))”2,x, algorithm="maxima")

[Out] 1/2%a™2%e*xx”2 + 1/2%(2*x"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + 1
og(cxx — 1)/c”3))*axbkxe + a~2xd*x + (2*ckxx*arctanh(c*x) + log(-c™2*x"2 + 1)
)*axbxd/c + (log(c*x + 1)*xlog(-1/2*c*x + 1/2) + dilog(1l/2*c*xx + 1/2))*b~2*d
/c + 1/2¥b"2xexlog(cxx + 1)/c”2 + 1/2xb"2xexlog(cxx - 1)/c”2 + 1/8x(4*xb~2xc
xexxxlog(cxx + 1) + (b72%c™2%exx™2 + 2%b72%c™2xd*x + (2%c*d - e)*b~2)*log(c
*x + 1)72 + (b72%c72%e*x”2 + 2%xb72%kcT2*d*x - (2%cxd + e)*b”2)*log(-c*x + 1)
T2 - 2% (24b72xckexx + (DT2%cT2%e*x”2 + 2%xbT2kcT2*d*x + (2%cxd - e)*b”2)*log
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(cxx + 1))*log(-c*x + 1))/c”2

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (uzex +a%d + (bZex + bzd) artanh (cx)? + 2 (abex + abd) artanh (cx), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))”2,x, algorithm="fricas")

[Out] integral(a™2*exx + a”2*xd + (b~2*e*x + b~2%xd)*arctanh(c*x) "2 + 2x(axbkexx +

axbxd)*arctanh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)* (a+b*atanh(c*x))**2,x)

[Out] Integral((a + bxatanh(c*x))**2%(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(b artanh (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))”2,x, algorithm="giac")

[Out] integrate((exx + d)*(b*arctanh(c*x) + a)~2, x)
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1 2
3.12 f(m ) g

d+ex

Optimal. Leaf size=188

_ 2c(d+ex)
(cx+1)(cd+e)

b (a +0b tanh_l(cx)) PolyLog (2, 1

) bPolyLog (2,1 - %) (a + btanh_l(cx)) b*PolyLog (3,1 -
+

e e 2e

[Out] -(((a + b*ArcTanh[c*x]) 2*xLog[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x])~2*Lo
gl(2%cx(d + e*x))/((cxd + e)*x(1 + c*x))])/e + (bx(a + b*ArcTanh[c*x])*PolyL

ogl2, 1 - 2/(1 + c*x)])/e - (b*(a + b*ArcTanh[c*x])*PolyLog[2, 1 - (2*cx*x(d

+ exx))/((cxd + e)*x(1 + cxx))])/e + (b"2xPolyLogl3, 1 - 2/(1 + c*x)])/(2%e)

- (b72*%PolyLog[3, 1 - (2%c*(d + exx))/((c*d + e)*(1 + c*x))])/(2xe)

Rubi [A] time = 0.0499903, antiderivative size = 188, normalized size of antiderivative =

. . b f rul
1., number of steps used = 1, number of rules used = 1, integrand size = 18, T

integrand size
0.056, Rules used = {5922}

2c(d+ex)
(cx+1)(cd+e)

e e 2e

-1
b (a + btanh (cx)) PolyLog (2,1 - e

) bPolyLog (2,1 - L) (a + btanh_l(cx)) b*PolyLog (3,1 -
+

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x]) 2*xLog[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x])~2*Lo
gl(2%cx(d + e*xx))/((cxd + e)*x(1 + c*x))])/e + (b*x(a + bxArcTanh[c*x])*PolyL

ogl2, 1 - 2/(1 + c*x)])/e - (b*(a + bxArcTanh[c*x])*PolyLog[2, 1 - (2*cx(d

+ exx))/((c*xd + e)*(1 + cxx))])/e + (b~ 2xPolyLogl[3, 1 - 2/(1 + c*x)])/(2%e)

- (b72%PolyLogl[3, 1 - (2xcx(d + exx))/((c*xd + e)*(1 + c*x))])/(2%e)

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x]) 2%Log[2/(1 + c*x)])/e, x] + (Simp[((a + bxArcT
anh [c*x]) "2*Log[(2*%cx(d + e*xx))/((c*xd + e)*(1 + cx*x))])/e, x] + Simp[(b*(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*xx])*PolyLog[2, 1 - (2xcx(d + exx))/((cxd + e)*x(1 + c*x))])/e, x] + Sim
pl(b~2*%PolyLogl[3, 1 - 2/(1 + c*x)]1)/(2%e), x] - Simp[(b~2*PolyLog[3, 1 - (2
xck(d + exx))/((cxd + e)x(1 + c*x))1)/(2xe), x]) /; FreeQl{a, b, c, d, e},
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x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps
_ 2 -1 2 2 -1 2 2c(d+ex) -1
f (a +btanh 1(cx)) e (a + btanh (cx)) log (Tcx) . (u + btanh (cx)) log (m) . b (u + btanh " (
d+ex T e e

Mathematica [C] time = 12.5105, size = 938, normalized size = 4.99

result too large to display

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + e*x),x]

[Out] (6*%a~2*Logld + e*x] + 6*axbxArcTanh[c*x]*(Logl[l - c™2%x72] + 2*Log[I*Sinh[A
rcTanh[(c*d)/e] + ArcTanh[c*x]]1]) - (6%I)*axbx((-I/4)*(Pi - (2*I)*ArcTanh[c
*x]) 72 + Ix(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2*I)*ArcTanh[c*x])*
Log[1l + E~(2%ArcTanh[c*x])] + (2%I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Logl[1
- E7(-2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2*%I)*ArcTanh[c*x])*Lo
gl2/Sqrt[1 - c™2*x72]] - (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)*
Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2%ArcTanh[c*x])]
- I*PolyLog[2, E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]) + (b~2x(-8*c*d*Ar
cTanh[c*x] "3 + 4xexArcTanh[c*x]~3 - (4*Sqrt[l - (c™2*d"2)/e”2]*e*ArcTanh[c*
x]73)/E"ArcTanh[(c*d) /e] - 6xc*d*xArcTanh[c*x] 2%Log[1 + E~(-2xArcTanh[c*x])
] - (6*I)*cxd*Pi*ArcTanh[c*x]*Log[(E~(-ArcTanh[c*x]) + ETArcTanh[c*x])/2] -
6xckxdxArcTanh [c*x] "2xLog[1 + ((c*d + e)*E~(2xArcTanh[c*x]))/(c*d - e)] + 6
xcxd*ArcTanh [c*x] “2%Log[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*Ar
cTanh [c*x] "2*Log[1 + E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6%c*kd*ArcTanh[c
xx] "2*Log[1 - E~(2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 12%c*kd*ArcTanh[(cx
d) /el *ArcTanh [c*x]*Log[(I/2)*E~ (-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1 + E~(
2% (ArcTanh[(cxd) /e] + ArcTanh[c*x])))] + 6*ckdxArcTanh[cxx] “2*Log[(e*x(-1 +
E~(2xArcTanh[c*x])) + cxd*(1 + E~(2xArcTanh[c*x])))/(2+«E"ArcTanh[c*x])] - 6
*xckd*ArcTanh [c*x] "2*Log[(c*(d + e*x))/Sqrt[l - c™2*x72]] - (3*I)*cxd*PixArc
Tanh [c*x]*Log[1 - c¢™2%x72] - 12xc*d*ArcTanh[(c*d)/e]l*ArcTanh[c*x]*Log[I*Sin
h[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] + 6*cxd*ArcTanh[c*x]*PolyLog[2, -E~(-2%
ArcTanh([c*x])] - 6*xc*d*ArcTanh [c*x]*PolyLog[2, -(((c*d + e)*E~(2xArcTanh [c*
x]1))/(c*d - e))] + 12xc*d*ArcTanh[c*x]*PolyLog[2, -E~(ArcTanh[(c*d)/e] + Ar
cTanh[c*x])] + 12*cxd*ArcTanh[c*x]*PolyLog[2, E~(ArcTanh[(c*d)/e] + ArcTanh
[c*x])] + 6%cxdxArcTanh[c*x]*PolyLog[2, E~(2%(ArcTanh[(c*d)/e] + ArcTanh[c*
x]))] + 3%cxd*PolyLog[3, -E~(-2xArcTanh[c*x])] + 3*c*d*PolyLogl[3, -(((c*xd +



85

e)*E” (2xArcTanh[c*x]))/(cxd - e))] - 12*c*dxPolyLog[3, -E~(ArcTanh[(cx*d)/e
] + ArcTanh[c*x])] - 12%c*d*PolyLogl[3, E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])]
- 3*c*d*xPolyLog[3, E~(2*(ArcTanh[(c*d)/e] + ArcTanh[cx*x]))]))/(c*xd))/(6*e)

Maple [C] time = 0.549, size = 1170, normalized size = 6.2

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 2/ (e*x+d),x)

[Out] a"2*1ln(c*xe*xx+c*d)/e+b~2*1n(cxe*x+c*d)/e*xarctanh(c*x) " 2-b~2/e*arctanh(c*x) "2
*1n (((cxx+1) "2/ (—c™2%x72+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x"2+1)+1) ) +1/2%I*b"2/
exarctanh (c*xx) "2+Pi*xcsgn(I/ ((cxx+1) 72/ (-c™2xx"2+1)+1) ) *csgn (I* (((cxx+1)~2/(
-cT2xx72+1) -1) *xet+cxdx ((cxx+1) "2/ (—c™2%x72+1)+1) ) / ((c*x+1) 72/ (-c™2%x"2+1) +1)
)*kcsgn (I*x(((cxx+1) 72/ (—c™2%xx72+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x"2+1)+1)))-1/2
*xI*b~2/e*arctanh (c*x) "2*xPixcsgn(I*(((c*x+1) 72/ (-c™2*x72+1)-1) *e+c*d* ((c*x+1
)72/ (—c72xx72+1)+1) ) / ((c*x+1) 72/ (-c™2*%x"2+1)+1) ) "2*xcsgn (I* (((cxx+1) "2/ (-c"2
*x72+1) —1) *e+cxd* ((cxx+1) "2/ (-c™2%x72+1)+1) ) ) +1/2%Ixb~2/exarctanh (cxx) "2*Pi
xcsgn(Ix(((c*xx+1)72/(-c™2%x72+1) -1) *e+c*xd* ((c*x+1) 72/ (-c™2*x72+1)+1) ) / ((c*x
+1)72/(-c”2%x72+1)+1) ) "3-1/2%I*b"2/e*arctanh (c*x) "2*Pi*csgn (I/((c*xx+1) 72/ (-
c™2xx72+1)+1) ) kcsgn (I* (((cxx+1) "2/ (—c™2%xx"2+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x~
2+1)+1))/ ((c*x+1) 72/ (-c™2%x72+1)+1) ) "2-b"2/e*arctanh (c*x) *polylog(2,- (c*x+1
)72/ (~c72xx72+1) ) +1/2%b"2/e*polylog(3,-(c*x+1) "2/ (-c™2%x72+1) ) +b~2/ (c*xd+e) *
arctanh (c*x) "2*1n(1-(c*d+e)* (cxx+1) "2/ (-c"2xx"2+1) / (~c*d+e) ) +b~2/ (c*d+e) xar
ctanh(c*x)*polylog(2, (cxd+e) *(c*x+1) 72/ (-c™2%x72+1) /(-cxd+e))-1/2xb~2/ (c*xd+
e)*polylog(3, (ckxd+e)* (cxx+1) "2/ (-c™2xx"2+1) / (—c*d+e) ) +c*xb~2/e*d/ (cxd+e) *arc
tanh (c*x) "2%1n(1-(ckd+e) * (c*xx+1) "2/ (-c™2*x72+1) / (-c*d+e) ) +c*b~2/exd/ (c*xd+e)
xarctanh (cxx)*polylog(2, (cxd+e) * (cxx+1)~2/(-c”2*%x"2+1) /(-c*d+e) ) -1/2*c*b~2/
exd/ (cxd+e)*polylog(3, (cxd+e) * (c*xx+1) "2/ (-c"2%x72+1) / (-c*d+e) ) +2*a*b*x1n(c*e
xx+c*d) /e*xarctanh (c*x) -a*b/e*1ln(cxe*x+c*d) *1n((c*xexx+e) /(-c*d+e) ) -a*b/e*dil
og((cxexx+e) /(-c*xd+e))+a*b/ex1ln(cke*x+c*d)*1n((c*xe*x-e)/(-cxd-e))+axb/exdil
og((c*exx-e)/(-c*d-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

a?log (ex + d) s f v2(log (cx + 1) - log (—cx + 1)) . ab(log (cx + 1) - log (-cx + 1)) i

e 4 (ex +d) ex+d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="maxima")

[Out] a"2*log(e*xx + d)/e + integrate(1/4xb~2x(log(c*x + 1) - log(-c*xx + 1))72/(ex
x + d) + axbx(log(c*x + 1) - log(-c*xx + 1))/(e*xx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (cx)? + 2 ab artanh (cx) + a2 )
X

int |
integra ( i d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axb*arctanh(c*x) + a~2)/(e*x + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batanh (cx))2
dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cx*x))**2/(exx+d) ,x)

[Out] Integral((a + b*atanh(c*x))**2/(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)2
dx
ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~2/(exx + d), x)
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1 2
3.13 f(m ) g

(d+ex)?

Optimal. Leaf size=321

2 2
) b?cPolyLog (2,1 - E) b*cPolyLog (2,1 - —)

2
cx+1 (cx+1)(cd+e) cx+1

c2d? — e? c2d? — e? 2e(cd + e) * 2e(cd —e)

b*cPolyLog (2,1 - _) b?cPolyLog (2/1 _ 2c(d+ex)
- +

[Out] -((a + bxArcTanh[c*x])~2/(ex(d + e*x))) + (b*cx(a + b¥ArcTanh[c*x])*Log[2/(
1 - cxx)])/(ex(cxd + e)) - (bkxcx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/((c*
d - e)*e) + (2xbxckx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/(c™2%d"2 - e72) -
(2%b*cx(a + bxArcTanh[c*x])*Log[(2*cx(d + e*xx))/((c*xd + e)*(1 + c*xx))])/(c
“2%d72 - e72) + (b7™2xc*PolylLogl[2, 1 - 2/(1 - cxx)])/(2*ex(cxd + e)) + (b~2x
c¥PolyLog[2, 1 - 2/(1 + c*x)])/(2%(cxd - e)*e) - (b~2*cxPolyLogl[2, 1 - 2/(1
+ c*x)])/(c72%d"2 - e72) + (b"2*xc*PolyLogl[2, 1 - (2%cx(d + exx))/((c*xd + e
)k(1 + c*xx))])/(c72%d"2 - e72)

Rubi [A] time = 0.312857, antiderivative size = 321, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 6, integrand size = 18, e

integrand size
0.333, Rules used = {5928, 5918, 2402, 2315, 5920, 2447}

bcPolyLog (2,1——) b2cPolyLog (2,1_ 2c(d ex)
- +

2
cx+1 (cx+1)(cd+e)

) b?cPolyLog (2,1 - %) b*cPolyLog (2,1 - L)
c2d? — e? c2d? — e? 2e(cd + e) * 2e(cd - e)

cx+1

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x)~2,x]

[Out] -((a + bxArcTanh[c*x])~2/(ex(d + exx))) + (bxc*(a + b¥ArcTanh[c*x])*Log[2/(
1 - cxx)])/(ex(cxd + e)) - (bkxcx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/((cx
d - e)*e) + (2xb*xckx(a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/(c"2%d"2 - e72) -
(2%b*cx(a + bxArcTanh[c*x])*Log[(2*cx(d + e*xx))/((c*xd + e)*(1 + c*xx))])/(c
"2%d72 - e72) + (b"2xc*PolylLogl[2, 1 - 2/(1 - c*x)])/(2%ex(c*xd + e)) + (b~2x
c¥PolyLog[2, 1 - 2/(1 + c*x)])/(2%(cxd - e)*e) - (b~2*cxPolyLogl[2, 1 - 2/(1

+ c*xx)])/(c72%d"2 - e72) + (b"2*xc*PolylLogl[2, 1 - (2*xcx(d + exx))/((c*xd + e

)*(1 + c*x))]1)/(c™2xd™2 - e72)

Rule 5928
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x]) p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x]) (p - 1)
, (d+exx)"(q+ 1D/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]
&% 1GtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x], x]1 /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - 72, O
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((@.) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_ ) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + e*x))/((c*xd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - 72, 0]

Rule 2447

Int [Loglu_l*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
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c(a+b tanh (cx)) c(a+b tanh ™t (cx)) ez(a+b tanh ™t (cx))
Ja(a4-btanh_%cx»2 (a4—btanh‘%cx»2 (Zbonf(_ 2o lr | 2doiem) | Ccdrecdre e
X =- +
(d + ex)? e(d + ex) e
1 2 b2 a+btanh Y (cx) d b2 a+btanh}(cx) d b a+bt
~ (a+btanh (cx)) .\ ( C )f—1+cx x_ ( C )f——l+cx x+ (2 ce)f—
e(d + ex) (cd —e)e e(cd +e) (—cd + e)
2 -1 2 -1 2
) (a + btanh_l(cx)) . be (a + btanh (cx)) log (E) bc (a + btanh (cx)) log (E
e(d + ex) e(cd + e) (cd —e)e
(a +b tanh_l(cx))z bc (a +b tanh_l(cx)) log (1_2cx) bc (a +b tanh_l(cx)) log (%
— + p— )
e(d + ex) e(cd + e) (cd —e)e
2 -1 2 -1 2
. (a + btanh_l(cx)) . be (a + btanh (cx)) log (E) bc (a + btanh (cx)) log (E
e(d + ex) e(cd + e) (cd —e)e

Mathematica [C] time = 4.38318, size = 317, normalized size = 0.99

. e Wt _ n-l(c nl ,
cd| PolyLog]| 2,e 2(tan (“’ )+tan (Cx)) —iT tanh_l(cx)—l log(1-c2x2)|-2 tanh_l(cx) log| 1-¢ z(tan] ("’ >+tan (Cx)) ~2tanh ™t o log| 1-e
yLog 5 log g . g|
b2

2d2_e2

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh([c*x])~2/(d + e*xx)~2,x]

[Out] -(a”2/(ex(d + e*x))) + (a*bkcx((-2xArcTanh[c*x])/(cxd + cxexx) + ((-(c*d) +
e)xLog[l - cxx] + (cxd + e)*Log[l + c*x] - 2*exLoglc*(d + exx)])/((c*xd - e
)*(cxd + e))))/e + (b™2x(-(ArcTanh[c*x]~2/(Sqrt[1 - (c"2*d"2)/e”2]*exE~ArcT
anh[(cxd)/e])) + (x*ArcTanh[c*x]~2)/(d + exx) + (cxd*(I*PixLogl[l + E~(2xArc
Tanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]
))] - IxPix(ArcTanh[c*x] - Logl[l - c™2%x72]/2) - 2*ArcTanh[(c*d)/e]*(ArcTan
hlc*x] + Logl[l - E~(-2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - Log[I*Sinh[Arc
Tanh[(c*d)/e] + ArcTanh([c*x]]]) + PolyLogl[2, E~(-2*(ArcTanh[(c*d)/e] + ArcT
anh[c*x]))1))/(c™2*d™2 - e72)))/d

Maple [A] time = 0.117, size = 605, normalized size = 1.9

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) "2/ (exx+d)"2,x)

[Out] -c*a”2/(cxexx+c*d)/e-c*¥b~2/ (cke*xx+c*xd) /exarctanh (c*x) "2-2*c*b”2*arctanh (c*x
)/ (c*d+e) / (c*xd-e) *1n(cxe*xx+c*d) -2%xc*xb~2/e*arctanh (c*x) / (2*cxd+2%e) *1n(c*x-1
)+2%cxb~2/exarctanh (c*xx) / (2%c*xd-2%e) *1n(cxx+1)+c*b~2/ (cxd+e) / (c*d-e) *1n((c*
exx+e) /(-cxd+e) ) *1n(ckexx+cxd) +c*xb”™2/ (cxd+e) / (cxd-e) *dilog((c*xexx+e) / (-cxd+
e))-c*b”2/(cxd+e) /(cxd—e)*1n((c*xe*xx-e) /(-c*xd-e) ) *1n(cxexx+c*d) -c*¥b~2/ (c*xd+e
)/ (c*d-e)*dilog((c*e*xx-e)/(-cxd-e))-1/2xc*b”2/e/(c*d-e)*1n(-1/2*cxx+1/2)*1n
(1/2+1/2%c*x)+1/2*c*b”2/e/ (cxd-e) *1n(-1/2*c*x+1/2) *In(c*x+1)-1/2*xcxb~2/e/ (c
xd-e)*dilog(1/2+1/2*c*x)-1/4*cxb~2/e/(c*d-e) *1n(cxx+1) "2+1/2*%cxb~2/e/ (c*d+e
)*dilog(1/2+1/2%c*x)+1/2*%cxb~2/e/(c*d+e) *1n(c*xx-1)*1n(1/2+1/2%c*x)-1/4*c*xb™
2/e/ (c*d+e) *In(c*xx—1) "2-2xcxb*a/ (cke*x+c*d) /exarctanh (cxx)-2*c*b*a/ (c*xd+e) /
(cxd-e) *1n(cxexx+c*d) -2xcxbxa/e/ (2xcxd+2*e) *1n (cxx—-1) +2*xcxb*a/e/ (2*c*d-2*e)
*1n(c*x+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

. log(cx+1) log(ex—-1) 2log(ex+d)\ 2 artanh (cx) b 1 2 log (—cx + 1)2 N f (cex —e)log (cx + 1)2 -
cde — €2 cde + 2 c2d? — e? e2x + de 4 e2x + de ce3x3 — d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="maxima")

[Out] (cx(log(c*x + 1)/(c*dxe - e72) - log(c*xx - 1)/(cxdxe + e72) - 2xlog(e*x + d
)/(c™2%d"2 - e72)) - 2xarctanh(cxx)/(e”2*x + d*e))*axb - 1/4*b~2%(log(-c*x

+ 1)72/(e”2xx + dxe) + integrate(-((cxe*x - e)*log(c*x + 1)72 + 2% (cke*xx +

cxd - (ckexx - e)xlog(cxx + 1))*log(-c*x + 1))/(c*xe”3*%x"3 - d™2%e + (2xcxdx

e”2 - e73)*x72 + (cxd"2%e - 2xd*e”2)*x), x)) - a~2/(e"2*x + dxe)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (cx)? + 2 ab artanh (cx) + a2 x)

int 1
tntegra ( e2x? + 2dex + d?

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axb*arctanh(c*x) + a~2)/(e”2*x"2 + 2*d*exx
+d72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))2
dx

(d + ex)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx))**2/(exx+d)**2,x)

[Out] Integral((a + bxatanh(c*x))**2/(d + exx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)2

dx
(ex + d)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((bxarctanh(cxx) + a)~2/(e*x + d)~2, x)
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(a+b tanh ™t (cx))2

3.14 dx

(d+ex)3

Optimal. Leaf size=480

2 2c(d+ex) 2
_b203dPolyLog (2,1 - m) . b*c3dPolyLog (2,1 - %) b?c?PolyLog (2,1 - m) . b*c?PolyLog (2,1 -
(cd — e)%(cd + e)? (cd — e)%(cd + e)? de(cd + e)? de(cd — e)?

[Out] (bxcx(a + b*ArcTanh[c*x]))/((c™2*d"2 - e72)*(d + e*x)) - (a + bxArcTanh[c*x
1)72/(2%ex(d + e*x)”2) + (bxc”™2*x(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)])/(2xe
x(cxd + e)72) + (b™2xc™2*xLogl[l - c*x])/(2*%(cxd - e)*(cxd + e)72) - (bxc™2%(
a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2x(cxd - e)"2xe) + (2xb*xc~3*d*(a + b
xArcTanh [cxx] ) *Log[2/(1 + c*x)]1)/((cxd - e)"2*(c*xd + e)~2) - (b~ 2xc"2xLogl[1
+ c*xx]) /(2% (c*d - e)"2x(cxd + e)) + (b~2xc " 2xexLogld + exx])/((cxd - e)~2%
(cxd + e)72) - (2xbxc”3*d*(a + bxArcTanh[c*x])*Logl[(2%c*(d + e*x))/((c*d +
e)*(1 + c*x))])/((c*d - e)"2x(c*d + e)72) + (b~2*c™2*PolyLog[2, 1 - 2/(1 -
c*x)])/(4xex(c*xd + e)~2) + (b~2*c”"2xPolyLogl[2, 1 - 2/(1 + c*x)])/(4*(c*d -
e)"2xe) - (b~2*xc”3*d*PolyLog[2, 1 - 2/(1 + c*x)])/((cxd - e) " 2x(cxd + e)~2)
+ (b™2xc”3*d*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + e)*(1 + c*x))])/((c*d
- e)72x(cxd + e)72)

Rubi [A] time = 0.498787, antiderivative size = 480, normalized size of antiderivative =

1., number of steps used = 18, number of rules used = 10, integrand size = 18, number of rules

= 0.556, Rules used = {5928, 5918, 2402, 2315, 5926, 706, 31, 633, 5920, 2447}

integrand size

2 2c(d-+ex) 2
_b2c3dPolyLog (2,1 - ij) . b*c3dPolyLog (2,1 - %) b*c?PolyLog (2,1 - E) . b*c?PolyLog (2,1 -
(cd — e)%(cd + e)? (cd — e)%(cd + e)? de(cd + e)? de(cd — e)?

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])~2/(d + exx)~3,x]

[Out] (b*cx(a + bxArcTanh[c*x]))/((c”2*d"2 - e72)*(d + exx)) - (a + bxArcTanh[c*x
1)72/(2xex(d + exx)"2) + (bxc”2*x(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2xe
x(cxd + e)72) + (b™2xc™2xLogl[l - c*x])/(2%(cxd - e)*(cxd + e)72) - (bxc™2x(
a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2x(cxd - e)"2%e) + (2%b*xc”3*d*(a + b
xArcTanh [cxx] ) *Log[2/(1 + c*x)])/((cxd - e)"2*(c*d + e)~2) - (b"2xc”"2xLogl[1
+ c*xx]) /(2% (c*d - e)"2x(cxd + e)) + (b"2xc " 2xexLogld + e*xx])/((cxd - e) 2%
(cxd + e)72) - (2%bxc~3*d*(a + bxArcTanh[cxx])*Log[(2*cx(d + exx))/((c*d +
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e)*(1 + c*x))])/((c*d - e)"2*(c*d + e)72) + (b~2*c”2*PolyLogl[2, 1 - 2/(1 -
c*x)])/(dxex(c*xd + e)~2) + (b72*c"2xPolyLogl[2, 1 - 2/(1 + c*x)])/(4*(c*d -
e)"2xe) - (b~2*xc”3*d*PolyLog[2, 1 - 2/(1 + c*x)])/((cxd - e) " 2x(cxd + e)~2)
+ (b~2*c~3*d*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + e)*(1 + c*x))])/((c*xd
- e)"2x(cxd + e)72)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_8S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - "2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQl[e + c*d, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + exx)~(q + 1)*(a + bxArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx"2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rule 706

Int[1/(C(d_) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*xe”2), Int[1/(d + e*x), x], x] + Dist[1/(c*d”2 + axe”2), Int[(cxd -
cxexx)/(a + c*x"2), x], x] /; FreeQl{a, c, 4, e}, x] && NeQ[c*xd"2 + a*xe”2,
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0]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_)*(x ))/((a ) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Dist[e/2 + (cxd)/(2%q), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2*xq), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x )]*(b_.))/((d) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]1/(1 - c™2%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2xc*(d + ex*x))
/((c*xd + e)*(1 + c*x))]/(1 - c~2*%x~2), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2*c*(d + exx))/((cxd + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2447

Int[Loglu ]*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]]1 /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
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a+b tanh™ (cx)) 2 (a+b tanh ! (cx)) 62(a+b tanh ! (cx))
(a +b tanh_l(cx))2 (a +b taunh_l(cx))2 (be) f ( 2(cd+e)2(—-1+cx) 2(cd—e)2(1+cx) + (~cd+e)(cd+e)(d+ex)2
| X = +
(d + ex)3 2e(d + ex)? e
1 2 a+btanh ™} (cx) a+btanh ™} (cx) a-
~ _(a + btanh (cx)) N (bc3) f1+—d (bca) dex ) (ZbCSde) [=
2e(d + ex)? 2(cd — e)?e 2¢(cd + e)? (cd - e)?
2 2
bc (a +b tanh_l(cx)) (a +b tanh_l(cx)) be (‘1 +btanh” (Cx) log (m)
T (cd-e)cd+e)d+ex) 2e(d + ex)? - 2e(cd + e)?
2 2
bc (a +b tanh_l(cx)) (a +b tanh_l(cx)) be (a +btanh (cx) log (m)
T (cd-e)cd+e)d+ex) 2e(d + ex)? " 2¢(cd + e)?
2
bc (a +b tanh_l(cx)) (a + btamh_l(cx))2 be (“ +btanh (cx) log (1 Cx)
" (cd-e)(cd +e)(d +ex) 2e(d + ex)? " 2¢(cd + e)?
2 2
bc (a +b tanh_l(cx)) (a +b tanh_l(cx)) be (‘1 +btanh (CX) log (m)

- (cd—e)(cd + e)d +ex) 2e(d + ex)? " 2¢(cd + e)? 2(cd

Mathematica [C] time = 7.50752, size = 470, normalized size = 0.98

~1(cd -1 -1(cd -1
-2 h (= s -2 h = h
ZCd[PolyLog[Z,e (tan ( € )than ! (Cx))J—in(tanh_l(cx)—% log(l—czxz))—Z tanh_l(cx) log[l—e (tan ( € )than (Cx))}—Z tanh_l(%d)(log(

2.2
bc 22

Warning: Unable to verify antiderivative.

[In] Integratel[(a + b*ArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] -a~2/(2%ex(d + e*x)”2) - (axb*c™2*((2xArcTanh[c*x])/(cxd + cxe*x)”2 + Logl[1
- c*x]/(c*d + e)72 + (-Logl[l + c*x] + (2xe*x(-(c™2%d"2) + e72 + 2xc~2*d*(d
+ exx)*Loglcx(d + exx)]))/(cx(c*xd + e)72+(d + e*x)))/(-(c*d) + e)72))/(2xe)
+ (b™2*c™ 2% ((-2*ArcTanh [c*x]~2) /(Sqrt[1 - (c"2*d~2)/e"2]*e*xE~ArcTanh[(c*d)
/el) - (ex(-1 + c™2*x"2)*ArcTanh[c*x]~2)/(c™2*(d + e*x)~2) + (2xx*xArcTanhl[c
*x]*(-e + ckd*ArcTanh[c*x]))/(c*d*(d + e*x)) + (2xex(-(exArcTanh[c*x]) + cx
dxLog[(cx(d + e*x))/Sqrt[l - c™2%x72]]1))/(c”3*%d"3 - cxd*e”2) + (2*c*xd*(I*Pi
xLog[1 + E~(2xArcTanh[c*x])] - 2%ArcTanh[c*x]*Log[l - E~(-2x(ArcTanh[(c*d)/
e] + ArcTanh[c*x]))] - I*Pix(ArcTanh[c*x] - Logl[l - c”2%x72]/2) - 2*ArcTanh
[(c*d)/e]l*(ArcTanh[c*x] + Logl[l - E~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]
- Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLogl[2, E~(-2x(ArcTan
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h[(c*d)/e] + ArcTanh[c*x]))]1))/(c™2%d"2 - e72)))/(2%x(c*xd - e)*(c*xd + e))

Maple [A] time = 0.069, size = 824, normalized size = 1.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 2/ (e*x+d)"~3,x)

[Out] c™2*axb/(c*xd+e)/(c*d-e)/(cke*xx+ckd)-c~3*b~2+d/ (c*d+e) "2/ (c*d-e) "2*dilog((cx
exx-e)/(-cxd-e))+1/4xc™2%b"2/e/ (c*d-e) "2*1n(-1/2%c*x+1/2)*1n(c*x+1)+c 2xb~2
*arctanh (c*x)/(cxd+e)/(cxd-e)/ (ckxe*xx+c*d) -1/2*c”2*xb~2/exarctanh (c*x) / (c*d+e
)" 2x1n(c*x-1)+1/2*%c”2*b"2/exarctanh (c*x) / (c*d-e) "2*x1In(c*x+1)+1/4*c"2xb"2/e/
(c*d+e) "2*1In(c*x-1)*1n(1/2+1/2*cxx)-1/4*%c"2%b"2/e/ (cxd-e) "2*x1n(-1/2*c*x+1/2
)*x1n(1/2+1/2%c*x)-1/2*c”2*xa*b/e/ (cxd+e) “2*1n(c*x-1)+c”2*b~2*xe/ (cxd+e) ~2/ (c*
d-e) "2x1n(c*xexx+cxd)-1/2*%c™2xa”~ 2/ (c*xe*xx+cxd) "2/e-1/8xc"2*b~2/e/ (cxd+e) ~2*1n
(c*x-1)72-1/4%c™2*%b~2/e/(cxd-e) "2xdilog(1/2+1/2%c*x)-1/8*c~2*b"2/e/ (c*d-e) "~
2%1n(c*x+1) "2-1/2*c"2xb"2/ (cxexx+c*d) "2/e*arctanh (c*xx) "2+1/4*xc~2%b"2/e/ (c*d
+e) "2xdilog(1/2+1/2*c*x) -2*%c”~3*b~2*arctanh (c*x)*d/ (cxd+e) "2/ (cxd-e) “2x1n(c*
exx+c*d)+c”3*b"2*xd/ (cxd+e) "2/ (c*d-e) "2*¢1n((cxe*xx+e) /(—cxd+e) ) *1n(c*e*x+c*d)
-c”3%b~2*d/ (c*d+e) "2/ (c*d-e) "2*1n((cxe*xx-e) / (-cxd-e) ) *1n(ckexx+c*d) -2*c~3*a
*xbxd/ (c*d+e) "2/ (cxd-e) "2x1n(c*xe*x+c*d)+1/2*c”2*axb/e/ (c*d-e) "2*x1n(c*x+1)-c~
2*axb/ (ckexx+c*xd) "2/exarctanh (c*x)+c~2*%b"2/ (c*xd+e) / (cxd—e) / (2*c*d+2*e) *1n(c
*x-1)-c”2%b~2/ (c*xd+e) / (cxd-e) / (2*%c*d-2*xe) *1n (c*x+1)+c~3*b~2*d/ (cxd+e) "2/ (c*
d-e) "2*dilog((c*exx+e)/(-c*d+e))

Maxima [F] time = 0., size = 0, normalized size = 0.

1(( 4c*dlog(ex + d) clog(cx +1) clog(cx —1) 2 - 2 artanh (cx)
2 || c4dt —2c2d%e2 + et c2d?e —2cde? +e3  c2d%e +2cde? +e3 243 — o2 + (CZdZe - e3)x e3x2 + 2dex + d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~3,x, algorithm="maxima")

[Out] -1/2%((4xc”2*xd*xlog(e*x + d)/(c™4*d™4 - 2xc™2xd"2*e”2 + e~4) - cxlog(c*x + 1
)/ (c™2xd"2%e - 2xc*d*e”2 + e73) + cxlog(c*x - 1)/(c™2*d"2*e + 2*xcxd*e”2 + e
73) - 2/(c72xd"3 - d*e”2 + (c"2xd"2*%e - e"3)*x))*c + 2*xarctanh(c*x)/ (e 3*x"
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2 + 2%d*e”2%x + d"2%e))*axb - 1/8%b72x(log(-cxx + 1)72/(e"3*x72 + 2xd*e”2%x

+ d72xe) + 2xintegrate(-((cxe*xx - e)*log(cxx + 1)72 + (cke*x + cxd - 2*(c*
exx — e)*log(cxx + 1))*log(-c*x + 1))/(cxe”4*x"4 - d"3%e + (3*cxd*e”3 - 74
)*x73 + 3*%(cxd"2%e”2 - d*e”3)*x"2 + (cxd"3*e — 3*%d"2*xe"2)*x), x)) — 1/2*%a”"2
/(e73%x72 + 2%d¥e”2%x + d"2xe)

Fricas [F] time = 0., size = 0, normalized size = 0.

b2 artanh (cx)? + 2 abartanh (cx) + a2
e3x3 + 3de?x? + 3d%ex + d3 ’

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~3,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axbkarctanh(c*x) + a~2)/(e"3*x"3 + 3*d*e”2
*x"2 + 3*%d"2%e*x + d73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx))**2/(exx+d)**3,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)2
(ex + d)3

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~3,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d)~3, x)
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3.15 f (d + ex)® (a +btanh™ (cx))3 dx

Optimal. Leaf size=614

CcX

3124 (c2d? + ¢?) PolyLog (2,1 - 1_i) (a+btanh ' (cx))  3b% (6c2d2 + 2) PolyLog (2,1 - 1_i) ) 35 (2 + &2

c3 4ct

[Out] (3*a*b~2xd*e”2*x)/c”2 + (b~3%e"3%*x)/(4*%c~3) - (b~3*e”3xArcTanh[c*x])/(4*c"4
) + (3*%b~3*d*e”2*x*kArcTanh[c*x])/c”2 + (b"2%e"3*x"2*(a + bxArcTanh[c*x]))/(
4xc”2) — (3*bxd*e”2x(a + bk*ArcTanh[c*x])~2)/(2%c"3) + (b*e”3*(a + b*ArcTanh
[c*x])"2)/(4*c™4) + (3*xbxex(6%c™2%d"2 + e”2)*(a + bxArcTanh[c*x])"2)/(4*xc"4
) + (3*b*xex(6%xc”™2*%d"2 + e72)*x*(a + bxArcTanh[c*x])~2)/(4xc”3) + (3*bxd*e”2
*x72*%(a + b*ArcTanh[c*x])~2)/(2*c) + (b*e™3*x"3*(a + b*ArcTanh[c*x])~2)/(4x*
c) + (d*(c™2%d"2 + e 2)*(a + bxArcTanh[c*x])~3)/c”3 - ((c74*d™4 + 6xc~2%d"2
*e72 + e”4)*(a + bxArcTanh[c*x])~3)/(4*xc"4*e) + ((d + exx)~4x(a + b*ArcTanh
[c*x])7"3)/(4xe) - (b"2xe"3x(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2*%c™4) -

(3%b~2%e*x (6%c™2%d"2 + e"2)*(a + bxArcTanh[c*x])*Logl[2/(1 - c*x)])/(2%c™4)
- (3*b*d*(c™2%d"2 + e~ 2)*(a + b¥ArcTanh[c*x]) 2xLog[2/(1 - c*x)])/c”3 + (3%
b~3*d*xe~2*xLog[1l - c™2xx72])/(2%c”™3) - (b~3*%e~3*PolyLog[2, 1 - 2/(1 - c*x)])
/(4xc™4) - (3xb~3*xex(6*%c™2xd"2 + e~2)*PolyLog[2, 1 - 2/(1 - c*x)])/(4xc™4)
- (3*%b72*%d*(c"2*d"2 + e”2)*(a + b*ArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 - c*x)]
)/c”3 + (3*%b73*d*(c™2xd"2 + e"2)*PolyLogl[3, 1 - 2/(1 - c*x)])/(2%c~3)

Rubi [A] time = 1.18289, antiderivative size = 614, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 29, number of rules used = 15, integrand size = 18, e o e
integrand size

= 0.833, Rules used = {56928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260, 5948, 321, 206,
6048, 6058, 6610}

3b%d (czd2 + ez) PolyLog (2, 1- %) (a +btanh™ (cx)) 3b3e (6c2d2 + ez) PolyLog (2, 1- 1_27) . 3b3d (czd2 +¢?

c3 4ct

Antiderivative was successfully verified.

[In] Int[(d + e*xx) 3*x(a + bxArcTanh[c*x])~3,x]

[Out] (3*axb™2xd*e”2*x)/c”2 + (b~3*e”3*x)/(4*c"3) - (b~3*e"3*ArcTanh[c*x])/(4*xc™4
) + (3*%b~3*d*e”2*x*ArcTanh[c*x])/c”2 + (b"2%e"3*x"2*(a + bxArcTanh[c*x]))/(
4xc”2) - (3*bxd*e”2*(a + bkArcTanh[c*x])~2)/(2%c~3) + (b*e”3*(a + b*ArcTanh
[c*x])"2)/(4%c™4) + (B*xbxe*x(6%xc™2%d"2 + e”2)*x(a + bxArcTanh([c*x])~2)/(4xc"4
) + (3*b*ex(6*%c™2*d"2 + e 2)*x*x(a + bxArcTanh[c*x])~2)/(4*c”3) + (3*xbxd*e”2
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*x72*%(a + bxArcTanh[c*x])~2)/(2*%c) + (b*e”3*x"3*(a + b*ArcTanh[c*x])~2)/ (4%
c) + (dx(c™2%d"2 + e72)*(a + b*ArcTanh[c*x])~3)/c™3 - ((c74*d™4 + 6*c”2%d"2
xe”2 + e”4)x(a + b*ArcTanh[c*x])~3)/(4*c"4*xe) + ((d + exx) 4x(a + bxArcTanh
[c*x])~3)/(4*xe) - (b~2*e"3*(a + bxArcTanh[c*x])*Logl[2/(1 - c*xx)])/(2%c™4) -

(3*b~2xex* (6*%c™2+%d"2 + e"2)*(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)])/(2xc~4)
- (3*%bxd*(c™2%d"2 + e”2)*(a + b*ArcTanh[c*x]) 2*xLog[2/(1 - c*x)])/c™3 + (3%
b~3*d*xe”2xLog[1l - c¢™2%x72])/(2%c™3) - (b~3%e~3*PolyLog[2, 1 - 2/(1 - c*x)])
/(4xc™4) - (3xb~3*xex(6%c™2xd"2 + e”2)*PolyLog[2, 1 - 2/(1 - c*x)])/(4xc™4)
- (3%b~2*d*(c"2*%d"2 + e"2)*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)]
)/c”3 + (3*%b~3*d*(c"2*%d"2 + e~2)*PolyLogl[3, 1 - 2/(1 - c*x)])/(2%c"3)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_8S
ymbol] :> Simp[((d + e*xx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x]) "p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTanh[c*x])"(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh([c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x], x]1 /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, O
]

Rule 2402

Int[Log[(c_.)/((d.) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
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c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x]) p)/(d*(m + 1)), x] - Dist[(bxc
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x"2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx~2), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x )]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*x(x_)"(n_)) (p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + gxx)"m, x], x] /; FreeQl{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQ[c™2xd + e, 0] && IGtQ[m, O]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.))/((d) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) pxPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d +
e, 0] & EqQ[(1 - w~™2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl]] /; FreeQ[n, x]

Rubi steps
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ez(6c2d2+ez)(u+b taunh_l(cx))2 4de3x(a+b tanh’

3 (3bo) [|- . - >

(d +ex)* (a +b tanh_l(cx))
4e

f (@ +e? (a +btanh™(cx)) dx =

2
cAd4+6c2d%e? et +4czde(c2d2+62)x) (a+b tanh ™! (cx))
1-c2x2
de 4c3e

(

@d+en)t (a+ btanh_l(cx))3 (D) ) (

3be (6czd2 + 62) x (a +b tanh_l(cx))2 3bde*x? (a +b tfcmh_l(cx))2 be3x3 (a +
= + +
4¢3 2c

3be (6c2d2 + ez) (a +b taunh_l(cx))2 3be (6c2d2 + ez) x (a +btanh™ (cx))2 31
- 4c4 " 4¢3 T

2
3ab2de2x  bPelx? (a +b tanh_l(cx)) 3bde? (a +b tanh_l(cx)) be3 (a +bta
2 - 4c? - 2¢3 * 4c

3ab?de®x  b3edx  3bPde’xtanhT'(cx) bR (11 +0b tanh_l(cx)) 3bde* (ﬂ 4
= + + + -
c? 4¢3 c? 4c?

3ab?de*x  B3ex  betanh(cx) 3b3de2xtanh (cx) bPex? (ﬂ +btanh’
2 4¢3 4ct c? 4¢?

_ 3ab’de’x . Be3x b33 tanh ™ (cx) N 3b3de2x tanh " (cx) N PP’ x* (ﬂ +btanh’
2 4¢3 4ct c? 4¢?

Mathematica [A] time = 2.00798, size = 830, normalized size = 1.35

2a3e3x*c* + 6abx (4d3 + 6exd? + 4e?x%d + e3x3) tanh ™ (cx)ct + 2a2e2(dacd + be)x3c + 12a2de(acd + be)x2c3 + 24ab2d

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~3%(a + bxArcTanh[cx*x])~3,x]

[Out] (2*a”2*c*x(4*xaxc™3*d™3 + 3*b*xe*x(6*c™2*d"2 + e72))*x + 12%a~2*c”3*d*ex*(a*xc*d
+ b*e)*x7T2 + 2%a"2xc"3%e” 2% (4*a*xckd + b*e)*x"3 + 2*xa"3*%c"4*e”3*x"4 + 6*xa 2%
bxc 4xx* (4xd~3 + 6+%d"2%e*x + 4xd*e”2*xx"2 + e”3*x73)*ArcTanh[c*x] + 3*a~2xb*
(4%xc™3%d"3 + 6%c”2*%d"2*xe + 4*xckdxe”2 + e73)*Logl[l - c*x] + 3*a”~2xbx(4*c~3xd
73 - 6%c72xd"2%e + 4xckdxe”2 - e”3)*Logll + c*x] + 36%axbT2xcT2xd"2%ex (2*cx*
x*¥ArcTanh[c*x] + (-1 + c72*%x"2)*ArcTanh[c*x]~2 + Logl[l - c72%x72]) + 2%a*b”
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2%e”3% (-1 + c72%x72 + 2%c*x*(3 + c72*%x72)*ArcTanh[cxx] + 3%(-1 + c74*x74)*A
rcTanh[c*x] "2 + 4xLogl[l - c™2*x72]) - 12%b~3*c~2*xd"2*ex (ArcTanh [c*x]*((3 -

3xc*x)*ArcTanh[c*x] + (1 - c¢™2xx72)*ArcTanh[c*x]~2 + 6*Log[l + E~(-2*ArcTan
hlc*x])]) - 3*PolyLog[2, -E~(-2xArcTanh[c*x])]) + 24*axb~2*xcxd*e”2*(c*x + (
-1 + ¢73%x"3)*ArcTanh[c*x] "2 + ArcTanh[c*x]*(-1 + c™2*x"2 - 2xLog[l + E~(-2
*ArcTanh[c*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 24*axb~2%c”3*d"3*(Ar
cTanh[c*x]*((-1 + c*xx)*ArcTanh[c*x] - 2*xLog[l + E~(-2*%ArcTanh[c*x])]) + Pol
yLog[2, -E~(-2%ArcTanh[c*x])]) + 2xb~3%e"3*(c*x + (-4 + 3xc*x + c~3*x"3)*Ar
cTanh[c*x] "2 + (-1 + c™4*xx"4)*ArcTanh[c*x]~3 + ArcTanh[c*x]*(-1 + c™2*x"2 -
8*Log[1 + E~(-2xArcTanh[c*x])]) + 4*PolyLogl[2, -E~(-2*ArcTanh[c*x])]) + 8%
b~3*%c”3%d"3% (ArcTanh [c*x] 2% ((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2%ArcT
anh[c*x])]) + 3*ArcTanh[c*x]*PolyLog[2, -E~(-2xArcTanh[c*x])] + (3*PolyLogl
3, -E~(-2xArcTanh([c*x])])/2) + 4xb~3*xcxd*e”2*(6*cxx*xArcTanh[c*x] - 3*ArcTan
hlc*x] 72 + 3%c”™2*xx"2%ArcTanh[c*x] "2 - 2%ArcTanh[c*x]~3 + 2%c~3*x"3*ArcTanh[
c*x]~3 - 6*xArcTanh[c*x] "2+Log[1 + E~(-2xArcTanh[c*x])] + 3*Log[l - c~2*x"2]
+ 6xArcTanh[cxx]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + 3*PolyLog[3, -E~(-2*Ar
cTanh[c*x])]))/(8%c™4)

Maple [C] time = 2.605, size = 6104, normalized size = 9.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3% (a+b*arctanh(c*x))~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.
result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="maxima")

[Out] 1/4*a”3*%e”3*x"4 + a~3xd*e”2*%x~3 + 3/2%a”3xd"2*e*x~2 + 9/4*(2+x~2*arctanh (cx
x) + cx(2%x/c”2 - log(cxx + 1)/c™3 + log(c*x - 1)/c73))*a"2*b*xd™2%e + 3/2%(
2xx~3*arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*a"2xbxd*e”2 + 1/8%
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(6*x~4*arctanh(cxx) + cx(2x(c™2%x”3 + 3*x)/c™4 - 3*log(c*xx + 1)/c”5 + 3xlog
(c*x - 1)/c7B))*a"2xb*e”3 + a~3*d"3*x + 3/2*%(2xc*x*arctanh(c*x) + log(-c™2%
X"2 + 1))*a”2%b*d"3/c - 1/32*((b™3*c"4*e"3*%x"4 + 4%b~3*c 4*xd*e"2*xx"3 + 6%b”
3kcT4*d"2%xe*xx"2 + 4*b"3%cT4xd"3*x — (4*%c”3%d"3 + 6%cT2xd"2%e + 4xckdxe”2 +
e”~3)*b~3) *log(-c*x + 1)73 - (6*%axb~2*c”4*e"3xx"4 + 2x(12%a*xb~2xc~4xd*e”2 +
b~3%c”3*%e"3) *x"3 + 12*x(3*a*xb"2*¥c”4*d"2*e + b7 3*c"3*kd*e"2)*x"2 + 6*x(4xaxb 2%
cT4xd"3 + (6*c”3*d"2%e + c*xe”3)*¥b"3)*x + 3% (b~ 3*c"4*e 3*%x"4 + 4*b"3*c"4*xd*e
T2%x73 + 6*b73*%cT4xd"2*%exx”2 + 4%b"3%c"4*d"3%x + (4xc”3*d"3 - 6%xcT2*xd"2%e +
4xc*xd*e”2 - e73)*b"3)*xlog(cxx + 1))*log(-c*x + 1)72)/c”4 - integrate(-1/16
* (2% (b73*c74*e"3*x"4 - b~ 3*c”3*d"3 + (3*c”4*d*e”2 - c"3*e”3)*b"3*x"3 + 3x(c
T4xd"2%e - c73%d*e”2)*b7"3*%x72 + (c74%d”3 - 3xc”3*d"2%e)*b"3*x)*log(ckx + 1)
“3 + 12*%(a*b”2*xcT4*e"3*x"4 - axb"2%c”3*%d"3 + (3kcT4xd*e”2 - c"3%e”3)*xaxb” 2%
X"3 + 3*(cT4xd"2%e - c”3*d*e”2)*axb"2xx"2 + (cT4*%d"3 - 3*c”3*kd"2*e)*axb"2xx
)*log(ckx + 1)72 - (6*axb™2*%c"4*e”3*x"4 + 2% (12*axb~2xc~4*d*e”2 + b~ 3*c”3*e
"3)*x73 + 12*%(3*axb"2xc"4*xd"2%e + b 3*c”3*kd*ke”2)*x"2 + 6% (b~ 3*%c"4*e"3*%x"4 -
b~3*%c"3*%d"3 + (3*c"4*d*e”2 - c"3*e"3)*b"3*%x"3 + 3*%(c"4*d"2*%e - c~3xd*e"2)*
b73*x72 + (c74%d”3 - 3*%c”3*d"2%e)*b"3*x) *log(c*kx + 1)72 + 6% (4d*kaxb~2kxc"4*xd”
3 + (B6*c”3xd"2*e + c*e”3)*b"3)*x - 3*(8*axb"2xc"3*%d"3 - (8kaxb”2*c"4*e”3 +
b"3*c"4*xe"3)*x"4 - (4%c”3*%d"3 - 6*xcT2xd"2*e + 4xckxd*e”2 - e73)*b”"3 - 4*x(b”3
*CT4*d*e”2 + 2% (3*kcT4xd*e”2 - c"3*e"3)*a*b”2)*x"3 - 6x(b"3*xc"4*xd"2%xe + 4x*(c
“4xd"2%e - c”3kd*e”2)*axb"2)*x"2 - 4% (b7 3*%c”4*d"3 + 2% (cT4*d"3 - 3*c"3*%d" 2%
e)*axb~2)*x)*log(ckx + 1))*log(-c*x + 1))/(c”4*x - c73), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a3e3x3 +3a’de®x? + 3a’d%ex + a’d® + (b3e3x3 +3b3de’x? + 3b3d%ex + b3d3) artanh (cx)° + 3 (abze3x3 +3a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e”3*x"3 + 3*a”~3*d*e”2%x"2 + 3*%a~3*d"2%e*xx + a~3*%d"3 + (b~3*e”3
*x73 + 3*b " 3kd*e"2*xx"2 + 3*b"3*%d"2%e*x + b"3*d"3)*arctanh(c*x)”3 + 3*(a*b”2
*e73%x"3 + 3kaxb"2xd*e"2*xx"2 + 3*axb”2*xd"2%e*x + axb~2*xd"3)*arctanh(c*x) "2

+ 3x(a"2*bxe”3*x"3 + 3*a"2*bxdxe”2*x"2 + 3*a~2*bxd " 2*e*xx + a”~2*xb*d”3)*arcta
nh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))3 (d+ ex)3 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3%(atb*atanh(c*x))**3,x)

[Out] Integral((a + b*atanh(c*x))**3*(d + e*xx)**3, x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)*(b artanh (cx) + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((e*xx + d) 3*(bxarctanh(c*x) + a)~3, x)
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316  [(d+e)?(a+btanh(cx)) dx
Optimal. Leaf size=387

2 - 2
b? (3c2d? + ez) PolyLog (2,1 - m) (a + btanh 1(cx)) b (3c2d? + ez) PolyLog (3,1 - m) 3b3dePolyLog (2,

p— + p—
c3 2¢c3 c?

[Out] (a*xb™2*xe”2*x)/c”2 + (b~ 3*e"2*x*ArcTanh[c*x])/c”2 + (3*b*d*e*(a + bx*ArcTanhl[
c*x])72)/c”2 - (b*e"2*x(a + b*ArcTanh[c*x])~2)/(2*c~3) + (3*b*d*e*xx*(a + b*A
rcTanh[c*x])~2)/c + (b*e”2*x"2%(a + b*ArcTanh[c*x])~2)/(2*c) + ((3*c™2*d"2

+ e72)*(a + bxArcTanh[c*x])~3)/(3*%c”3) - (d*(d"2 + (3*e”2)/c"2)*(a + b*ArcT
anh[c*x])"3)/(3*e) + ((d + exx)"3*(a + b*ArcTanh[c*x])~3)/(3*xe) - (6%¥b~2*d*

ex(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c™2 - (b*x(3*%c™2*d"2 + e"2)*(a + b*
ArcTanh[c*x]) "2*Log[2/(1 - c*x)])/c™3 + (b73*e"2xLogl[l - c™2*x72])/(2%c~3)

- (3*%b~3*d*exPolyLog[2, 1 - 2/(1 - c*x)])/c”2 - (b™2%(3*%c"2xd"2 + e"2)*(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c”3 + (b73*%(3*c™2*d"2 + e~2)*
PolyLog[3, 1 - 2/(1 - c*x)])/(2%c~3)

Rubi [A] time = 0.803702, antiderivative size = 387, normalized size of antiderivative =

number of rules

1., number of steps used = 20, number of rules used = 13, integrand size = 18, “ntegrand size

0.722, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260, 5948, 6048, 6058,
6610}
v? (3c2d2 + ez) PolyLog (2,1 - %) (u +b tanh_l(cx)) b (3c2d2 + ez) PolyLog (3,1 - i) 3b3dePolyLog (2,

CcX

— + —
c3 2c3 c2

Antiderivative was successfully verified.

[In] Int[(d + exx)~2%(a + b*ArcTanh[c*x])~3,x]

[Out] (a*b™2%e"2xx)/c”2 + (b~ 3*e”2*x*ArcTanh[c*x])/c”2 + (3*b*d*ex(a + b¥ArcTanh[
cxx])72)/c”2 - (b*e”"2*%(a + bxArcTanh[c*x])~2)/(2*c”3) + (3*bxd*exx*x(a + b*A
rcTanh[c*x])"2)/c + (b*e”2%x"2*(a + bk*ArcTanh[c*x])~2)/(2%c) + ((3*%c™2*xd"2

+ e"2)*(a + bxArcTanh[c*x])~3)/(3*c”3) - (d*(d"2 + (3*e”2)/c"2)*(a + b*ArcT
anh[c*x])"3)/(3%e) + ((d + e*x)"3*(a + b*ArcTanh[c*x])"3)/(3%e) - (6*¥b~2*d*

ex(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c”2 - (b*(3*%c™2xd"2 + e”2)*(a + bx
ArcTanh [c*x]) "2xLog[2/(1 - c*x)])/c™3 + (b~3*e"2*xLog[l - c™2%x72])/(2%c”3)

- (3*b~3*d*e*PolylLog[2, 1 - 2/(1 - c*xx)])/c”2 - (b™2%(3*%c™2xd"2 + e”2)*(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c™3 + (b73*(3*c™2%d"2 + e72)%
PolyLogl[3, 1 - 2/(1 - c*xx)])/(2%c”3)
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Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*xx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]

&% IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2xx~2), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]1*(b_.)) " (p_.)*(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol]l :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
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x72), x], x] /; FreeQl{a, b, c, d, m}, x] && IGtQ[p, O] && (EqQ[p, 1] I| In
tegerQ[m]) && NeQ[m, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
17p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*x((f) + (g_.)*(x_ D))" (m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && I
GtQlp, 0] && EqQlc~2%d + e, 0] && IGtQ[m, O]

Rule 6058

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*PolyLog[2, 1 - ul)/(2*cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simpl[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rubi steps
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Mathematica [A]
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3de? (a+b tanhfl(cx))2 e3x(a+b tanhfl(cx))2

(be) [|-

3
(d +ex)® (a + btanh™ (cx)) 2 2
3e - e
_ 3 2d3+3de?+e(3c2d%+e2)x)(a+b tanh_l(cx) i
(d + ex)® (a + btanh 1(cx)) ) bf ( ( 1_C212)( ) dx . @
3e ce

3bdex (a +b tamh_l(cx))2 be?x? (a +b tanh_l(cx))2 (d + ex)? (a +btanh™
+ +

c 2c 3e

2 2
3bde (a +b tanh_l(cx)) 3bdex (a +btanh™ (cx)) be?x? (a + btanh ™ (cx)
+ +
2c

c2 c

2 2
(u +b tanh_l(cx)) be? (a + btanh_l(cx)) 3bdex (u + btan
+
2¢3 c

ab?e®x  3bde
c? " c?

-
p

3bde (a +b taunh_l(cx))2 be? (a +b tanh_l(cx))

ab?2x  b3e2x tanh (cx)
+ + -
2¢3

c2

c? c?

’
p

2,2 3,2 -1 -1 2 2 -1
ab?ex  BPxtanh'(cx) 3bde(a+btanhT (cx))”  be? (a+btanh™ (cx))
+ +

2 2 2 703

1 RUERY: ) 1,

ab?e’x  bPe2xtanh” (cx) 3bde (a + btanh (cx)) be (a + btanh (cx))
z " c? " c? - 2¢3

time = 1.29567, size = 591, normalized size = 1.53

18ab?c?d? (PolyLog (2, —e7? tanh_l(cx)) + tanh ™! (cx) ((cx —1)tanh ™} (cx) - 2log (6_2 tanh ™ (cx) 4 1))) + 6ab?e? (PolyI

Warning: Unable to verify antiderivative.

[In] Integratel[(d + e*xx)~2x(a + bxArcTanh[cx*x])~3,x]

[Out] (6%a~2xc™2xdx(a*xckd + 3%bke)*x + 3*a”2xc™2kex(2*akxckd + bke)*x™2 + 2%a~3%c”
3xe”2*%x"3 + 6%a”2xb*c”3*x*(3%d72 + 3xdkexx + e”2*x"2)*ArcTanh[cxx] + 3*%a~2x
b*(3*%c7™2%xd"2 + 3*cxd*e + e”2)*Logl[l - c*x] + 3*a”2xb*(3*%c™2*d"2 - 3*c*d*e +
e"2)*Log[1l + c*x] + 18xaxb~2kckdxex(2xcxx*ArcTanh[c*x] + (-1 + c™2xx72)*Ar
cTanh[c*x]~2 + Logl[l - c¢™2*x72]) - 6*b~3*c*d*e*(ArcTanh[cxx]*((3 - 3*c*x)*A
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rcTanh[c*x] + (1 - c™2%x72)*ArcTanh[c*x]"2 + 6*Log[l + E~(-2*%ArcTanh[c*x])]
) - 3%PolyLog[2, -E~(-2*ArcTanh[c*x])]) + 6*%a*xb™2xe”2x(c*xx + (-1 + c~3%x"3)
xArcTanh[c*x] "2 + ArcTanh([c*x]*(-1 + c™2*x"2 - 2#Log[l + E~(-2%ArcTanh [c*x]
)1) + PolyLogl[2, -E~(-2*%ArcTanh([c*x])]) + 18%axb~2*c~2*d”~2x (ArcTanh [c*xx]* ((
-1 + cxx)*ArcTanh[c*x] - 2xLogl[l + E~(-2*ArcTanh[c*x])]) + PolyLogl[2, -E~(-
2xArcTanh[c*x])]) + 6%b~3*c™2+d"2x(ArcTanh[c*x] 2% ((-1 + c*x)*ArcTanh [c*x]
- 3*Log[1 + E7(-2xArcTanh[c*x])]) + 3*ArcTanh[c*x]*PolyLog[2, -E~(-2%ArcTan
hlc*x])] + (3*PolyLogl[3, -E~(-2xArcTanh[c*x])])/2) + b~ 3*e”2*(6*c*kx*xArcTanh
[c*x] - 3%ArcTanh[c*x] "2 + 3*%c™2%x"2*ArcTanh[c*x] "2 - 2*%ArcTanh[c*x]~3 + 2%
c”3*x"3*ArcTanh[c*x] "3 - 6%ArcTanh[c*x] 2xLog[l + E~(-2*ArcTanh[c*x])] + 3%
Log[l - c¢™2*%x72] + 6xArcTanh[c*x]*PolyLog[2, -E~(-2%ArcTanh[c*x])] + 3%Poly
Log[3, -E~(-2%ArcTanh([c*x])]))/(6%c”3)

Maple [C] time = 2.211, size = 4600, normalized size = 11.9

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (a+b*arctanh(c*x))~3,x)

[Out] d*x"2*a~3xe-3/4*I/c”2xb~3*exPi*d*csgn(I/((c*xx+1)~2/(-c™2xx~2+1)+1))*csgn(Ix*
(c*xx+1)72/(c™2*%x"2-1) ) *csgn(I* (c*xx+1) "2/ (c™2*x72-1) / ((c*x+1) "2/ (-c™2%x"2+1)
+1))*arctanh (c*x) “2+a*xb~2*e”2*x/c”2+b"3*e" 2xx*arctanh (c*x) /c”2-6/c”2*b" 3*xex*
d*arctanh(c*x)*1n(1+I* (c*x+1)/(-c™2*x"2+1) " (1/2))-6/c"2*¥b"3*e*d*arctanh (c*x
)*In(1-I* (cxx+1) /(-c™2xx"2+1) " (1/2) ) +3/c " 2*a*xb~2*xe*x1n (c*x—1) *d+3/c 2*xa*xb™ 2
ex1n(c*x+1)*d+3/4/c”2*a*xb"2xe*x1n (c*x+1) "2*d+3/4/c”2*a*b™2*ex1n(c*x-1) “2xd+1
/c*a*xb~2*e” 2*xarctanh (cxx)*x~2+3/c*b~3*e*arctanh (c*xx) ~2xx*d+3/c*a*b~2*arctan
h(c*x)*1n(c*xx-1)*d"2+3/c*a*b”™2*arctanh (cxx)*1n(c*x+1) *d"2-3/2/c*a*xb~2x1n (c*
x-1)*1n(1/2+1/2%c*x) *d"2+a*b”2/e*xarctanh (c*x)*1n(c*x-1) *d"3-a*b~2/e*arctanh
(c*x)*1n(c*x+1)*d"3-1/2*xa*xb”2/e*1n(cxx+1) *1n(-1/2*c*xx+1/2) *d~3+1/2*a*xb~2/ex*
In(-1/2%c*x+1/2)*1n(1/2+1/2*c*x) *d~3-1/2*%a*b”2/ex1n(c*x-1) *1n(1/2+1/2%c*x) *
d~3+3*axb~2*e*arctanh (c*x) “2xx~2*d+3*a~2xb*e*arctanh (c*x) *x~2xd-3/2*I1/c*b~3
*Pix*d~2*arctanh(c*x) ~2-1/2*I/c~3%b~3*e " 2*Pi*arctanh(c*xx) ~2-1/2*xI*b~3/e*Pix*d
~3*arctanh(c*x) "2-1/4*%Ixb~3/e*xPi*d~3*csgn(I/((c*xx+1) "2/ (-c”2*x"2+1)+1) ) *csg
n(I*(c*xx+1)72/(c™2xx72-1) ) *csgn (I* (c*x+1) "2/ (c™2*x"2-1) / ((c*x+1) "2/ (-c~2*x"~
2+1)+1))*arctanh(c*x) "2-3/4*I/c”2%b"3*exPikd*csgn (I* (cxx+1)72/(c™2*x"2-1) ) *
csgn(I*(cxx+1)72/(c™2%x72-1) / ((c*x+1) "2/ (-c™2%x72+1)+1)) "2*arctanh (c*x) "2+3
/4%1/c”2%b"3*%exPixd*csgn(I* (c*x+1)/(-c™2%xx"2+1) 7 (1/2)) "2xcsgn(I* (cxx+1)~2/(
c"2*xx72-1))*arctanh (c*x) "2+3/2*%I/c”2xb~3*%exPi*xd*csgn (I* (c*x+1) /(-c™2%x"2+1)
~(1/2))*csgn(I*(cxx+1)72/(c™2%x72-1)) "2xarctanh (c*x) "2+3/4*I/c”2xb~3*e*xPixd
xcsgn(I/((cxx+1)72/(-c™2%x"2+1)+1) ) *csgn(I*(c*x+1) 72/ (c™2*x"2-1) / ((c*x+1) "2
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/(=c72%x72+1)+1) ) "2*arctanh (c*x) “2+a~3*x*d"~2+1/3*%a” 3*xe"2xx " 3+3%a~2*b/c*xx*d*
e+3/2/c*a*xb”2x1n(c*x+1)*1n(-1/2*c*x+1/2) *d~2-3/2/c*xa*xb”2*1n(-1/2*c*x+1/2) *1
n(1/2+1/2*cxx)*d"2+3/2/c”2*a" 2*xb*ex1n (cxx—1)*d-3/2/c”2*a" 2*b*e*x1n (cxx+1) *d+
1/2/c”3*axb"2%e”2+x1In(c*x+1) *1In(-1/2*c*xx+1/2)-3/2/c”2*%b " 3*e*arctanh (cxx) ~2x1
n(cxx+1)*d-1/2/c”3xa*xb~2xe 2x1n(-1/2*cxx+1/2) *1n(1/2+1/2*c*x)+1/c”3*axb™2*e
~2*xarctanh (c*x) *1n(c*x-1)+1/c” 3*a*xb”~2*xe"2*arctanh (c*x) *1n(c*x+1)-1/2/c”3%a*
b~2%e"2x1n(c*x-1)*1n(1/2+1/2%c*x)+3/2/c~2*¥b"3*e*arctanh (c*x) ~2*1n(cxx-1) *d+
3/c”2xb"3*xexIn((cxx+1)/(-c™2*x"2+1) " (1/2) ) *arctanh (c*x) "2*d+1/4*I/c”3*b~3*e
~2+Pi*csgn(I/((c*xx+1)72/(~c™2%x72+1)+1) ) *xcsgn(I* (cxx+1) "2/ (c"2%x"2-1) ) *csgn
(I*x(c*x+1) "2/ (c™2*x"2-1) / ((c*x+1) "2/ (-c"2%x"2+1)+1) ) *arctanh (c*x) "2+3/4%*I/c
*b~3*%Pixd~2*csgn(I/ ((cxx+1)72/(-c™2*%x72+1)+1) ) *csgn (I*(c*x+1) "2/ (c™2%x"2-1)
)*kcsgn(I*(c*x+1) 72/ (c™2%x72-1) / ((c*xx+1) 72/ (-c”2*x"2+1)+1) ) *arctanh (c*x) "2-1
/4%1/c”3%b"3*e”2xPi*xcsgn(I* (c*x+1) 72/ (c™2*x72-1) / ((c*x+1) "2/ (-c™2%x"2+1) +1)
) "3*arctanh (c*x) "2-1/4%1/c”3%b"3*e " 2*Pixcsgn(I* (cxx+1) "2/ (c™2%x72-1)) "3*arc
tanh (c*x) "2-3/2%I1/c”2xb~3*%exPi*d*arctanh (c*xx) "2+1/2*xI*b~3/e*Pi*d~3*csgn(I/(
(cxx+1)72/(-c™2*%x"2+1)+1)) "2*arctanh (c*x) “2-1/2*%I*b~3/e*Pi*d " 3*csgn(I/ ((c*xx
+1)72/(-c™2*x"2+1)+1) ) "3*arctanh (c*xx) "2+1/4*I*b~3/exPixd~3*csgn (I* (c*x+1) "2
/(c72xx72-1) / ((c*x+1) "2/ (-c"2*x"2+1)+1) ) "3*arctanh (c*x) "2+1/4*xI*b"3/e*Pixd~
3xcsgn(I*x(cxx+1) 72/ (c™2%x72-1)) "3*arctanh (c*x) "2+6/c*a*xb~2*exarctanh (cxx) *x
*d+3/c " 2*%axb”2*exarctanh (c*x) *1n(c*x-1) *d-3/c”2*a*xb~2*xe*xarctanh (c*x) *1n(c*x
+1)*d-3/2/c”2*a*xb"2*e*x1n(c*x-1) *1n(1/2+1/2xc*x) *d-3/2/c”2xa*b~2xe*1n(c*x+1)
*1n(-1/2%c*x+1/2) *d+3/2/c"2*xa*xb™2*e*x1n(-1/2*c*x+1/2) *1n(1/2+1/2*c*x) *d-3/2%
I/cxb™3*%Pixd~2*csgn(I/ ((c*x+1)72/(-c72*x72+1)+1)) "3*arctanh (c*x) "2-3/4*I/c*
b~ 3*%Pi*d"2*csgn (I* (c*x+1) 72/ (c”2*%x~2-1)) ~3*arctanh (c*x) "2-3/4*%I/cxb~3*Pi*d~
2xcsgn (I* (cxx+1)72/(c™2xx"2-1) / ((c*x+1) "2/ (-c™2*%x"2+1)+1) ) "3*arctanh (c*x) "2
+3/2*%1/cxb~3%Pixd~2*csgn(I/ ((cxx+1) 72/ (-c™2*%x~2+1)+1)) "2*arctanh(c*x) ~2-1/2
*I/c”3%b"3*e"2+Pixcsgn (I/((c*xx+1) 72/ (-c™2%x"2+1)+1)) "3*arctanh (c*x) "2+1/2%I
/c”3%b~3*%e"2xPikcsgn(I/ ((c*x+1) "2/ (-c"2xx~2+1)+1) ) "2*arctanh (c*x) "2+1/2/c*a
“2xb*x"2%e”2+a”2*b/exarctanh (c*x)*d"3+1/2*a"2*b/ex1n(cxx-1)*d~3-1/2*a"2*b/e
*1n(c*x+1) *d"3+a*xb”"2/exarctanh (c*x) "2*d"3+b"3/ex1n((c*x+1) / (-c™2*%x"2+1) " (1/
2))*arctanh(c*x) "2*xd"3+1/2*xb"3/e*arctanh (c*x) "2*1n(c*x-1)*d~3-1/2%b"3/e*arc
tanh (c*x) "2*1n(c*x+1) *d~3+3*a~2*b*arctanh (c*x) *x*d~2+3*a*xb~2*arctanh (c*x) "2
*x*d"2+a" 2*b*e " 2*arctanh (cxx) *x~3+a*xb~2*e”2*arctanh (c*x) “2*xx~3+b~3*e*arctan
h(c*xx) "3*x72%d+1/4*a*xb”2/e*xIn(cxx+1) "2xd~3+1/4*a*xb~2/e*In(c*x-1) "2*xd~3-1/c”
3*xb~3*%e"2*polylog(2,-(c*x+1) "2/ (-c™2%x~2+1) ) *arctanh (c*x)-1/c"3*b~3*e " 2*1n(
(c*x+1)/(-c™2%x"2+1) " (1/2) ) *arctanh (c*x) "2+1/2/c”3*b"3*e"2*arctanh (c*x) "2x*1
n(c*x-1)+1/2/c~3%b"3*e"2*arctanh (c*x) “2*1n(c*x+1)-1/4/c"3*a*xb~2*xe” 2x1n (c*xx+
1)72-1/c~2xb"3*e*arctanh (c*x) ~3*d+3/c"2xb~3*e*arctanh (c*x) ~2*d-6/c”2xb~3*e*
d*dilog(1+I* (cxx+1)/(~c™2%x72+1)~(1/2))-6/c"2*b"3*e*xd*dilog(1-I* (c*xx+1) /(-c
T2%x72+41) 7 (1/2))+1/2/c”3%a"2%b*xe " 2*%In(c*x-1)+1/2/c”3*a"2xbxe " 2*1n (c*x+1) -1/
¢~ 3*b"3*%e"2*1n(2) *arctanh(c*x) "2-1/2/c"3*a*xb~2*xe " 2*%1In(cxx+1)+1/2/c " 3*xaxb~ 2%
e"2x1n(c*xx-1)-1/c”3*a*xb"2*xe"2+xdilog(1/2+1/2*c*x)+1/4/c”3*a*xb”~2xe~2x1n (c*x-1
)"2+3/2/c*a”2xb*1n(c*x-1) *d~2+3/2/c*xa”~2*xb*1n (cxx+1) *d~2-3/4/c*a*xb™2*1n (cxx+
1) 72%d~2-3/c*a*xb"2xdilog(1/2+1/2%c*x) *d~2+3/4/c*a*b~2*1n(c*x-1) "2*xd"2+1/2/c
*b~3*e " 2*arctanh (c*xx) "2*xx"2+3/2/c*b~3*arctanh (c*x) “2*1n(c*xx-1)*d~2+3/2/c*b”
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3xarctanh (c*xx) “2*1n(c*xx+1) *d"2-3/cxb~3*polylog(2,-(c*x+1) "2/ (-c™2%x72+1) ) *a
rctanh(c*x)*d"2-3/c*b™3*1In((c*x+1) /(-c™2*xx"2+1) ~(1/2) ) *arctanh (c*x) “2%d~2-3
/c*¥b”~3%1n(2) *d~2*arctanh (cxx) “2+3/2/c*b~3*polylog(3,-(c*x+1) "2/ (-c™2%x"2+1)
)*d~2+1/cxb~3*arctanh (c*x) “3*d~2+1/c”3*b"3%e"2*arctanh(c*x)+1/3/c”3%b"3%e"2
*xarctanh (c*xx) ~3+1/2/c~3*b"3*e"2*polylog(3,-(c*x+1) "2/ (-c™2%x"2+1))-1/2/c~ 3%
b~3%e"2*arctanh(c*x) "2-1/c”3*b"3%e"2*1n((c*x+1) "2/ (-c"2*x"2+1)+1)+b~3*arcta
nh (ckxx) “3*xx*d~2+1/3%b"3%e"2*arctanh (ckxx) "3*x”~3+1/3*a~3/e*d"3+1/2*I*b~3/e*Pi
*xd"3*xcsgn (I (cxx+1) /(-c™2%x72+1) " (1/2) ) *csgn(I*(cxx+1) "2/ (c™2%x72-1)) "2*arc
tanh (c*x) "2-1/4%I*b~3/e*Pi*d~3*csgn (I* (c*x+1) "2/ (c”2*%x"2-1) ) *csgn(I* (c*x+1)
~2/(c™2xx72-1) / ((c*x+1) "2/ (-c™2%x72+1)+1) ) "2*arctanh (c*xx) "2+1/4*I*b~3/e*Pix
d™3*csgn(I/((c*x+1) 72/ (-c™2%x"2+1)+1) ) *csgn(I* (c*xx+1) "2/ (c™2*x72-1) / ((c*x+1
)72/ (=c™2xx"2+1)+1) ) "2*arctanh (c*x) "2+1/4xI*b~3/e*Pi*d~3*csgn (I* (cxx+1)/(-c
T2%x72+1) 7 (1/2) ) "2*csgn (I* (c*xx+1) "2/ (c”2*%x"2-1) ) *arctanh (c*x) "2-3/4*I/c*b~3
*xPixd"2xcsgn (I* (cxx+1)/(-c™2*x72+1) " (1/2)) "2*csgn (I* (cxx+1) "2/ (c™2xx"2-1) ) *
arctanh(c*x) "2-3/4*I/c*b~3*xPi*d"2xcsgn(I/((c*x+1)~2/(-c™2*x"2+1)+1)) *csgn (I
*(cxx+1) 72/ (c™2xx72-1) / ((c*x+1) "2/ (-c™2%x72+1)+1) ) "2*arctanh (c*x) "2+3/4xI/c
*b~3*Pi*xd " 2*csgn (I* (c*x+1) 72/ (c™2%x72-1) ) xcsgn(I* (cxx+1) "2/ (c™2xx~2-1) / ((c*
x+1)72/(-c”2*%x"2+1)+1) ) "2*arctanh (c*xx) “2-3/2*I/cxb~3*Pixd~2*csgn (I* (c*xx+1)/
(=c™2%x72+1) 7 (1/2) ) *csgn(I* (cxx+1) "2/ (c™2%x7"2-1) ) "2*arctanh (c*x) "2-1/2*I/c”
3xb~3*%e"2*Pi*csgn (I* (ckx+1)/(-c™2%x72+1) " (1/2) ) *csgn(I* (cxx+1) "2/ (c™2*x"2-1
)) "2xarctanh (cxx) "2+1/4%1/c”3xb~3*e”~2*Pi*csgn (I* (c*x+1) "2/ (c"2*x"2-1) ) *csgn
(I*(c*xx+1)72/(c™2%x72-1) / ((c*x+1) 72/ (-c™2*x72+1)+1) ) "2*arctanh (c*x) "2-1/4*I
/c”3%b"3*%e"2xPixcsgn(I/ ((c*x+1) "2/ (-c™2xx"2+1)+1) ) *csgn (I* (c*xx+1) "2/ (c™2*x"
2-1)/((c*x+1)72/(-c™2*%x"2+1)+1) ) "2*arctanh (c*x) "2-1/4%I/c"3*b~3*e " 2*Pi*csgn
(I*(c*xx+1)/(—c™2xx72+1) 7 (1/2) ) "2*csgn(I*(cxx+1) "2/ (c™2*x"2-1) ) *arctanh (c*x)
~2+3/4%1/c”2xb"3*exPikxd*csgn (I* (cxx+1) "2/ (c™2*%x"2-1) / ((c*x+1) "2/ (-c™2*x"2+1
)+1)) " 3*arctanh(c*x) "2+3/4*I/c”2%b"3*xe*xPixd*csgn (I*(cxx+1)72/(c™2%x"2-1)) "3
*xarctanh (c*x) "2-3/2%I/c”2*%b"3*e*xPixd*csgn(I/ ((cxx+1) 72/ (-c™2%x"2+1)+1)) "3*a
rctanh (c*xx) "2+3/2xI/c”2%b"3xe*Pi*d*csgn(I/ ((c*xx+1)~2/(-c™2*x"2+1)+1)) "2*arc
tanh(c*x) "2

Maxima [F] time = 0., size = 0, normalized size = 0.
result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x))~3,x, algorithm="maxima"

[Out] 1/3%a”3*%e”2%x"3 + a"3xd*e*xx”™2 + 3/2%(2+x"2*arctanh(c*x) + c*x(2*x/c”2 - log(
ckx + 1)/c”3 + log(c*xx - 1)/c”™3))*a"2*bxd*xe + 1/2%(2xx"3*%arctanh(c*x) + c*(
X72/c”2 + log(c™2%x72 - 1)/c”4))*a"2*b*e”2 + a~3*d"2*x + 3/2x(2*c*x*arctanh
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(cxx) + log(-c™2%x72 + 1))*a”2%bxd"2/c - 1/24*%((b73*c"3%e™2*x"3 + 3*%b"3*c”3
*xd*e*x”2 + 3xb73%c”T3%d72%x - (3*%cT2%d72 + 3kckdke + e72)*b”3)*xlog(-c*x + 1)
73 - 3%(2%a*b”"2xc"3%e”2*x”3 + (6*%axb”2*c”3kd*e + bT3kcT2xe"2)*x"2 + 6% (a*xb”
2xC”3%d"2 + bT3*c72*dxe) *x + (Db73*c"3*%e”2xx”3 + 3*b"3*kc”3xd*exx"2 + 3*b~3*cC
“3xd"2*x + (3%c72xd"2 - 3kcxdxe + e72)*b”3)*log(cxx + 1))*log(-c*xx + 1)72)/
c™3 - integrate(-1/8*%((b73*c™3%e”™2*x"3 - b7"3%c72xd"2 + (2%c”3*d*e - c"2%e”2
)*¥b73%x72 + (c73%d"2 - 2*c"2*d*e)*b”3*x)*log(ckx + 1)73 + 6x(axb”2kc"3*ke”2%
X73 - a*b"2xcT2+d"2 + (2%c"3xd*e - cT2%e"2)*axb”2*x72 + (c73%d"2 - 2%cT2xd*
e)*axb~2*x)*log(cxx + 1)72 - (4*axb™2xc”3*%e"2%x”"3 + 2x(6xa*b~2%c”~3xd*e + b~
3kcT2xe”2)*xx72 + 3% (b73%cT3%e”2*x”3 - b73*cT2xd"2 + (2xc”3*d*e - cT2%e”2)*b
T3%x72 + (c73%d72 - 2%cT2kd*e)*b"3*x)*Llog(ckx + 1)72 + 12%x(axb"2xc”3*d”2 +
b73%cT2%d*e) *x — 2% (6%axb”2%cT2%xd72 - (3%cT2*d"2 - 3kckd*e + e72)*xb"3 - (6%
a*b"2xc73%e”2 + b73*c”3*%e”2)*x”3 - 3*(b73*c”3*d*e + 2% (2%c”3*d*e - c"2%e”2)
*a*xb"2)*x"2 - 3*%(b7"3%c”3*%d"2 + 2% (c73*d"2 - 2*c”2xd*e)*axb”2)*x)*log(ckx +
1)) *log(-c*x + 1))/(c™3*x - c72), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
integral (a3ezx2 +2a%dex + a®d? + (b3ezx2 +2b%dex + b3d2) artanh (cx)® + 3 (abzezx2 + 2 abdex + abzdz) artanh (c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e”2*x"2 + 2%a”3*xd*e*xx + a”3*%d"2 + (b7™3%e”2*%x"2 + 2%b7~3xd*e*xx +
b~3*d"2)*arctanh(c*x) "3 + 3*(a*b™2*xe"2*xx"2 + 2*axb”2*d*e*x + axb~2xd"2)*ar
ctanh(c*x) "2 + 3*%(a”2%b*e”2%x"2 + 2*a”2xbxd*exx + a~2xb*d~2)*arctanh(c*x),

x)

Sympy [F] time = 0., size = 0, normalized size = 0.
[ @+ batanh ()’ @ + ex)” dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x))**3,x)

[Out] Integral((a + b*atanh(c*x))**3*(d + e*x)**2, x)
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Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)z(b artanh (cx) + a)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~"2*(atb*arctanh(c*x))~3,x, algorithm="giac")

[Out] integrate((e*xx + d) 2x(bxarctanh(c*x) + a)~3, x)
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317  [(d+ex)(a+btanh(cn) dx

Optimal. Leaf size=244

3b?dPolyLog (2,1 - 1_i) (a+btanh(cx))  3b%ePolyLog (2,1 - 1_1) 3b3dPolyLog (3,1 - %) 3b%elog
- - +

c 2c2 2c

[Out] (3*b*ex(a + bxArcTanh[c*x])~2)/(2*%c”2) + (3*bxexx*x(a + b¥ArcTanh[c*x])~2)/(
2%c) + (d*(a + bxArcTanh[c*x])~3)/c - ((d"2 + e72/c"2)*(a + b*ArcTanh[c*x])
~3)/(2%e) + ((d + exx)"2x(a + b¥ArcTanh[c*x])~3)/(2*xe) - (3*%b~2xe*(a + b*Ar

cTanh [c*x])*Log[2/(1 - c*x)])/c”2 - (3*b*d*(a + bxArcTanh[c*x]) ~2xLog[2/(1

- c*xx)])/c - (3*b~3*e*xPolyLog[2, 1 - 2/(1 - c*x)])/(2%c™2) - (3*b"2*xd*(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c + (3*%b~3*d*PolyLog[3, 1 - 2/

(1 - c*xx)]1)/(2%c)

Rubi [A] time = 0.601792, antiderivative size = 244, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 10, integrand size = 16, oo
integrand size

= 0.625, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 6048, 5948, 6058, 6610}

2 - 2 2
3b%dPolyLog (2,1 - E) (a + btanh l(cx)) 3b3ePolyLog (2,1 - m) X 3b3dPolyLog (3,1 - E) 3b%elog

c 2c2 2c

Antiderivative was successfully verified.

[In] Int[(d + e*xx)*(a + b*ArcTanh[c*x])~3,x]

[Out] (3*bxex(a + b*ArcTanh[c*x])~2)/(2%c”2) + (3*b*exx*(a + b¥ArcTanh[c*x])~2)/(
2xc) + (d*(a + bxArcTanh[c*x])7"3)/c - ((d"2 + e72/c"2)*(a + b*ArcTanh[c*x])
~3)/(2%e) + ((d + e*x)”2x(a + bxArcTanh[c*x])"3)/(2%e) - (3*b~2*ex(a + b*Ar

cTanh [c*x])*Log[2/(1 - c*x)])/c”2 - (3*b*xdx(a + bxArcTanh[c*x]) " 2xLog[2/(1

- c*xx)])/c - (3*%b"3*e*xPolyLog[2, 1 - 2/(1 - c*x)])/(2%xc”2) - (3*b~2*dx(a +
bxArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c + (3*%b~3xd*PolyLog[3, 1 - 2/

(1 - cxx)])/(2%c)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])7p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q+ 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, ¢, 4, e}, x]
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&& IGtQ[p, 1] && IntegerQlql && NeQl[q, -1]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b*A
rcTanh [c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]1*(b_.)) " (p_.)*x(x_))/((d) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c~2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cx*d, 0]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((£f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanhl[c*x])
“p/(d + exx”2), (f + g*xx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && I
GtQlp, 0] && EqQ[c™2*d + e, 0] && IGtQ[m, O]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b



, ¢, d, e, p},

Rule 6058

Int[(Loglu_]*((a_.) + ArcTanh[(c_

2), x_Symbol]

+ exx72),

x],

x] && EqQ[c™2%d + e,

:> -Simp[((a + b*ArcTanh[c*x]) “p*PolyLogl[2,
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLogl[2,
x] /; FreeQ[{a, b,
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0] && NeQ[p, -1]

D*(x_)I*x(_.))"(p_.))/((d) + (e_.)*(x_)~

1 - ul)/(2%cxd),
1 -ul)/@
d, e}, x] && IGtQ[p, 0] && EqQlc™2*d +

C,

e, 0] && EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolyLog[n_,

x]1}, Simp[w*Polylog[n + 1, v],

Rubi steps

f(d + ex) (a + btanh_l(cx))3 dx =

v_], x_Symbol]

:> With[{w = DerivativeDivides[v, ux*v,

x] /; FalseQ[w]] /; FreeQ[n, x]

a+b tanh™ (cx)) (c2d2+e2+2c2dex) (a+b tar

(d + ex)? (u +b tanh_l(cx))3 (86¢) f 2(1-c222)
2e 2e .
@+ ex? (a+ btanh (o)) @p) [ EEEREEN T gy
— ( > ) _ f 2lc ec x + f (
czdz( C;;)(aﬂ
@) [|——1=

_ 3bex(a+ btanh” (@)
_ 3be(a+ btanh ™ (c)’
_ 3be(a+ btanh™(c)”
_ 3be(a+btanh™(c)”
_ 3be(a + btanh™(c)”

_ 3be (a +b tanh_l(cx))2

(d + ex)? (a +b tanh_l(cx))3
+

2c 2e

BUERY:
3bex (a + btanh (cx))
+
2c

(d + ex)? (a +btanh ™ (cx)
+

2c2 2e

A
QL

3bex (a +b tamh_l(cx))2

d(a+ btanh_l(cx))S
+ +
2c

2c2

=
o

3bex (a +b tanh_l(cx))2 d (a + btanh™ (cx)
+ +
2c c
3bex (a +b tanh_l(cx))2 d (a +b tanh_l(cx))3
" 2c " c
3bex (a +b tanh_l(cx))2 d (a +b tanh_l(cx))3
+ + -

2c c

2c2

=
o

2c2

=
o

2c2
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Mathematica [A] time = 0.762874, size = 331, normalized size = 1.36

12ab?cd (PolyLog (2, —e‘zmnhfl(c")) + tanh ™" (cx) ((cx —1) tanh ™ (cx) - 2 log (8_2 tanh ™ (cx) 4 1))) - 2b% (tanh_l(cx) |

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)*(a + b*ArcTanh[c*x])~3,x]

[Out] (2%a~2xck(2*akxckd + 3kbke)*x + 2%a~3*kc™2%exx™2 + 6%a”2xbkc™2+x*(2%d + e*x)*
ArcTanh[c*xx] + 3%a™2%b*(2*%ckd + e)*Logl[l - cxx] + 3%a~2*b*(2xcxd - e)*Logl1

+ c*x] + 6%axb”2xex(2kckx*ArcTanh[c*x] + (-1 + c™2*x72)*ArcTanh[c*x]"2 + L

ogll - c™2xx72]) - 2xb~3%ex(ArcTanh[c*x]*((3 - 3*c*xx)*ArcTanh[cxx] + (1 - ¢
~2%x72)*ArcTanh [c*x] "2 + 6%Log[1 + E~(-2xArcTanh[c*x])]) - 3*PolyLog[2, -E~
(-2xArcTanh[c*x])]) + 12*axb~2*xc*d* (ArcTanh[c*x]*((-1 + c*x)*ArcTanh[c*x] -
2xLog[1 + E~(-2xArcTanh[c*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 4xb~
3kcxd* (ArcTanh [cxx] "2%((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2xArcTanh[c*

x])]) + 3*%ArcTanh[c*x]*PolyLog[2, -E~(-2%ArcTanh[c*x])] + (3*PolyLogl[3, -E~
(=2xArcTanh[c*x])]1)/2))/(4%c~2)

Maple [C] time = 0.954, size = 12404, normalized size = 50.8

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)x*(a+b*arctanh(c*x))~3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

3 (2 cx artanh (cx) + log (—czx2 +1
2c

2x  log(cx+1) N log (cx —1)

1 3
— aBex? + 1 (2 x% artanh (cx) + | — —

2 3
a“be + a°dx +
c? c3 c3 ))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(a+b*arctanh(c*x))~3,x, algorithm="maxima")



119

[Out] 1/2%a”3*e*xx”2 + 3/4*%(2*xx"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + 1
og(cxx — 1)/c”3))*a"2%bxe + a~3*xd*x + 3/2%(2kcxx*arctanh(c*x) + log(-c™2*x~
2 + 1))*a”2%b*xd/c - 1/16%((b~3%c™2xe*x"2 + 2xb~3*c”2xd*x - (2xc*d + e)*b~3)
xlog(—c*xx + 1)73 - 3% (2xa*xb”™24c™2xe*x”2 + 2% (2xa*xb”2xc”2xd + b~ 3*cke)*x + (
b73%cT2%e*xx"2 + 2*b7"3*cT2xd*x + (2*ckd - e)*b~3)*log(c*kx + 1))xlog(-c*x + 1
)72)/c”2 - integrate(-1/8*%((b73*c™2%e*xx"2 - b73%ckd + (c72%d - c*e)*b"3*x)*
log(c*x + 1)73 + 6*(a*b™2%c™2%e*x™2 - axb”™2xc*xd + (c72*d - c*e)*a*xb™2*x)*1o
g(ckx + 1)72 - 3% (2%axb™2xc™2%exx"2 + (b73*%c™2%exx"2 - b~3*%c*xd + (c72*xd - ¢
xe)*b~3*xx)*xlog(c*xx + 1)72 + 2% (2%a*xb~2*c”2+d + b~ 3*cxe)*x - (4*a*xb~2*c*xd -
(2xcxd - e)*b~3 - (4*xaxb™2%c”2%e + b~ 3*c”2%e)*x”"2 - 2% (b7 3*c”2*d + 2x(c"2xd
- c*e)*axb~2)*x)*log(c*x + 1))*log(-cxx + 1))/(c™2*x - c), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (a3ex +a%d + (b3ex + b3d) artanh (cx)® + 3 (abzex + abzd) artanh (cx)? + 3 (azbex + azbd) artanh (cx), x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a~3*exx + a~3*%d + (b~3*e*x + b~3*d)*arctanh(c*x)~3 + 3*(a*xb”~2xex*x
+ axb”2*xd)*arctanh(c*x) "2 + 3*(a”2*b*exx + a~2*b*d)*arctanh(c*x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (a + batanh (cx))3 (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*atanh(c*x))**3,x)

[Out] Integral((a + bxatanh(c*x))**3*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (ex + d)(bartanh (cx) + a)3 dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))”3,x, algorithm="giac")

[Out] integrate((e*xx + d)*(b*arctanh(c*x) + a)~3, x)
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1 3
3.18 f(m ) g

d+ex

Optimal. Leaf size=272

- 2c(d+ex 2 - _
3b? (a + btanh 1(cx)) PolyLog (3,1 - ﬁ) 3b?PolyLog (3,1 - @) (a +btanh 1(cx)) 3b (a + btanh

2e 2e

[Out] -(((a + b*ArcTanh[c*x]) 3*Log[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x])~3*Lo
gl(2%cx(d + e*xx))/((cxd + e)*x(1 + c*x))])/e + (3xb*x(a + bxArcTanh[c*x]) ~2*P
olyLog[2, 1 - 2/(1 + c*x)])/(2*e) - (3*b*x(a + b*ArcTanh[c*x]) 2*PolyLog[2,
1 - (2xcx(d + e*xx))/((cxd + e)*(1 + c*x))])/(2%e) + (3xb"2*(a + b*ArcTanh[c
*xx] ) *PolyLog([3, 1 - 2/(1 + c*x)])/(2%e) - (3*b~2*(a + b*ArcTanh[c*x])*PolyL
ogl3, 1 - (2%cx(d + e*xx))/((cxd + e)*x(1 + c*xx))])/(2%xe) + (3*b~3*PolyLogl4,
1 -2/(1 + c*xx)])/(4*%e) - (3*xb~3*PolyLog[4, 1 - (2%c*x(d + e*xx))/((cxd + e)
*(1 + c*x))])/(4xe)

Rubi [A] time = 0.0566941, antiderivative size = 272, normalized size of antiderivative =
1., number of steps used = 1, number of rules used = 1, integrand size = 18, number of rules _

integrand size
0.056, Rules used = {5924}

) 2c(d+ex)
_sz (a + btanh (cx)) PolyLog (3, 1- —(Cxil)(; 0

2e 2e

2
cx+1

) 312PolyLog (3,1 _ —) (a+btanh ' (cx))  3b(a +btanh
+ —

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])~3/(d + ex*x),x]

[Out] -(((a + b*ArcTanh[c*x])~3*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x]) ~3*Lo
gl(2xcx(d + e*x))/((cxd + e)*(1 + cx*x))])/e + (3*bx(a + bxArcTanh[c*x]) 2P
olyLog[2, 1 - 2/(1 + c*x)])/(2xe) - (3*bx(a + b*ArcTanh[c*x]) 2*xPolyLog[2,

1 - (2%xc*x(d + e*xx))/((cxd + e)*(1 + c*x))])/(2xe) + (3*b"2x(a + bxArcTanhl[c
xx])*PolyLog[3, 1 - 2/(1 + c*x)])/(2%xe) - (3*b~2*(a + b¥ArcTanh[c*x])*PolyL

ogl3, 1 - (2%cx(d + e*x))/((cxd + e)*(1 + cxx))])/(2xe) + (3*b~3*PolyLogl4,

1 - 2/(1 + cxx)]1)/(4%e) - (3*b~3xPolyLogl4, 1 - (2xcx(d + e*x))/((cxd + e)

*(1 + c*x))])/(4xe)

Rule 5924

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh([c*x]) "3*Log[2/(1 + c*x)])/e, x] + (Simp[((a + bxArcT
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anh [c*x]) "3*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x] + Simp[(3*b*(
a + b*ArcTanh[c*x]) “2*PolyLog[2, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(3*bx*(a
+ b*ArcTanh [c*x]) “2*PolyLog[2, 1 - (2xc*(d + e*xx))/((cxd + e)*(1 + c*x))])
/(2xe), x] + Simp[(3*b~2*(a + b*ArcTanh[c*x])*PolyLog[3, 1 - 2/(1 + c*x)])/
(2xe), x] - Simp[(3*b~2*(a + b*ArcTanh[c*x])*PolyLog[3, 1 - (2*%cx(d + exx))
/((cxd + e)*x(1 + c*x))])/(2%e), x] + Simp[(3*b~3*PolylLogl[4, 1 - 2/(1 + c*x)
1)/(4xe), x] - Simp[(3*b~3*PolyLogl4, 1 - (2*cx(d + e*x))/((c*xd + e)*(1 + ¢
*x))])/(4xe), x]) /; FreeQl{a, b, c, d, e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Rubi steps
1 3 1 3 2 -1 3 2c(d+ex) -1
f (a + btanh (cx)) e (a + btanh (cx)) log (m) . (a + btanh (cx)) log (m) . 3b (a + btanh
d+ex T e e

Mathematica [F] time = 109.64, size = 0, normalized size = 0.

f (a + btanh_l(cx))3

d
d+ex *

Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x),x]

[Out] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x), x]

Maple [C] time = 0.43, size = 2367, normalized size = 8.7

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 3/ (e*x+d),x)

[Out] 3*c*xaxb~2/e*d/(c*d+e)*arctanh(c*x) “2+1n(1-(cxd+e)* (cxx+1)72/(-c™2*%x"2+1) /(-
c*xd+e) ) +3xc*axb~2/exd/ (c*d+e) *arctanh (cxx) *polylog(2, (cxd+e) * (cxx+1)~2/(-c”
2*%x”2+1) / (-cxd+e) ) -3/2xI*a*xb~2/exarctanh (c*xx) "2*Pi*csgn(I/ ((cxx+1) 72/ (-c~2%
x72+1)+1) ) *csgn(I* (((cxx+1) "2/ (-c™2%xx"2+1) -1) *e+tckd* ((cxx+1) "2/ (-c™2%x"2+1)
+1))/ ((cxx+1) "2/ (-c™2%x"2+1)+1) ) "2-3/2*%I*a*b~2/e*xarctanh (c*xx) "2*Pi*csgn (I*(
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((c*x+1)72/ (~c™2%x72+1) -1) *e+ckxd* ((c*x+1) 72/ (-c™2%x72+1)+1) ) / ((c*x+1) "2/ (-c
"2%x72+1)+1)) "2*csgn (I*x (((cxx+1) 72/ (—c™2%x72+1) -1) *e+ckd* ((cxx+1) "2/ (-c™2%x
"2+1)+1)))+1/2%Ixb~3/e*arctanh(c*x) “3*Pixcsgn(I/((c*x+1) "2/ (-c™2*x"2+1)+1))
xcsgn(Ix (((c*xx+1)72/(-c™2*x72+1) -1) *e+c*d* ((c*xx+1) 72/ (-c™2*x72+1)+1) ) / ((c*x
+1)72/(—c”2xx72+1)+1) ) *csgn (I* (((cxx+1) "2/ (—c™2xx"2+1) -1) xe+cxd* ((cxx+1) "2/
(-c™2*%x72+1)+1)))-3/4%b~3/expolylog(4,-(c*x+1) "2/ (-c~2*x"2+1) ) +3/4xb~3/ (cxd
+e)*polylog(4, (cxd+e)* (c*xx+1) "2/ (-c~2xx"2+1) / (~c*d+e) ) +a~3*1n(c*xe*x+cxd) /e+
3/2*I*xaxb~2/e*xarctanh (c*x) "2*Pixcsgn(I/((c*x+1)~2/(-c™2*%x"2+1)+1) ) *csgn (I*(
((c*x+1)72/ (-c™2%x72+1) 1) *e+ckd* ((c*kx+1) 72/ (-c™2*xx"2+1)+1) ) / ((c*x+1) "2/ (-c
“2%x72+1)+1) ) xcsgn(Ix (((c*xx+1) 72/ (-c™2*x72+1) 1) *e+c*d* ((c*xx+1) "2/ (-c™2%x"2
+1)+1)))+3/2*%axb~2/e*polylog(3,-(cxx+1) "2/ (-c™2%xx"2+1) ) -3/2*a*xb~2/ (c*kd+e) *p
olylog(3, (ckd+e)* (c*x+1) 72/ (-c™2%x72+1) /(—c*d+e) ) +3/2%a"2xb/exdilog ((c*e*x-
e)/(-cxd-e))-3/2*a"2xb/exdilog((cxe*x+e)/(-c*d+e))-b~3/exarctanh (c*xx) ~3*1n(
((cxx+1) 72/ (—c™2xx72+1) 1) xe+ckxd* ((cxx+1) "2/ (-c™2%x"2+1)+1) ) -3/2%b~3/e*arct
anh (c*x) "2*polylog(2,-(c*xx+1) "2/ (-c™2*x"2+1) ) +3/2xb~3/e*arctanh (c*x) *polylo
g(3,-(c*x+1) 72/ (-c™2%x72+1) ) +b~3/ (c*d+e) *arctanh (cxx) “3*x1n(1-(c*xd+e) * (c*x+1
)72/ (-c™2xx72+1) / (-c*d+e) ) +3/2%b~3/ (cxd+e) *arctanh (c*x) “2*polylog(2, (cxd+e)
*x(cxx+1) 72/ (-c72%x72+1) / (-c*xd+e) ) -3/2xb~3/ (c*xd+e) *arctanh (c*x) *polylog(3, (c
xd+e) * (ckx+1) 72/ (-c™2*x"2+1) / (-c*d+e) ) +b~3*1n(c*kexx+c*xd) /e*xarctanh (c*x) ~3-3
/2*c*xaxb”2/e*d/ (cxd+e) *polylog(3, (c*xd+e)* (cxx+1) "2/ (-c~2*x"2+1) /(-c*d+e) ) +c
*b~3/exd/ (cxd+e) *arctanh (cxx) “3*1n(1-(cxd+e) * (cxx+1) "2/ (-c~2*x"2+1) / (-c*d+e
))+3/2xc*b”"3/e*d/ (cxd+e) *arctanh (c*x) "2*xpolylog(2, (cxd+e) * (c*x+1) "2/ (-c™2*x
~2+1)/(-c*d+e))-3/2*c*b~3/exd/ (c*d+e) *arctanh (c*xx) *polylog(3, (cxd+e) * (c*x+1
)72/ (—c”2xx72+1) / (—c*d+e) ) -1/2*%I*b~3/e*arctanh (c*x) "3*Pixcsgn(I/((c*x+1)~2/
(=c™2%x72+1)+1) ) *xcsgn(I* (((c*x+1) "2/ (-c™2*x72+1) -1) *e+c*d* ((c*x+1) "2/ (-c~2%
x72+1)+1) )/ ((c*xx+1) 72/ (-c™2*x"2+1)+1) ) "2-1/2*I*b~3/e*arctanh (c*x) “3*Pixcsgn
(Ix(((cxx+1) 72/ (-c2%x72+1) -1) *e+cxd* ((c*xx+1) 72/ (-c™2%x72+1)+1) ) / ((c*x+1) "2
/(—c72%x72+1)+1) ) "2*csgn(I* (((c*xx+1) "2/ (-c™2%x"2+1) -1) *e+ckd* ((c*xx+1) "2/ (-c
T2%x72+1)+1)) ) +3/2*I*xaxb”2/e*arctanh (c*x) "2*xPixcsgn (I* (((c*x+1) "2/ (-c™2%x72
+1)-1)*xe+cxd* ((cxx+1) 72/ (-c™2*%x"2+1)+1) ) / ((c*x+1) "2/ (-c™2%x72+1) +1) ) "3-3*ax
b~2/exarctanh (cxx) “2*1n(((c*x+1) "2/ (-c™2%x72+1) 1) *e+cxd* ((cxx+1) "2/ (-c™2%*x
~2+1)+1))-3%axb~2/e*arctanh (c*x) *polylog(2,-(cxx+1) "2/ (-c™2%x"2+1) ) +3*a*xb”2
/ (c*d+e)*arctanh (c*x) “2*%1n(1-(c*d+e) * (cxx+1) "2/ (-c™2xx"2+1) / (-c*d+e) ) +3*ax*b
=2/ (c*d+e)*arctanh (cxx)*polylog(2, (cxd+e) * (cxx+1)~2/(-c™2*%x"2+1) /(-c*d+e) )+
3*a~2*xbx1n (c*kexx+ckxd) /exarctanh (c*x)+3/2xa”~2*xb/e*x1ln(cxe*x+c*d) *1n((c*kexx-e)
/(-c*xd-e))-3/2*%a~2*b/e*x1n(cxe*xx+cxd) *1n((c*xe*xx+e) /(-cxd+e) ) +3*axb~2x1n (c*ex*
x+cxd) /exarctanh (cxx) “2+3/4*c*b”~3/exd/ (cxd+e) *polylog(4, (cxd+e)* (c*xx+1) "2/ (
-c72%x72+1) /(-c*d+e) ) +1/2xIxb~3/e*arctanh (c*x) “3*Pixcsgn (I* (((c*x+1)~2/(-c”
2%x72+1) -1) *e+ckdk ((c*x+1) 72/ (-c72%x72+1)+1) ) / ((c*x+1) 72/ (-c72*x"2+1)+1)) "3




124

Maxima [F] time = 0., size = 0, normalized size = 0.

a®log (ex + d) . f Blog (cx +1) —log (—cx +1))°  3ab?(log (cx + 1) - log (—cx + 1)) s 3 a%b(log (cx + 1) - log (—

e 8(ex + d) " 4(ex+4) 2(ex+d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d),x, algorithm="maxima")

[Out] a"3*log(e*xx + d)/e + integrate(1/8xb~3*(log(c*x + 1) - log(-c*xx + 1))~3/(ex
x + d) + 3/4xaxb”"2x(log(cxx + 1) - log(-cxx + 1))72/(exx + d) + 3/2%xa”2%b*(
log(c*x + 1) - log(-c*x + 1))/(e*xx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

_ b artanh (cx)® + 3 ab? artanh (cx)* + 3 a2b artanh (cx) + a®
integral p—— ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d),x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2+arctanh(c*x)”~2 + 3*a”2*xbxarctanh(c*x
) + a”3)/(exx + d), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batanh (cx))3
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(e*xx+d) ,x)

[Out] Integral((a + b*atanh(c*x))**3/(d + e*x), x)




Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)3
f dx
ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(exx + d), x)
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1 3
3.19 f(m ) g

(d+ex)?

Optimal. Leaf size=517

2c(d+ex)

2 -1 -1
3b?cPolyLog (2,1 - ﬁ) (a + btanh (cx)) . 3b%c (a + btanh (cx)) PolyLog (2,1 ~ e

) 3b?cPolyLog
c2d? — ¢2 242 — g2 +

[Out] -((a + bxArcTanh[c*x])~3/(e*x(d + exx))) + (3*bxcx(a + b*ArcTanh[c*x]) 2*Log
[2/(1 - c*xx)])/(2%e*x(cxd + e)) - (3*b*c*(a + bxArcTanh[c*x]) 2xLog[2/(1 + ¢
xx)])/ (2% (cxd - e)*e) + (3*bkxcx(a + bxArcTanh[c*x]) 2xLog[2/(1 + c*xx)])/(c”
2%d"2 - e72) - (3xbxc*(a + b*ArcTanh[c*x]) “2*Log[(2*cx(d + e*xx))/((cxd + e)
*(1 + cxx))])/(c”™2%d"2 - e72) + (3*xb~2*c*(a + b*ArcTanh[c*x])*PolyLog[2, 1
- 2/(1 - c*xx)])/(2%ex(c*d + e)) + (3*%b"2*c*(a + bxArcTanh[c*x])*PolyLogl[2,
1 -2/(1 + c*xx)])/(2%(c*xd - e)*e) - (3*b~2*c*(a + bxArcTanh[c*x])*PolyLogl[2
, 1 - 2/(1 + c*x)])/(c72%d"2 - e72) + (3*b"2*c*x(a + b*ArcTanh[c*x])*PolyLog
[2, 1 - (2%xc*x(d + exx))/((cxd + e)*(1 + c*x))])/(c™2%d"2 - e72) - (3*b~3*cx*
PolyLog[3, 1 - 2/(1 - c*x)])/(4xex(c*d + e)) + (3*b~3*c*PolyLog[3, 1 - 2/(1
+ cxx)])/(4x(cxd - e)*xe) - (3*b~3*cxPolyLogl3, 1 - 2/(1 + c*x)])/(2%(c™2xd
"2 - e72)) + (3*b”3*c*PolyLog[3, 1 - (2*cx(d + exx))/((cxd + e)*(1 + c*x))]
)/ (2% (c™2xd"2 - e72))

Rubi [A] time = 0.52483, antiderivative size = 517, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 18, T~ > "% _

integrand size
0.389, Rules used = {5928, 5918, 5948, 6058, 6610, 6056, 5922}

2c(d+ex)

2 -1 -1
3b*cPolyLog (2,1 - m) (a + btanh (cx)) X 3b?c (a + btanh (cx)) PolyLog (2,1 ~ Gl

) 3b*cPolyLog
c2d? — e? 242 _ 2 +

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x])~3/(d + e*x)~2,x]

[Out] -((a + bxArcTanh[c*x])~3/(e*x(d + exx))) + (3*bxcx(a + b*ArcTanh[c*x]) 2+Log
[2/(1 - c*xx)])/(2%e*x(cxd + e)) - (3*b*c*(a + bxArcTanh[c*x]) 2xLog[2/(1 + ¢
*xx)])/(2%(cxd - e)*e) + (3*bkxcx(a + bxArcTanh[c*x]) 2xLog[2/(1 + c*xx)])/(c”

2%d"2 - e72) - (3xbxc*(a + b*ArcTanh[c*x]) “2*Log[(2*cx(d + e*xx))/((cxd + e)

*(1 + c*xx))])/(c”2*%d"2 - e72) + (3*b~2*c*x(a + b*ArcTanh[c*x])*PolyLog[2, 1

- 2/(1 - cxx)])/(2%ex(c*d + e)) + (3*%b"2*c*(a + bxArcTanh[c*x])*PolyLogl[2,
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1 -2/(1 + c*xx)])/(2%(c*d - e)*e) - (3*b"2*c*(a + bxArcTanh[c*x])*PolyLogl[2
, 1 - 2/(1 + c*xx)])/(c™2%d"2 - e72) + (3*b~2*c*x(a + b*ArcTanh[c*x])*PolyLog
[2, 1 - (2%cx(d + exx))/((cxd + e)*x(1 + c*xx))])/(c™2%xd"2 - e72) - (3*%b~3*cx*
PolyLog[3, 1 - 2/(1 - c*x)])/(4xex(c*d + e)) + (3*b~3*c*PolyLog[3, 1 - 2/(1
+ cxx)])/(4x(cxd - e)*xe) - (3*b~3*cxPolyLogl3, 1 - 2/(1 + c*x)])/(2x(c™2xd
T2 - e72)) + (3*%b"3*c*PolyLogl[3, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))]
)/ (2% (c™2%d"2 - e72))

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x )I*x(b_.))"(p)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + bxArcTanh[c*x]) (p - 1)
, (d+exx)"(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQl{a, b, c, d, e}, x]

&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)]1)/(1 - c~2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2%¥d"2 - e~2, 0
]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*cxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_J]*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] & EqQ[(1 - w)~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,

x]}, Simpl[w*PolyLog[n + 1, v], x] /; !'FalseQ[wl] /; FreeQ[n, x]

Rule 6056
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Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> Simp[((a + b¥ArcTanh[c*x]) p*PolyLog[2, 1 - ul)/(2%cxd), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] && EqQ[(1 - uw)™2 - (1 - 2/(1 + c*x))~2, 0]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + bx*ArcTanh[c*x]) “2+Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*Log[(2*cx(d + e*x))/((c*xd + e)*(1 + cx*x))])/e, x] + Simp[(bx(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*xd + e)*(1 + c*x))])/e, x] + Sim
pL(b~2*%PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2*PolyLogl3, 1 - (2
xcx(d + exx))/((cxd + e)*(1 + c*x))])/(2*e), x]) /; FreeQ[{a, b, c, d, e},

x] && NeQ[c™2xd"2 - e~2, 0]

Rubi steps

C(a+b tanh_l(cx))2 c(a+b tanh_l(cx))2

ez(u+b tanh_l(cx))2

(a + btanh_l(cx))3 (Sbc)f (_ 2(cd+e)(—1+cx) 2(cd—e)(1+cx)

(—cd+e)(cd+e)(d+ex)

f (a + btanh_l(cx))3

(d + ex)? e e(d + ex) " e
1 3 (a+b tanh ™! (cx))2 (a+b tanh_l(cx))2
(a + btanh (cx)) (3bc2) il o dx (3bc2) ll —— o dx  (3bce)
o(d + ex) 2(cd —e)e B 2e(cd + o) H—

(a +b tanh_l(cx))S 3bc (a +b tanh_l(cx))2 log (1_27) 3bc (a +b tanh_l(cx))2 log (-_

e(d + ex)

2e(cd + e) 2(cd —e)e

(a +b tanh_l(cx))S 3bc (a +b tanh_l(cx))2 log (1_27) 3bc (a +b tamh_l(cx))2 log (-,

e(d + ex)

2e(cd + e) 2(cd - e)e

_ 2 2 _ 2
(a + btanh_l(cx))3 3bc (a + btanh 1(cx)) log (E) 3bc (a + btanh 1(cx)) log (

e(d + ex)

2e(cd + e) 2(cd —e)e

Mathematica [C] time = 15.4007, size = 1110, normalized size = 2.15

result too large to display

Warning: Unable to verify antiderivative.
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[In] Integrate[(a + bxArcTanh[c*x])~3/(d + e*xx)~2,x]

[Out] -(a~3/(ex(d + e*x))) - (3*a"2xbxArcTanh[c*x])/(ex(d + e*x)) - (3*%a~2xb*c*Lo
gll - c*xx])/(2%e*x(cxd + e)) - (3*a~2*bxcxLog[l + c*x])/(2%xex(-(cxd) + e)) -

(3%a~2*xbkxckxLogl[d + e*x])/(c™2xd"2 - e72) + (3*axb”2*x(-(ArcTanh[c*x]~2/(Sqr
t[1 - (c72%d"2)/e"2] *e*E"ArcTanh[(c*d)/e])) + (c*xx*xArcTanh[c*x]~2)/(Sqrt[1
- ¢c72*x72]*((c*xd) /Sqrt[1 - c™2*x72] + (c*xexx)/Sqrtl[l - c™2%x72])) + (c*xd=(I
xPixLog[1 + E~(2%ArcTanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2%(ArcTanh[(c*
d)/e] + ArcTanh[cx*x]))] - IxPix(ArcTanh[c*x] + Log[1/Sqrt[1l - c~2*x~2]]) -
2xArcTanh[(c*d) /el * (ArcTanh[c*x] + Logl[l - E~(-2*(ArcTanh[(c*d)/e] + ArcTan
hlc*x]))] - Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLogl[2, E~(-
2% (ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c™2*d"2 - €72)))/d + b~ 3xcx((x*Arc
Tanh [c*x]~3)/(d*Sqrt[1 - c”2*x"2]*((c*d)/Sqrt[1 - c™2%x72] + (c*e*x)/Sqrt[1
- ¢c"2*%x72])) - (3x(-6*xcxd*ArcTanh[c*x]~3 + 2*xexArcTanh[c*x]~3 - (4xSqrt[1
- (c™2%d"2)/e"2] *e*xArcTanh [c*x] ~3) /E"ArcTanh[(c*d) /e] - (6*I)*c*d*PixArcTan
hlc*x]*Log[(1 + E~(2%ArcTanh([c*x]))/(2#E"ArcTanh[c*x])] - 6*c*d*ArcTanh[c*x
172xLog[1 + ((cxd + e)*E~(2%ArcTanh[c*x]))/(cxd - e)] + 6*cxd*ArcTanh[c*x]~
2xLog[1 - E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*ArcTanh[c*x] 2xLogl[1
+ E7(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*cxd*ArcTanh[c*x] 2*xLog[l - E~(2
*(ArcTanh[(cxd)/e] + ArcTanh[c*x]))] + 12%c*d*ArcTanh[(c*d)/e]l*ArcTanh [c*x]
*Log[(I/2)*E~(-ArcTanh[(c*d)/e] - ArcTanh[c*x])*(-1 + E~(2*(ArcTanh[(c*d)/e
] + ArcTanh[c*x])))] + 6*xc*d*ArcTanh[c*x] " 2*Log[(ex(-1 + E~(2*ArcTanh[c*x])
) + cxdx(1 + E7(2xArcTanh[c*x])))/(2«E"ArcTanh[c*x])] + (6*I)*c*d*PixArcTan
h[c*x]*Log[1/Sqrt[1 - c~2*x~2]] - 6*c*d*ArcTanh[c*x] 2xLog[(c*d)/Sqrt[l - ¢
~2%x72] + (c*e*xx)/Sqrt[l - c™2*x"2]] - 12*cxd*ArcTanh[(c*d)/e]*ArcTanh [c*x]
*Log [I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - 6*cxd*ArcTanh[c*x]*PolyLog[
2, —(((cxd + e)*E~(2xArcTanh[c*x]))/(c*d - e))] + 12xcxd*ArcTanh[c*x]*PolyL
ogl2, -E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 12*c*d*ArcTanh[c*x]*PolyLogl[2
, E7(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6*c*d*ArcTanh[c*x]*PolyLog[2, E~(2
*x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] + 3*c*d*PolyLog[3, -(((c*d + e)*E~(2*A
rcTanh[c*x]))/(cxd - e))] - 12xcxd*PolyLogl[3, -E~(ArcTanh[(c*d)/e] + ArcTan
hlc*x])] - 12*c*d*PolyLog[3, E~(ArcTanh[(cxd)/e] + ArcTanh[c*x])] - 3*c*d*P
olyLog[3, E~(2x(ArcTanh[(c*d)/e] + ArcTanh([c*x]))]))/(c*d*(6%c™2*d"2 - 6%e”
2)))

Maple [C] time = 0.613, size = 3497, normalized size = 6.8

output too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) "3/ (e*xx+d)~2,x)
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[Out] -c*xa™3/(cxe*x+c*d)/e-3/2xI*c*b~3/ (c*d+e)/(c*d-e)*arctanh(cxx) "2xPixcsgn(I/(
(c*x+1)72/(-c™2%x72+1)+1) ) "3-3/2*I*c*b~3/(c*d+e) / (cxd-e) *arctanh (c*xx) ~2*Pix
csgn(Ix(((c*xx+1)72/(-c™2*x72+1) 1) *e+c*xd* ((c*xx+1) "2/ (-c™2*x72+1)+1) ) / ((c*xx+
1)72/(-c™2*x"2+1)+1) ) "3+3/2*I*c*b~3/ (cxd+e) / (c*d-e) *arctanh (cxx) “2*Pi*csgn (
I/((c*x+1)72/(-c™2*%x"2+1)+1) ) "2-3/4xI*c*b~3/ (c*d+e) / (ckd-e) *arctanh (cxx) ~2%
Pikxcsgn(I*(c*x+1)~2/(c™2%x72-1)) "3-3/4*Ixc*b~3/(c*d+e)/(c*xd-e)*arctanh (c*x)
“2xPi*csgn(I*(c*x+1)72/(c™2%x72-1) / ((c*xx+1) "2/ (-c™2%x72+1)+1) ) "3-3*c*b~2*a/
(cxd+e)/(cxd-e) *dilog((c*xexx-e)/(-c*d-e))+3*c*xb~2xa/ (c*d+e) /(c*d-e)*dilog((
cxexx+e)/(-c*d+e) ) -3*cxb~3*arctanh (c*x) "2/ (c*d+e) / (cxd-e) *1n (cxexx+c*xd) +3*c
*b~3*arctanh(c*x) "2/ (cxd+e)/(c*d-e) *1n(((cxx+1) "2/ (-c~2*xx"2+1) -1) *e+c*d* ((c
*x+1) 72/ (-c72%x72+1)+1) ) -3*c*a”~2xb/ (cxe*x+c*d) /e*xarctanh (cxx) -3*c*b~3/exarc
tanh (c*x) "2/ (2*xc*d+2*e) *1n(c*x-1) +3*c*b~3/exarctanh (c*x) "2/ (2*c*d-2*e) *1n(c
*xx+1)-3/4*c*b~2*a/e/ (c*d-e)*1n(c*x+1) "2-3/2xc*b~2xa/e/ (cxd-e) *dilog(1/2+1/2
xCc*x)+3/2%c*b~2*a/e/ (c*xd+e)*dilog(1/2+1/2%c*x)-3/4*c*xb~2xa/e/ (cxd+e) *1n (c*xx
-1)72+3/2%c”2xb~3/ (cxd+e) "2/ (cxd-e) *d*polylog(3, (cxd+e) * (c*xx+1) "2/ (-c™2%x"2
+1) / (-c*d+e) ) -3*c*b~3/ (c*d+e) / (ckd-e) *arctanh (c*x) “2*1n(2) -3*c*a”2*b/ (cxd+e
)/ (c*d-e) *1n(ckexx+ckxd) -3*c*ka”2%b/e/ (2*c*kd+2%e) *1n(cxx-1)+3*c*a”~2xb/e/ (2xc*
d-2%e) *1n(c*xx+1)+3/2*c*b”~3*e/ (cxd+e) "2/ (cxd-e) *polylog(3, (c*xd+e) * (cxx+1) "2/
(-c72%x72+1) / (—c*d+e) ) -3*c*xb~3/exarctanh (c*x) "2/ (cxd-e) *In((cxx+1) / (-c™2*x~
2+1)7(1/2))-3*c*b"2*a/ (cxexx+c*d) /e*xarctanh (c*xx) "2-3/2xI*c*xb~3/ (c*d+e) / (c*d
-e)*arctanh(c*x) "2*xPi+3/2*xc*b~2*a/e/ (c*kd+e) *1n(c*xx—1)*1n(1/2+1/2%c*x) -3*c*b
~3xe/(c*d+e) "2/ (c*xd-e)*arctanh (c*x) “2*1n(1-(c*xd+e) * (cxx+1) "2/ (-c™2%x"2+1) /(
—c*d+e) ) -3xc*b”~3*e/ (c*xd+e) "2/ (c*d-e) *arctanh (cxx) *polylog(2, (cxd+e) * (cxx+1)
=2/ (=c72*x72+1) / (-c*xd+e) ) -3*c~2%b~3/ (c*d+e) "2/ (c*d-e) *d*arctanh (c*x) "2*1n (1
—(c*xd+e) *(cxx+1) "2/ (-c™2xx"2+1) / (—c*d+e) ) -3*c~2*b" 3/ (cxd+e) "2/ (c*d-e) *d*arc
tanh (c*xx)*polylog(2, (c*xd+e) * (c*xx+1) "2/ (-c™2xx~2+1) / (—c*d+e) ) -6*c*b~2*a*xarct
anh (c*x)/(cxd+e) / (c*d-e) *1n(cxexx+c*xd) -6*cxb~2*a/exarctanh (c*x) / (2*cxd+2%*e)
*x1n(cxx-1)+6*c*xb~2*a/e*xarctanh (c*xx) /(2*%c*xd-2%e) *1n (c*xx+1)-3*cxb~2xa/ (cxd+e)
/ (c*d-e) *1n(c*e*xx+c*xd) *1n((cxexx-e) /(-c*d-e) ) +3*c*b~2*xa/ (cxd+e) / (c*d-e) *1n(
cxexx+c*d) *1n((ckexx+e) / (—cxd+e) ) +3/2*c*¥b"2*a/e/ (cxd-e) *1n(-1/2*xc*x+1/2) *1n
(c*xx+1)-3/2*c*b"2*a/e/(cxd-e) *1n(-1/2%c*x+1/2) *1n(1/2+1/2*c*x) —c*b~3/ (c*xe*x
+c*xd) /e*xarctanh (c*x) “3+c*b~3/exarctanh (c*x) ~3/(cxd-e)-3/2xI*c”2*xb~3/e/ (c*d+
e)/(c*d-e)*arctanh(c*x) "2+Pikd*csgn(I/((c*x+1) 72/ (-c™2%x"2+1)+1)) "2-3/4*I*c
~2%b~3/e/ (c*xd+e) /(c*d-e)*arctanh (c*xx) "2+Pi*d*csgn (I* (cxx+1) "2/ (c™2*xx"2-1))"
3-3/4*xIxc”2xb~3/e/(c*d+e) /(cxd-e) *arctanh (c*x) "2*Pikxd*csgn(I* (cxx+1)~2/(c"2
*x72-1) / ((cxx+1) "2/ (-c™2*xx"2+1)+1) ) "3-3/2*I*c*b~3/ (c*d+e) / (c*d-e) *arctanh(c
*xx) "2*%Pikcsgn(I/((c*xx+1)72/(-c72%x72+1)+1) ) *xcsgn(I* (((c*x+1) "2/ (-c™2%x72+1)
-1)*e+cxd* ((cxx+1) 72/ (-c™2*x72+1)+1)) ) *csgn(I* (((c*xx+1) "2/ (-c™2%x72+1) -1) *xe
+exd*k ((cxx+1) 72/ (-c™2%x72+1)+1) ) / ((c*x+1) "2/ (=c™2*x"2+1)+1) ) +3/4*xI*cxb~3/ (c
xd+e) / (c*d-e)*arctanh (cxx) “2*Pi*csgn (I/((c*x+1) 72/ (-c™2%x72+1)+1) ) *csgn (I*(
c*xx+1) 72/ (c™2xx72-1) ) *csgn (I* (c*xx+1) "2/ (c™2*x"2-1) / ((c*x+1) "2/ (-c™2*x"2+1) +
1))+3/2*%Ixc"2x%b~3/e/ (c*d+e) / (c*xd-e) *arctanh (cxx) “2xPixd*csgn (I/((c*x+1)~2/(
-CT2%x72+1)+1)) "3-3/2%I*c"2xb"3/e/ (c*d+e) / (c*xd-e) *arctanh (cxx) "2*xPikd*csgn(
Ik (cxx+1) /(—c™2%x72+1) 7 (1/2) ) *csgn(I* (cxx+1) "2/ (c™2%x72-1) ) "2+3/4*I*c"2%b"3
/e/(c*d+e)/(cxd-e)*arctanh (c*x) "2*xPixd*csgn (I* (c*x+1) "2/ (c™2*%x"2-1)) *csgn (I
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*x(c*kx+1) 72/ (c™2%x72-1) / ((c*xx+1) 72/ (—c™2%x72+1) +1) ) "2-3/4*I*c"2*%b"3/e/ (cxd+e
)/ (c*d-e)*arctanh (c*x) "2+Pi*xd*csgn(I/((c*x+1)72/(-c™2%x"2+1)+1) ) *csgn (I* (c*
x+1)72/(c™2xx72-1) / ((c*x+1) "2/ (-c™2%x72+1) +1) ) "2+3/4*I*c~2%b"3/e/(cxd+e) / (c
xd-e)*arctanh (c*x) "2*xPixd*csgn(I/((cxx+1) "2/ (-c™2xx"2+1)+1) ) *csgn (I* (c*xx+1)
~2/(c72xx72-1) ) *csgn(I*(cxx+1) "2/ (c™2xx"2-1) / ((c*x+1) "2/ (-c™2%x"2+1)+1) ) +3/
2xI*xcxb~3/(cxd+e) /(cxd-e)*arctanh (c*x) "2*Pikxcsgn (I (((c*x+1) "2/ (-c™2%x72+1)
-1)*e+cxd* ((cxx+1) 72/ (-c™2*x72+1)+1)) ) *csgn(I* (((c*x+1) "2/ (-c™2%x72+1) -1) *xe
+okxdk ((cxx+1) 72/ (—c™2%x72+1)+1) ) / ((c*x+1) "2/ (-c™2%x72+1) +1) ) "2+3/4*I*c*b~3/
(cxd+e)/(cxd-e) *arctanh (c*x) "2*Pixcsgn (I* (cxx+1) "2/ (c™2%x72-1) ) *csgn (I* (c*xx
+1)72/(c™2xx72-1) / ((c*x+1) 72/ (-c™2%x72+1)+1) ) "2+3/2%I*c"2*b"3/e/ (c*d+e) / (c*
d-e)*arctanh (c*x) "2*Pi*d+3/2*I*c*b~3/ (c*d+e)/(cxd-e)*arctanh (c*x) "2*Pi*csgn
(I/((c*xx+1) 72/ (—c™2%x72+1)+1) ) xcsgn (I* (((c*xx+1) "2/ (-c72%x72+1) -1) *e+cxd* ((c
*x+1) 72/ (—c”2%x72+1)+1) ) / ((c*x+1) "2/ (-c™2%x72+1) +1) ) "2-3/2*I*c*b~3/ (c*xd+e) /
(c*d-e)*arctanh (c*xx) "2+Pi*csgn(I*(c*xx+1)/(-c”2*x"2+1) " (1/2) ) *csgn (I* (c*xx+1)
~2/(c”2xx72-1))"2-3/4*%Ixc*b”3/(c*d+e)/ (cxd-e) *arctanh (c*x) "2*Pi*csgn (I* (c*xx
+1)/(-c”2*%x72+1) 7 (1/2) ) "2*csgn (I* (c*x+1) "2/ (c™2%x"2-1) ) -3/4*I*cxb~3/ (c*xd+e)
/ (c*d-e)*arctanh (c*x) "2*Pi*csgn(I/ ((cxx+1)72/(-c”2*%x"2+1)+1) ) *csgn (I* (c*x+1
)72/ (c™2%x72-1) / ((c*x+1) "2/ (—c™2*x"2+1)+1) ) "2-3/4*I*xc"2xb~3/e/ (c*d+e) / (c*xd-
e)*arctanh (c*x) "2*Pixd*csgn(I* (c*x+1)/(-c™2xx"2+1) " (1/2)) " 2*csgn(I*(c*x+1)~
2/(c™2%x"2-1))

Maxima [F] time = 0., size = 0, normalized size = 0.

2 cde — e2 cde + e2 c2d? — ¢2 e2x +de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="maxima"

[Out] 3/2*(c*(log(c*x + 1)/(c*d*e - e72) - log(c*x - 1)/(c*d*e + e72) - 2xlog(e*xx
+ d)/(c72*%d"2 - e72)) - 2%arctanh(c*x)/(e”2*x + d*e))*a"2xb - a~3/(e"2*x +
dxe) - 1/8%(((c™2xd*e - c*xe”2)*b"3xx - (cxd*e - e72)*b~3)*log(-cxx + 1)73
+ 3% (2% (c72%d"2 - e”2)*a*xb”2 - ((c"2*d*e + c*xe”2)*b”"3xx + (cxd*xe + e72)*b~3
)*log(cxx + 1))*log(-c*xx + 1)72)/(c”2*%d"3xe - d*e”3 + (c72xd"2*e”2 - e"4)*x
) - integrate(1/8*(((c"2xd*e - c*e"2)*b"3xx - (cxd*e - e~2)*b~3)*log(c*x +
1)73 + 6% ((c™2*d*e - c*xe”2)*axb~2*x - (c*dxe - e"2)*a*b”2)*xlog(c*x + 1)72 +
3x(4x(c™2*d*e — cxe”2)*axb~2*x + 4x(c72%d"2 - cxd*e)*a*xb”2 - ((c"2xd*e - ¢
xe”2)*b"3%x - (cxd*e - e72)*b~3)*log(c*x + 1)72 - 2% (b"3*xc™2%e”2*x"2 + b~ 3x
cxdxe - 2x(cxd*e - e72)*axb”2 + (2*(c"2xd*e - c*e"2)xa*xb”2 + (c"2xd*e + c*e
~2)*b~3) *x) *log(cxx + 1))*log(-c*x + 1))/(cxd"3*%e - d™2%e”2 - (c"2xd*e”3 -
cke"4)*x"3 - (2%cT2xd"2*%e"2 - 3kckxd*e”3 + e74)*x"2 - (c72*%d"3%e - 3*cxd"2x*e

3 (C(log (cx+1) log(ex-1) 2 log (ex + d)) _ 2 artanh (cx))azb a’ ((Czde - cez)b?’x - (cde - ez)bs) I
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"2 + 2%d*e”3)*x), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

, b3 artanh (cx)° + 3 ab? artanh (cx)? + 3 a2b artanh (cx) + a3
integral ,X
e2x2 + 2 dex + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2*arctanh(c*x)”~2 + 3*a~2*xb*arctanh(c*x
) + a”3)/(e"2xx"2 + 2%d*exx + 4d72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(a + batanh (cx))®
5 dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(exx+d)**2,x)

[Out] Integral((a + bxatanh(c*x))**3/(d + exx)**2, x)

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + a)3
> dx
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(e*xx + d)~2, x)
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(a+btanh;%cx03

3.20 dx

(d+ex)3

Optimal. Leaf size=953

result too large to display

[Out] (3*bxcx(a + b*ArcTanh[c*x])~2)/(2*%(c"2*%d"2 - e"2)*(d + e*x)) - (a + bxArcTa
nh[c*x])~3/(2*%ex(d + e*xx)”"2) - (3*b"2xc"2x(a + bxArcTanh[c*x])*Log[2/(1 - ¢
*xx)])/(2%(cxd - e)*(cxd + e)”2) + (3xb*c™2x(a + bxArcTanh[c*x]) " 2xLog[2/(1
- cxx)])/(4*xex(cxd + e)”2) - (3*b~2%c”2xe*(a + b*ArcTanh[c*x])*Log[2/(1 + ¢
*x)])/((c*xd - e)72*%(c*xd + e)72) + (3*b~2*c"2x(a + bxArcTanh[c*x])*Log[2/(1
+ cxx)])/(2*(c*d - e)72x(cxd + e)) - (3*b*c™2*(a + b*ArcTanh[c*x]) 2*Log[2/
(1 + c*x)])/(4%(cxd - e)"2%e) + (3xb*xc”3*d*(a + bxArcTanh[c*x]) "2*Log[2/(1
+ cxx)])/((c*xd - e)72%(c*xd + e)72) + (3*%b”"2%c"2xex(a + b*ArcTanh[c*x])*Logl
(2%c*x(d + exx))/((c*d + e)*(1 + c*xx))])/((cxd - e)”2%(c*kd + e)72) - (3*b*c”
3xd*(a + bxArcTanh[c*x]) "2*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/((c*
d - e)72x(cxd + e)72) - (3*%b"3*c”2*PolyLogl[2, 1 - 2/(1 - c*x)])/(4*(cxd - e
Yx(cxd + e)72) + (3xb~2*xc”2+(a + bxArcTanh[cxx])*PolyLogl[2, 1 - 2/(1 - cxx)
1)/ (4xex(cxd + e)72) + (3*%b~3*c"2*e*xPolyLog[2, 1 - 2/(1 + c*x)])/(2x(cxd -
e)"2x(cxd + e)”2) - (3*%b~3xc”2xPolyLogl[2, 1 - 2/(1 + c*x)])/(4*x(c*xd - e) 2%
(cxd + e)) + (3%b72xc”2*(a + b*ArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 + cxx)]1)/(
4x(c*xd - e)"2%e) - (3*%b"2%c”3*d*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 +
cxx)])/((cxd - e)"2*(c*xd + e)72) - (3*b~3xc"2%exPolylog[2, 1 - (2*cx(d + ex
x))/((c*xd + e)*(1 + cxx))]1)/(2%(c*d - e)"2x(cxd + e)72) + (3*b™2xc"3xdx(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - (2*cx(d + exx))/((c*xd + e)*(1 + cx*xx))])/((c
xd - e)"2x(c*xd + e)72) - (3*b~3*c”2+PolylLogl[3, 1 - 2/(1 - c*xx)])/(8*ex(cxd
+ e)72) + (3*xb~3*c”2xPolyLog[3, 1 - 2/(1 + c*x)])/(8*(cxd - e)~2*e) - (3*b™
3xc~3*%d*xPolyLogl[3, 1 - 2/(1 + c*xx)])/(2%(c*d - e)"2*x(cxd + e)72) + (3*b~3*c
~3*%d*PolyLog[3, 1 - (2%cx(d + e*xx))/((c*xd + e)*x(1 + c*xx))])/(2%(c*xd - e) 2%
(cxd + e)72)

Rubi [A] time = 1.02713, antiderivative size = 953, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 21, number of rules used = 11, integrand size = 18, o o TR
integrand size

= 0.611, Rules used = {5928, 5918, 5948, 6058, 6610, 6056, 2402, 2315, 5920, 2447, 5922}

2 2\ 32 _ 2\ 2 _ 2\ 32 __
_3C PolyLog (2,1 - 1_Cx) b ) 3cPolyLog (2,1 — 1) b . 3c“ePolyLog (2,1 = 1) b ) 3c“ePolyLog (2,1 c
4(cd - e)(cd + e)? 4(cd — e)?(cd + e) 2(cd — e)?(cd + e)? 2(cd - e)?(cd +

Antiderivative was successfully verified.
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[In] Int[(a + bxArcTanh[c*x])~3/(d + exx)~3,x]

[Out] (3*bxc*(a + b*ArcTanh[c*x])~2)/(2%(c"2%d"2 - e”2)*(d + e*x)) - (a + b*ArcTa
nh[c*x])~3/(2*%ex(d + e*xx)”~2) - (3*b"2%c”2x(a + bxArcTanh[c*x])*Log[2/(1 - ¢
*x)])/ (2% (c*d - e)*(c*xd + e)72) + (3*b*c”2*(a + bxArcTanh[c*x]) ~2xLog[2/(1
- c*x)])/(4xex(cxd + e)72) - (3*b~2*c 2*ex(a + b*ArcTanh[c*x])*Log[2/(1 + ¢
*x)])/((c*xd - e)"2*(c*xd + e)72) + (3*xb"2xc”2*(a + b*ArcTanh[c*x])*Log[2/(1
+ cxx)]) /(2% (c*d - e)"2x(cxd + e)) - (3*b*c™2x(a + bxArcTanh[c*x]) ~2*Logl[2/
(1 + c*xx)]1)/(4x(c*xd - e)"2*xe) + (3*b*c~3*d*(a + bxArcTanh[c*x]) 2xLog[2/(1
+ c*x)]1)/((c*d - e) 2+ (cxd + e)72) + (3*b~2xc"2xex(a + bxArcTanh[c*x])*Logl
(2%cx(d + exx))/((cxd + e)*(1 + c*x))])/((cxd - e) " 2x(c*d + e)72) - (3*bxc™
3xd*(a + bxArcTanh[c*x]) "2*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/((cx
d - e)"2x(cxd + e)”2) - (3*%b"3xc”2xPolyLog[2, 1 - 2/(1 - c*x)])/(4x(cxd - e
)*(cxd + e)72) + (3xb~"2xc”2*(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)
1)/ (4xex(cxd + e)72) + (3*b~3*c"2%e*PolyLog[2, 1 - 2/(1 + c*x)])/(2x(cxd -
e)"2%(cxd + e)72) - (3*b~3*c”2*PolyLogl[2, 1 - 2/(1 + c*xx)])/(4*x(c*d - e) 2%
(cxd + e)) + (3*%b72xc”2x(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*xx)])/(
4x(cxd - e)"2%e) - (3*xb72xc”3*dx(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 +
c*xx)])/((cxd - e) " 2x(cxd + e)”2) - (3*b~3*c”"2xe*PolyLog[2, 1 - (2xc*(d + ex
x))/((cxd + e)*x(1 + c*x))])/(2x(c*d - e)"2*(cxd + e)72) + (3*b"2*c " 3*xdx(a +
bxArcTanh [c*x])*PolyLog[2, 1 - (2*cx(d + e*x))/((cxd + e)*(1 + cxx))1)/((c
*d - e)”"2x(cxd + e)72) - (3*b"3*c”2*PolylLogl[3, 1 - 2/(1 - c*x)])/(8*ex(c*d
+ e)72) + (3*%b~3*c”2xPolyLogl[3, 1 - 2/(1 + c*x)])/(8*(c*d - e)~2%e) - (3*b~
3xc~3*%d*xPolyLog[3, 1 - 2/(1 + c*x)])/(2%(c*d - e)"2x(cxd + e)”2) + (3*b~3*c
~3xd*PolyLog[3, 1 - (2xcx(d + e*x))/((cxd + e)*(1 + c*x))])/(2*%(c*xd - e) 2%
(cxd + e)72)

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_)*((d_ ) + (e_)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, ¢, 4, e}, x]
&% 1GtQ[p, 1] && IntegerQlql && NeQlq, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)])/(1 - c™2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 5948
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) p*xPolyLog[2, 1 - ul)/(2%cx*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx"2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d +
e, 0] && EqQ[(1 - wW"2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, uxv,
x]}, Simp[wxPolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Rule 6056

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d ) + (e_.)*(x_)~
2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) “p*PolyLogl[2, 1 - ul])/(2*cxd), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x]) (p - 1)*PolyLog[2, 1 - ul)/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] && EqQ[(1 - w~™2 - (1 - 2/(1 + c*x))~2, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%c*(d + exx))/((cxd + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]
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Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x11}, Simp[C+PolyLogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x]) “2+Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*Log[(2*c*(d + e*x))/((c*d + e)*(1 + cxx))])/e, x] + Simp[(bx(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2*cx(d + exx))/((c*xd + e)*(1 + c*x))])/e, x] + Sim
pL(b~2*PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2*PolyLogl3, 1 - (2
xcx(d + exx))/((cxd + e)*(1 + c*x))])/(2*e), x]) /; FreeQ[{a, b, c, d, e},

x] && NeQ[c™2%d"2 - e72, 0]

Rubi steps
a+b tanh™ (cx)) c2(a+b tanh_l(cx))2 ez(a+b tanh_l(cx))2
(a + btanh_l(cx))s (a + btanh_l(cx))s (300 f 2<cd+e>2< Tro) | 2P (cdreNcdreldre?
f (d + ex)? e 2e(d + ex)? i 2e
1 3 3 (a+b tanh (Cx))2 3 (a+b tanh_l(cx))2 3
~ _(a + btanh (cx)) .\ (3bc )f—1+cx dx B (3bc )f——1+cx dx B (3bc de
2e(d + ex)? 4(cd — e)?e de(cd + e)? (c
3bc (a +btanh™ (cx))2 (a +b tamh_l(cx))3 3bc? (a +b tanh_l(cx)) log (1 Cx) 3b
" 2(cd - e)(cd + e)(d + ex) 2e(d + ex)? * de(cd + e)? o
3bc (a +btanh™ (cx))2 (a +b tamh_l(cx))3 3bc? (a +b tanh_l(cx)) log (1 Cx) 3b
Td-ocdredrer)  2edrex? de(cd + ¢)? T
_ 2
3bc (a +btanh™ (cx))2 (a +b tamh_l(cx))3 3b*c? (” +btanh 1(cx)) log (E) 3b
T Xd-od+odrer)  2ed+e)f 2(cd —o)(cd + )2 T
-1 2
3bc (a +btanh™ (cx))2 (a +b tanh_l(cx))3 3b*c? (” + btanh (cx)) log (1_Cx) 3b
T 2cd—e)cd+e)d+ex)  2e(d+ex)? 2(cd — e)(cd + ¢)? T

3bc (a +btanh™! (cx))2 (a + btaunh_l(cx))3 3b%c? (a +btanh (cx)) log (%) 3b

- 2(cd — e)(cd + e)(d + ex) 2e(d + ex)? - 2(cd — e)(cd + e)?
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Mathematica [F] time = 87.2254, size = 0, normalized size = 0.

dx

f (a + btanh_l(cx))3

(d + ex)3

Verification is Not applicable to the result.

[In] Integratel[(a + bxArcTanh[c*x])~3/(d + e*xx)~3,x]

[Out] Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x)~3, x]

Maple [C] time = 3.486, size = 53538, normalized size = 56.2

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x)) "3/ (e*xx+d) " 3,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~3,x, algorithm="maxima"

[Out] -3/4%((4xc”2*xd*log(e*x + d)/(c™4*d™4 - 2%c™2xd"2*%e”2 + e”4) - cxlog(c*x + 1
)/ (c™2xd"2%e - 2xc*d*e”2 + e73) + cxlog(c*x - 1)/(c™2xd"2%e + 2*xcxd*e”2 + e
~3) - 2/(c72%d"3 - d*e”2 + (c"2*xd"2%e - e"3)*x))*c + 2*arctanh(c*x)/(e”3%x”
2 + 2%xd*e”2*x + d72*e))*a"2xb - 1/2%a"3/(e"3*x"2 + 2*d*e"2*x + d"2%e) - 1/1
6x(((c™4*d™2*%e”2 - 2%c”3*d*e”3 + c " 2*xe”4)*b"3*x”"2 + 2% (c"4*d"3*e - 2*c”3*d”
2%e”2 + cT2%d*e”3)*b"3*x - (2%c”3*d"3%e - 3*xc”2xd"2*e”2 + e74)*b”3)*Llog(-cx
X + 1)73 - 3%x(2%(c73*%d"2%e”2 - c*e"4)*b"3xx - 2% (c74*d"4 - 2*xcT2xd"2xe”2 +
e”4)*axb”2 + 2x(c"3*d"3*e - c*d*e”3)*b"3 + ((c74*xd"2*e”2 + 2*xc"3*d*e”3 + ¢~
2%e74)*b"3*x"2 + 2% (cT4*xd"3*e + 2%c”3*%d"2%e”2 + c"2xd*e”3)*b"3xx + (2%c”3*d
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“3%e + 3*cT2xd"2*%e”2 - e74)*b"3)*log(ckx + 1))*log(-cxx + 1)72)/(c"4*d"6*e

- 2%Cc72%d74*e”3 + d72*e”5 + (cT4*%d74%e”3 - 2*cT2xd"2*e”5 + e77)*x"2 + 2%(c”
4xd"b*e”2 - 2%c72+d"3xe”4 + d*e"6)*x) - integrate(1/8*(((c"4*d"3*e - c~3*d”
2%e”2 - c72xd*e”3 + c*e"4)*b " 3xx - (c"3*%d"3%e - c"2*%d"2*%e”2 - cxd*e”3 + e"4
)*¥b"3)*x1log(cxx + 1)73 + 6%((c™4*d"3%e - c~3*d"2*e”2 - c~2*d*e”3 + c*xe”4)x*ax
b72%x - (c73*%d"3%e - c72*d"2%e”2 - ckd*e”3 + e74)*a*b"2)*log(cxx + 1)72 - 3
* (2% (c73*d*e”3 - cT2*%e"4)*b"3%x"2 - 2% (c”4*d"4 - cT3*d"3%e - cT2%d"2%e”2 +

cxdxe”3)*a*xb”2 + 2*%(c"3*d"3*%e - cT2xd"2%e"2)*b"3 + ((cT4*d"3*e - c~3xd"2xe”
2 - c72*%d*e”3 + c*e"4)*b"3xx - (c73*%d"3*e - c72xd"2*e”2 - cxd*e”3 + e74)*b”
3)*log(cxx + 1)72 - 2x((c™4*d"3*%e - c~3*%d"2%e”2 - c"2%d*e”3 + c*e”4)*a*xb”~2

- 2%(c73*%d"2*%e"2 - cT2xd*e"3)*b"3)*x + ((cT4*d*e”3 + cT3*e"4)*xb"3%x"3 + 3*(
CT4xd"2%e”2 + c”3*d*e”3)*b"3*x"2 - 4x(c"3*%d"3*e - cT2*d"2*e”2 - cxd*e”3 + e
“4)*xaxb”2 + (2%cT3xd"3%e + cT2*%d"2%e”2 - c*xd*e”3)*b"3 + (4x(c"4*d"3*e - ¢c”3
*d"2%e"2 - cT2%d*e”3 + cxe"4)*axb”2 + (2*%c”4*xd"3*e + 4*xc”3xd"2*e”2 + cT2xd*
e”3 - c*xe”4)*b"3)*x)*xlog(cxx + 1))*log(-c*x + 1))/(c”3*d"6%e - c~2xd"5*xe"2

- cxd"4%e”3 + d73*%e"4 - (cT4*d"3%e”4 - c”3*d"2%e”5 - cT2xd*e”6 + c*e”7)*x"4
- (3*%c74*xd"4%e”3 - 4*c”3*%d"3*e"4 - 2*xc"2*%d"2%e”5 + 4*ckd*e”6 - e"7)*x"3 -

3*(c74*d"bxe”2 — 2%c”3*xd"4*e”3 + 2*kcxd"2*e”5 - d*e”6)*x"2 - (cT4*%d"6*xe - 4x*
c”3*%d"b*e"2 + 2%c”2xd"4*e”3 + 4xcxd"3*e"4 - 3xd"2%e”5)*x), X)

Fricas [F] time = 0., size = 0, normalized size = 0.

b3 artanh (cx)® + 3 ab? artanh (cx)® + 3 a2b artanh (cx) + a° x]

int 1
integra ( e3x3 + 3de2x? + 3 d%ex + d°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)”3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2*arctanh(c*x)”~2 + 3*a~2*xb*arctanh(c*x
) + a”3)/(e”3*%x"3 + 3xd*xe”2*x"2 + 3xd"2*exx + d~3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(exx+d)**3,x)



[Out] Timed out

139

Giac [F] time = 0., size = 0, normalized size = 0.

(bartanh (cx) + u)3
3 dx
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(exx+d)~3,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(e*xx + d)~3, x)
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-1
391 fa+btanh (cx) dx

1+2cx

Optimal. Leaf size=67

mm+1)

1 -1 (1
_bPolyLog(2, ~2cx - 1) . bPolyLog (2, 5 (2cx + 1)) . (a —btanh (5)) log (— —
4c 4c 2c

[Out] ((a - bxArcTanh[1/2])*Log[-(1 + 2*c*x)/(2%d)])/(2*c) - (b*PolyLog[2, -1 - 2
xc*x])/(4xc) + (b*PolyLog[2, (1 + 2%cx*x)/3])/(4*c)

Rubi [A] time = 0.0697833, antiderivative size = 109, normalized size of antiderivative =

. . ber of rul
1.63, number of steps used = 4, number of rules used = 4, integrand size = 17, il

= 0.235, Rules used = {5920, 2402, 2315, 2447}

integrand size

2 2(2cx+1) 2 1 2(2cx+1) 1,
bPolyLog (2,1 - m) ) bPolyLog (2,1 - 3(;;1) ) log (ﬁ) (a + btanh (cx)) ) log( 3(;x+1) ) (g +btanh™ (cx)

4c 4c 2c 2c

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x])/(1 + 2*cx*x),x]

[Out] -((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2%c) + ((a + bxArcTanh[c*x])*Logl[
(2% (1 + 2%cxx))/(3%(1 + cxx))])/(2xc) + (b*PolyLog[2, 1 - 2/(1 + c*xx)])/(4x*
c) - (b*PolyLogl2, 1 - (2*(1 + 2%cxx))/(3*x(1 + c*x))])/(4xc)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh [c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x]1 && NeQ[c™2x%d"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]
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Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq " m*(1 - u))

/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rubi steps
-1 2 -1 2(1+2cx) 2
f 4+ btanh ™ (cx) ] (a + btanh (cx)) log (m) . (a + btanh (cx)) log( 3ees) ) . 1bf log (m) ]
X = - —_ — —adx — -
1+ 2cx 2c 2c 2 1 - c2x? |
_ 2 - 2(1+2 . 2(1+2
B _(a + btanh 1(cx)) log (ch) . (a + btanh 1(cx)) log( 3((;;);)) . bLi, (1 - 3((1:;;)))
B 2c 2c 4c
_ 2 - 2(1+2 . 2 .
) (a + btanh 1(cx)) log (ch) . (a + btanh 1(cx)) log( 3((;;;;)) . bLi, (1 - m) bLi,
B 2c 2c 4c
Mathematica [C] time = 0.275756, size = 240, normalized size = 3.58
iy (~iPolyLog (2~ @) — ipolyLog [2,¢ L™ G 1oy (2 (- 2itanh e - Lir
2 yLog\<4 yLog\ <4, g m 4 ‘

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcTanh[c*x])/(1 + 2%c*x),x]

[Out] (axLogll + 2*cxx] + bxArcTanh[c*x]*(Logl[l - c~2*x72]/2 + Log[I*Sinh[ArcTanh
[1/2] + ArcTanh[c*x]]1]) - (I/2)*bx((-I/4)*(Pi - (2*I)*ArcTanh[c*x])~2 + Ix*(

ArcTanh[1/2] + ArcTanh[c*x])~2 + (Pi - (2%I)*ArcTanh[c*x])*Log[l + E~(2*Arc

Tanh[c*x])] + (2%I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[l - E~(-2%(ArcTanh[1/

2] + ArcTanh([c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2/Sqrt[1 - c~2*x"2]] -
(2%I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[(2*I)*Sinh[ArcTanh[1/2] + ArcTanh[

c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] - I*PolyLog[2, E~(-2*(ArcTanh[1/

2] + ArcTanh[c*x]))1))/(2%c)
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Maple [B] time = 0.04, size = 118, normalized size = 1.8

3 3

"37 73

aln(2cx+1) bln(Rcex+1)Artanh(cx) bIn(2cx+1) 2 2cx b 2 2cx 2¢x 1 b .
+ + 1 - —1In In - Edﬂog

2c 2¢c 4c 4c T+§

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(2*xc*x+1),x)

[Out] 1/2/c*a*1ln(2*c*x+1)+1/2/cxb*1n(2*%c*x+1)*arctanh(c*x)+1/4/cxb*x1n(2/3-2/3*%c*x
)*1n(2xc*x+1)-1/4/cxb*1n(2/3-2/3*c*x) *1n(2/3*c*x+1/3)-1/4/c*xb*dilog(2/3*c*x
+1/3)-1/4/cxb*xdilog(2*c*x+2)-1/4/cxb*1n(2*c*x+1) *1n(2*c*x+2)

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log(cx +1) —log (—cx + 1) alog(2cx +1)
—bf dx +
2 2cx+1 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="maxima"

[Out] 1/2*b*integrate((log(c*x + 1) - log(-c*xx + 1))/(2%c*xx + 1), x) + 1/2%axlog(
2xcxx + 1)/c

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
2cx +1

7

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2%c*x+1),x, algorithm="fricas")

[Out] integral((bxarctanh(c*x) + a)/(2*cxx + 1), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

a + batanh (cx)
f dx
2cx +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(2*c*x+1),x)

[Out] Integral((a + b*atanh(c*x))/(2%c*x + 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

bartanh (cx) + a
f dx
2cx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(2*c*x + 1), x)
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talﬂl_l(x)
3.22 t["jszzz;—'CZﬁf

Optimal. Leaf size=88

V2-2x V2-2x -1(1
_PolyLog (2, —m) PolyLog (2, i ) tanh (E) log (1 - \/Ex)

+ —_

22 2v2 V2

[Out] -((ArcTanh[1/Sqrt[2]]1*Logl[l - Sqrt[2]*x])/Sqrt[2]) - PolyLogl[2, -((Sqrt([2]
- 2%x)/(2 - Sqrt[2]1))1/(2+Sqrt[2]) + PolyLogl[2, (Sqrt[2] - 2*x)/(2 + Sqrt[2
1)1/ (2xSqrt[2])

Rubi [A] time = 0.0660324, antiderivative size = 108, normalized size of antiderivative =
1.23, number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules
= 0.267, Rules used = {5920, 2402, 2315, 2447}

: 2(1v) 12 N )
PolyLog (2,1 - xj) . PolyLog (2/ ol +1) log (m) tanh'(x) log 1 tanh ™ (x)

22 22 " V2 N

integrand size

Antiderivative was successfully verified.

[In] Int[ArcTanh([x]/(1 - Sqrt[2]*x),x]

[Out] (ArcTanh[x]*Log[2/(1 + x)])/Sqrt[2] - (ArcTanh[x]*Log[(-2*(1 + Sqrt[2])*(1
- Sqrt[21*x))/(1 + x)1)/Sqrt[2] - PolyLog[2, 1 - 2/(1 + x)]1/(2*Sqrt[2]) + P
olyLog[2, 1 + (2%(1 + Sqrt[2])*(1 - Sqrt[2]*x))/(1 + x)]1/(2xSqrt[2])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2*c*(d + exx))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d.) + (e_.)*x(x_))]1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2*d*x), x], x, 1/(d + exx)], x] /; FreeQ[{
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c, d, e, £, gF, x] && EqQlc, 2xd] && EqQle™2+f + d~2*g, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2447

Int[Log[u 1*(Pq )~ (m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq~m*(1 - u))
/Dlu, %11}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
(1-v2v)
- 2 -1 2(1+42)(1-v2x) log( 2= log ﬁ
tanh (X) tanh™ (2 log (E) _ tonh () 1Og( LT+x B f 1(_x2 ) dx + f ((1_x2)(—)) dx
1oV V2 V2 V2 V2
- + ‘/_X . 2 1+\/§ 1—\/§x
tanh ™ (x) log (12:) tanh™ (x) 108;( %}C)) Li, (1 + %}C)) Subst (f log
) V2 . V2 ’ 242 \
- 2(1+v2)(1 . 2(1+v2)(1-v2x
) V2 i V2 T 242

Mathematica [C] time = 0.0989687, size = 272, normalized size = 3.09

— -2 tanh_l(x))

Ztanh_l( L ) 1 >
V2 _p2tanh (x)) _ 4 ( ) 1 ( ) h™ 1
4PolyLog (Z,e + 4PolyLog (2, e 4ittlog N 8log ow tan (x) 4 log

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh[x]/(1 - Sqrt[2]*x),x]

[Out] (Pi~2 - 4*ArcTanh[1/Sqrt([2]]172 - (4*I)*PixArcTanh[x] + 8*ArcTanh[1/Sqrt[2]]
*ArcTanh[x] - 8*ArcTanh[x]~2 + 8*ArcTanh[1/Sqrt[2]]*Log[l - E~(2*ArcTanh[1/
Sqrt[2]] - 2*%ArcTanh([x])] - 8*ArcTanh[x]*Log[l - E~(2%ArcTanh[1/Sqrt[2]] -
2xArcTanh([x])] + (4*I)*PixLog[l + E~(2%ArcTanh[x])] + 8*ArcTanh[x]*Log[l +
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E~(2xArcTanh([x])] - (4*I)*PixLog[2/Sqrt[1 - x72]] - 8*ArcTanh[x]*Log[2/Sqrt
[1 - x72]] - 4*ArcTanh[x]*Log[l - x72] - 8xArcTanh[x]*Log[(-I)*Sinh[ArcTanh
[1/Sqrt[2]] - ArcTanh[x]]] - 8%ArcTanh[1/Sqrt[2]]*Log[(-2*I)*Sinh[ArcTanh[1
/Sqrt[2]] - ArcTanh([x]]] + 8*ArcTanh[x]*Log[(-2*I)*Sinh[ArcTanh[1/Sqrt[2]]
- ArcTanh[x]]] + 4*PolyLog[2, E~(2xArcTanh[1/Sqrt[2]] - 2*ArcTanh([x])] + 4%
PolyLog[2, -E~(2xArcTanh([x])])/(8%Sqrt[2])

Maple [A] time = 0.036, size = 127, normalized size = 1.4

_ln(x\/z—l)\/EArtanh(x)_ln(xx/z—l)\/il [\/E_x\/ﬁ]_i_ln(x\/i—l)\/il (\/E_HC\/E)—ﬁd'l (\/E—x
5 1 n 1 1 n Y ilog -

4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(x)/(1-x*x2"(1/2)),x%)

[Out] -1/2%1n(x*2~(1/2)-1)*2"(1/2)*arctanh(x)-1/4%2"(1/2)*1n(x*x2~(1/2)-1)*1n((2"(
1/2)-x%27(1/2))/(27(1/2)-1))+1/4%27(1/2) *1n(x*27 (1/2) -1) *1n( (27 (1/2) +x*2~ (1
/2))/(1+27(1/2)))-1/4%27(1/2) *dilog ((27(1/2)-x*27(1/2)) /(27 (1/2)-1))+1/4%2"
(1/2)*dilog((27(1/2)+x*27(1/2))/(1+27(1/2)))

Maxima [B] time = 1.44954, size = 194, normalized size = 2.2

: ) 1 V2x + 42
1 \/E(log (x+1)-log(x-1))log (\/Ex - 1) -5 V2 artanh (x)log (\/Ex - 1) ~ 1 \/E(log (x+1)log (_—\/E " + 1)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-xx27(1/2)),x, algorithm="maxima")

[Out] 1/4*sqrt(2)*(log(x + 1) - log(x - 1))*log(sqrt(2)*x - 1) - 1/2*sqrt(2)*arct
anh (x)*log(sqrt(2)*x - 1) - 1/4*sqrt(2)*(log(x + 1)*log(-(sqrt(2)*x + sqrt(
2))/(sqrt(2) + 1) + 1) + dilog((sqrt(2)*x + sqrt(2))/(sqrt(2) + 1))) + 1/4x
sqrt(2)*(log(x - 1)*log((sqrt(2)*x - sqrt(2))/(sqrt(2) - 1) + 1) + dilog(-(
sqrt(2)*x - sqrt(2))/(sqrt(2) - 1)))
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Fricas [F] time = 0., size = 0, normalized size = 0.

(\/Ex + 1) artanh (x)
2x2 -1

integral | -

4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*27(1/2)),x, algorithm="fricas")

[Out] integral(-(sqrt(2)*x + 1)*arctanh(x)/(2*x"2 - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

B fatanh(x) i
\/Ex 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(atanh(x)/(1-x*2%x(1/2)),x)

[Out] -Integral(atanh(x)/(sqrt(2)*x - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f artanh (x)
\/— 2x -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-xx27(1/2)),x, algorithm="giac")

[Out] integrate(-arctanh(x)/(sqrt(2)*x - 1), x)
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323  [(d+ex)*(a+btanh (cx?)) dx

Optimal. Leaf size=182

-1 f
(d + ex)* (a + btanh (cxz)) N b (c2d4 + 6cd?e® + 64) log (1 - cxz) B b (czd4 — 6cd%e? + 64) log (cx2 + 1) N bd (cal2 —e
4e 8c2e 8c2e

[Out] (2*xbxd*e~2*x)/c + (b*e~3%x72)/(4*c) + (b*d*(cxd~2 - e~2)*ArcTan[Sqrt[c]l*x])
/c”(3/2) - (b*xd*x(c*d™2 + e~2)*ArcTanh[Sqrt[cl*x])/c~(3/2) + ((d + e*x) 4x*(a

+ bxArcTanh[c*x72]))/(4*e) + (b*(c™2xd"4 + 6xcxd"2%e”2 + e"4)*Log[l - cxx~
2]1)/(8xc™2xe) - (b*(c™2%d"4 - 6*cxd"2xe”2 + e"4)*Logl[l + c*x72])/(8*c™2*e)

Rubi [A] time = 0.222603, antiderivative size = 220, normalized size of antiderivative =

1.21, number of steps used = 19, number of rules used = 10, integrand size = 18, number of rules

= 0.556, Rules used = {6742, 6091, 298, 203, 206, 6097, 260, 321, 212, 275}

integrand size

a(d +ex)t  3bd?elog (l —~ czx4) bde? tan™! (\/Ex) bde? tanh ™ (\/Ex) be3 tanh ™ (cxz)
PP 4c - 32 - 32 - 4c?

+ §bdzexz tanh ™ (cxz)
2

Antiderivative was successfully verified.

[In] Int[(d + exx)~3%(a + bxArcTanh[c*x~2]),x]

[Out] (2*b*d*e~2*x)/c + (b*xe"3*x"2)/(4xc) + (ax(d + exx)~4)/(4xe) + (b*d~3*ArcTan
[Sqrt[cl*x])/Sqrtlc] - (bxd*e”2*ArcTan[Sqrtl[cl*x])/c~(3/2) - (b*d~3*ArcTanh
[Sqrt[cl*x])/Sqrtlc] - (bxd*e~2*ArcTanh[Sqrt[c]*x])/c~(3/2) - (bxe~3*ArcTan
hlc*x™2])/(4*xc™2) + b*d"3*x*ArcTanh[c*x"2] + (3*b*d~2%e*x”2*ArcTanh[c*x~2])

/2 + b*d*e”2*xx"3*ArcTanh[c*x"2] + (b*e 3*x"4*ArcTanh[c*x"2])/4 + (3*b*d"2*e
*xLog[1 - c™2*x74])/(4%c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091
Int[ArcTanh[(c_.)*(x_ )~ (n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist

[c*n, Int[x"n/(1 - c”2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 298
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Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 211}, Dist[s/(2*b), Int[1/(r + s*x"2), x
1, x] - Dist[s/(2xb), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] & G
tQ[a/b, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_)J*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx
n)/(dx(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/(1 - c™2xx"(2*n)), x], x] /;

FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x™n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[(c™(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n) " (p + 1))/(b*x(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*x(a + b*x"n)p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 212

Int[((a_) + (b_.)*(x_)~4)"(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/b),
2]]1, s = Denominator[Rt[-(a/b), 2113}, Distlr/(2*a), Int[1/(r - s*x"2), x],
x] + Dist[r/(2*%a), Int[1/(r + s*x"2), x], x]] /; FreeQ[{a, b}, x] && !'GtQ
[a/b, 0]
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Rule 275
Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m

+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rubi steps

f(d + ex)? (a +btanh™ (cxz)) dx = f(a(d +ex)? + b(d + ex)® tanh ™ (cxz)) dx

= @ +b f (d +ex)® tanh ™" (cxz) dx

_ ald+ex)” Z:x)4 +b f (d3 tanh ™ (cxz) + 3d%ex tanh ™! (cxz) + 3de2x? tanh ™! (cxz) +
_ ad ey Zeex>4 + (bd3) f tanh™ (cxz) dx + (Bbdze) f xtanh™ (cxz) dx + (Bbdez)
_a(d + ex)* 1 3 -1 -1
==+ bd3x tanh (cx2) + Ebdzex2 tanh (cxz) + bde?x3 tanh (sz) +
= 2deer + ad Zeex)‘* + bd3x tanh™" (cxz) + gbdzexz tanh ™ (sz) + bde?x® tanh’

2bdex b a(d+ent b tan” (Ver) b tanh (Vx)

= - + i + 1o + \/E _ \/E
2bde?x  b?  a(d+ex)t  bdtan” (vex)  bdetan”! (yex)  bd® tanh
c 4c 4e Ve 32 N;

+ bd3x tan]

Mathematica [A] time = 0.283916, size = 254, normalized size = 1.4

% 2ex? (6acd2 + bez) N 8dx (acd2 + Zbez) + 8o 4 20 4 b (4c3/2d3 + 4\/Ed322+ 63) log (1 — \/Ex) N b (—4c2d3 -
c c c

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3*(a + b¥ArcTanh[c*x"2]),x]

[Out] ((8*d*x(a*c*d™2 + 2%b*e”™2)*x)/c + (2*ex(6*a*cxd™2 + b*e"2)*x72)/c + 8xaxd*e”
2%xx"3 + 2%axe”3xx"4 + (8*bxd*(cxd"2 - e”2)*ArcTan[Sqrt[c]l*x])/c~(3/2) + 2*b
*xx*k (4x%d”~3 + 6*%d"2*%e*xx + 4xd*xe”2xx”2 + e”3xx73)*ArcTanh[c*x72] + (b*x(4*xc~(3/
2)*d”~3 + 4xSqrtlc]l*d*xe”2 + e73)*Logl[l - Sqrtlcl*x])/c™2 + (b*x(-4*c™2%d”3 -
4xc*xdxe”2 + Sqrtlcl*e”3)*Logl[l + Sqrtlcl*x])/c™(5/2) - (b*e~3xLogl[l + c*xx~2
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1)/c™2 + (6%bxd~2xexLogl[l - c™2%x~4])/c)/8

Maple [A] time = 0.031, size = 306, normalized size = 1.7

ae3x* 3 aex?d? ad*  be*Artanh (cxz) x4

3 beArtanh (cxz) x%d?
+ ae®x>d + + axd® + v 1

2

+ bA

+ be?Artanh (cxz) x3d +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3% (at+b*arctanh(c*x~2)),x)

[Out] 1/4*axe”3*xx"4+axe”2xx"3*d+3/2*a*e*xx”2*xd"2+a*xx*xd~3+1/4*a/e*d"4+1/4*b*e”3*arc
tanh (c*x”~2) *x~4+b*e”2*arctanh (c*x~2) *x~3*d+3/2*b*e*arctanh (c*xx~2) *x~2*xd~2+b
*arctanh (c*x~2) *x*d~3+1/4*b/e*xarctanh (c*x"2) *d"4+1/4*xb*xe~3*x~2/c+2*b*d*e” 2
x/c-1/8*b/ex1n(c*x~2+1) *d"4+3/4*xb*xe/cx1n(c*xx~2+1) *d"2-1/8*b*e”~3/c"2*x1n (c*x~
2+1)+b/c”(1/2) *arctan(x*xc~(1/2))*d"3-b*e”2/c”(3/2) *arctan(x*xc~(1/2) ) *d+1/8%
b/ex1n(c*xx"2-1)*d~4+3/4*b*e/c*xIn(cxx"2-1)*d"2+1/8*b*e~3/c " 2*1In(c*x"2-1)-b/c
~(1/2) *arctanh(x*c”(1/2))*d~3-b*e"2/c~(3/2) *arctanh(x*c~(1/2) ) *d

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x72)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [A] time = 2.33936, size = 1145, normalized size = 6.29

cx?2-2Jex+1"
cx2-1

2ac’ex* + 8 ac’de®x® + 2 (6 ac’d?e + bce3)x2 +8 (bcd3 —~ bdez)\/E arctan (\/Ex) +4 (bcd3 + bdez)\/E log (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d) ~3*(atb*arctanh(c*x72)),x, algorithm="fricas")

[Out] [1/8%(2xaxc™2%e”3*%x™4 + 8*axc™2xd*e”2*%x"3 + 2% (6*a*xc™2xd"2%e + bkcxe 3)*x"2
+ 8% (b*cxd~3 - b*d*e~2)*sqrt(c)*arctan(sqrt(c)*x) + 4*(b*cxd™3 + b*xd*e~2)*
sqrt(c)*log((c*xx™2 - 2xsqrt(c)*x + 1)/(c*x™2 - 1)) + 8x(axc™2xd"3 + 2*bkxcxd
*xe"2)*x + (6xb*c*d"2%e - b*e”3)*log(c*x™2 + 1) + (6*b*c*kd™2xe + b*e”3)*log(
c¥x”2 - 1) + (b*c™2%e"3%x74 + 4xb*c”2%d*e"2%x73 + 6xb*xc”2%d"2%exx"2 + 4xbxc
~2%d”"3*x) *log (- (c*x"2 + 1)/(c*x”2 - 1)))/c”2, 1/8*(2%a*xc™2*e”3%x"4 + 8*axc”
2xd*xe”2xx"3 + 2% (6*kaxc”2xd"2%e + bkcxe”3)*x"2 + 8x(b*xc*d"3 + bxd*e”2)*sqrt(
-c)*arctan(sqrt(-c)*x) + 4*(bxc*d~3 - bxdxe”2)*sqrt(-c)*log((c*x~2 + 2x*sqrt
(c)*x - 1)/(c*x™2 + 1)) + 8*(a*c™2%d”™3 + 2xb*ckdxe”2)*x + (6*bxc*d"2xe - b
xe”3)*log(c*x™2 + 1) + (6*bxc*d"2xe + b*e”3)*log(cxx™2 - 1) + (b*c™2%e”3*x”
4 + 4xb*c”2xd*e”2%x”3 + 6xb*cT2xd"2%e*xx”2 + 4xb*xc”T2xd"3*x)*log(-(c*kx"2 + 1)
/(c*x”2 - 1)))/c"2]

Sympy [A] time = 45.2278, size = 1083, normalized size = 5.95

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3x(a+bxatanh(c*x**2)),x)

[Out] Piecewise((axd**3*x + 3kakxdx*2kexx**2/2 + axdke*x*2*x**3 + akxex*3xxx*4/4 - b
kckk2xd**k3% (1/c) *x(3/2) *Llog(x + Iksqrt(1/c))/(-2%I*c*k*3/c*k*2 + 10%I*c**2/c)
+ Ixbxc*x*2xd**3x(1/c)**(3/2)*Llog(x + I*sqrt(1/c))/(-2*I*kcx*3/cx*2 + 10*I*c
*xk2/c) — 2xI*bkc**2xd**3%(1/c)**(3/2)*Llog(x - sqrt(1/c))/(-2xI*c**3/c*x*2 +
10xI*c**2/c) + 4xbxckd**3xsqrt(l/c)*log(x — Ixsqrt(l/c))/(-2%I*kcx*3/c**2 +
10%Ixcx*2/c) — 4xIxb*xckd*x*3*sqrt(l/c)*log(x - I*xsqrt(1/c))/(-2*I*c*x*3/c**2
+ 10%xI*c*x*2/c) - 3xbkxckd*x*3xsqrt(l/c)*log(x + Ixsqrt(l/c))/(-2%Ixkc**3/c*x*2
+ 10xIxcx*2/c) - BxIxbxcxdx*3*sqrt(1l/c)*log(x + I*xsqrt(l/c))/(-2xIkc**3/c*x*
2 + 10%I*cx*2/c) + 10%Ixb*cxd**3*sqrt(1/c)*log(x - sqrt(l/c))/(-2%I*xc**3/cx*
*x2 + 10%I*c**2/c) + 8*xIxbkcxd**3*sqrt(1/c)*atanh (cxx**2)/(-2xI*c**3/c*x*2 +
10xI*c**2/c) — bkcxd*rex*2x(1/c)**(3/2)xlog(x + Ixsqrt(l/c))/(-2*Ikc**3/c*x*2
+ 10*%Ixcx*2/c) + Ixbxckxdkex*2*(1/c)**(3/2)*log(x + Ixsqrt(1/c))/(-2xIxc**3
/cx*2 + 10xIxc**2/c) - 2xIxbkckdxex*2x(1/c)*x(3/2)*log(x - sqrt(1/c))/(-2%I
xckk3/cx*k2 + 10%xIxc**2/c) + bkxd**3xx*atanh(cxx**2) + 3xbkxd**2xexx**2*atanh (
ckx**2) /2 + bxdkex*2xx**3*atanh (cxx**2) - 4xbxd*kex*2xsqrt(l/c)*log(x - Ixsq
rt(1/c))/ (=2%Ixc*x3/cx*2 + 10*I*kc*x*2/c) - 4xI*xbxd*xe*x*2*xsqrt(1/c)*log(x - Ix*
sqrt(1/c))/ (-2%I*c**3/c**2 + 10*I*c**2/c) + B¥bkdxex*2xsqrt(l/c)*log(x + Ix*
sqrt(1/c))/ (=2*I*c**3/c**2 + 10*I*xc**2/c) - BxIxbxd*xe*xx2xsqrt(1l/c)*log(x +
Ixsqrt(1/c))/ (-2xI*c**3/c**2 + 10%Ixc**2/c) + 10*I*bxd*e*x*2*xsqrt(1/c)*log(x
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- sqrt(1/c))/ (=2%Ixcx*3/cx*2 + 10xI*xc**2/c) + 8*Ixbxdxe*xx2xsqrt(1/c)*atanh
(cxx*%2) / (=2*%I*c*k*3/cx*2 + 10*xIxcx*x2/c) + brex*3*kxk*kdxatanh(cxx*x2)/4 + 3%*b
xd*xx2*%exlog(x — Ixsqrt(l/c))/(2%c) + 3*bxd**2xexlog(x + I*sqrt(1/c))/(2x*c)
- 3xb*d**2*xexatanh (cxx**2)/(2%c) + 2¥b*d*ke*x*2*x/c + bxexx3xx**x2/(4*c) - b*e
*x3xatanh (cxx*x*2) / (4d*xc**2), Ne(c, 0)), (ax(d**3*x + 3kd**2kexx**2/2 + dxexx*
2*%x**3 + exx3*x**x4/4), True))

Giac [A] time = 2.39938, size = 423, normalized size = 2.32

i i 243 _cx2+1 24.32
ey arctan (\/Ex) ) arctan (\/__C) 2\ b arctan (\/Ex) . arctan (\/__C) . bcox*e log( —sz_l) +4bcdx’e

=z W=z C; N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x”2)),x, algorithm="giac")

[Out] -b*xc~5*d*(arctan(sqrt(c)*x)/c~(13/2) - arctan(c*x/sqrt(-c))/(sqrt(-c)*c”6))
xe”2 + b*c~3*d"3x(arctan(sqrt(c)*x)/c~(7/2) + arctan(c*x/sqrt(-c))/(sqrt(-c
)*c”3)) + 1/8*(b*xc”2*x"4xe"3*log(-(c*xx"2 + 1)/(c*x"2 - 1)) + 4*b*c™2xd*x~ 3%
e 2xlog(-(c*x"2 + 1)/(c*x™2 - 1)) + 6*b*xc™2xd"2*x"2xexlog(-(c*x"2 + 1)/(c*x
T2 - 1)) + 2%axcT2%x"4xe”3 + 8kakcT2kd*x"3%e”2 + 12%axc”2%dT2xx"2%e + 4xbxc
~2%d”"3*x*klog(-(c*x™2 + 1)/(c*x™2 - 1)) + 8*axc™2*d"3*x + 6*bxcxd™2xe*xlog(c”
2%x74 - 1) + 2%bxc*x"2%e”3 + 16%bxckxd*x*e”2 - bxe 3*log(c*x™2 + 1) + b*xe 3x

log(c*x™2 - 1))/c”2
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324  [(d+ex)*(a+btanh™ (cx?)) dx

Optimal. Leaf size=158

(d + ex)? (a +btanh™ (cxz)) b (3cd2 - ez) tan™! (\/Ex) b (3cd2 + ez) tanh™" (\/Ex) bd (cd2 + 362) log (l - cxz)
3e " 3¢3/2 - 3¢3/2 " 6ce

[Out] (2*%bxe~2%xx)/(3*c) + (b*(3*c*xd™2 - e~ 2)*ArcTan[Sqrt[c]*x])/(3*xc~(3/2)) - (bx*
(3%c*d™2 + e”2)*ArcTanh[Sqrt[cl*x])/(3*xc™(3/2)) + ((d + e*x)”3*(a + b*ArcTa
nh[cxx"2]))/(3*e) + (bxd*(cxd™2 + 3xe~2)*Logl[l - c*x~2])/(6*c*xe) - (b*xd*(c*

d~2 - 3*e”2)*Log[1l + c*x72])/(6*cxe)

Rubi [A] time = 0.210324, antiderivative size = 158, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 10, integrand size = 18, number of rules

= 0.556, Rules used = {6273, 12, 1831, 1248, 633, 31, 1280, 1167, 205, 208}
(d + ex)® (a +btanh™ (cxz)) b (3cd2 - ez) tan ™! (\/Ex) b (3cd2 + ez) tanh ™ (\/Ex) bd (cd2 + 362) log (1 - cxz)

+ - +
3e 3¢3/2 3c3/2 6ce

integrand size

Antiderivative was successfully verified.

[In] Int[(d + exx)~2%(a + bxArcTanh[c*x~2]),x]

[Out] (2%bxe~2xx)/(3xc) + (bx(3*c*d™2 - e~2)*ArcTan[Sqrt[cl*x]1)/(3*xc~(3/2)) - (b*
(3*xc*d™2 + e72)*ArcTanh[Sqrt[cl*x])/(3*c™(3/2)) + ((d + exx) 3*(a + bxArcTa
nh[c*x72]))/(3%e) + (b*d*x(c*d™2 + 3*e”2)*Log[l - c*x72])/(6*cxe) - (b*xd*(cx*

d™2 - 3xe”2)*Log[l + c*x72])/(6*cxe)

Rule 6273

Int[((a_.) + ArcTanh[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*x(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(1 - u~2), x], x], x
] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]
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Rule 1831

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)"(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x"(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 1248

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + e*x) gx(a + c*x~2)7p, x], x, x72], x] /; FreeQ
[{a, ¢, d, e, p, g}, x]

Rule 633

Int[((d) + (e_)*(x))/((a_) + (c_.)*(x_)~2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
x*d)/(2*q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, xI]

Rule 1280

Int [C(E_D*(x_))"(m_.)*((d_) + (e_.)*(x_)"2)x((a_) + (c_.)*(x_)"4)"(p_), x_
Symbol] :> Simp[(exf*x(f*x)~(m - 1)*x(a + c*xx"4) " (p + 1))/(cx(m + 4*p + 3)),
x] - Dist[f72/(c*(m + 4*p + 3)), Int[(f*x)"(m - 2)*(a + c*xx"4) px(axe*x(m -
1) - cxd*(m + 4*p + 3)*x72), x], x] /; FreeQ[{a, c, d, e, £, p}, x] && GtQ[
m, 1] && NeQ[m + 4xp + 3, 0] && IntegerQ[2*p] && (IntegerQ[p] || IntegerQ[m
D

Rule 1167

Int[((d_) + (e_.)*x(x )"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-(a*xc), 2]}, Dist[e/2 + (cxd)/(2*%q), Int[1/(-q + c*x72), x], x] + Distl[e/2
- (cxd)/(2xq), Int[1/(q + c*x~2), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 - a*xe”2, 0] && PosQ[-(a*c)]

Rule 205

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a
/b, 2]11)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/Db]
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Rule 208

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]11)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rubi steps

2cx(d+ex)?
1—-c2x4 d

(d + ex)® (a +btanh™ (cxz)) b [ =5

f(d + ex)? (a +btanh™ (cxz)) dx =

3e 3e
(@d+exp*(a+btanh™ (cx?))  (2bo) [ xff"i dx
B 3e - 3e
d3+3dezx2) x2(3d26+e3x2)
_d+ ex)3 (a +btanh™ (cxz)) (2be) | ( 1-c2h ) dx
Bl 3e 3e
2 3 2
(@ +ex® (a+branh™ () @be) d:;;ﬂ) dx @b [ 31"—;4) dx
Bl 3e 3e 3e
3
_ 2bhex s (d + ex)? (a +btanh™ (cxz)) (2b) f +13C22d24ex dx B (bc) Subst (f dTi
3c 3e 3ce 3e
_ 2be?x (d + ex)? (a +btanh™! (sz)) (bcd (cd2 - 3e2)) Subst (f —c—lczx dx,x,
3¢ " 3e " 6e
202y b(3cd? —e?)tan' (yex)  b(3ed? + e?)tanh Tt (yex)  (d+ex)® (a +
(
B 3c3/2 - 3c3/2 "

Mathematica [A] time = 0.167183, size = 170, normalized size = 1.08

b(3cd? + e2)log (1 — vex)  b(3cd? + e?)log (vex +1)  2b(3cd? — e?) tan™! (4/cx
(o ol )t (1) st (4

+

1
— | 6ad?x + 6adex?® + 2ae?x3 +

Antiderivative was successfully verified.

[In] Integratel[(d + e*xx)"2%(a + b¥ArcTanh[c*x"2]) ,x]

[Out] (6xaxd™2xx + (4*b*e”2%x)/c + G*axdxexx™2 + 2%axe”2%xx"3 + (2%b*(3*%c*d™2 - e~
2)*ArcTan[Sqrt [c]*x])/c~(3/2) + 2xb*x*(3*d~2 + 3*d*exx + e~ 2*x~2)*ArcTanhlc

*x72] + (bx(3*%cxd™2 + e72)*Logl[l - Sqrtlcl*x])/c”(3/2) - (b*x(3*%cxd™2 + e72)
*xLog[1 + Sqrtlcl*x])/c”(3/2) + (3*bxdxexLogl[l - c™2%x~4])/c)/6
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Maple [A] time = 0.032, size = 223, normalized size = 1.4

bArtanh (cxz) a?
3e

3,2 ad®  be*Artanh (cxz) x3

ax3e
+ ax?de + axd®* + — + +
3e 3

+ beArtanh (cxz) x2d + bArtanh (cxz) xd? +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (atb*arctanh(c*x~2)),x)

[Out] 1/3*a*x~3*xe”2+a*x~2*d*e+a*x*d~2+1/3*a/e*d”3+1/3*b*e " 2*arctanh (c*x~2)*x"~3+b*
e*xarctanh (cxx~2) *x~2*d+b*arctanh (c*x~2) *x*d~2+1/3*b/e*arctanh (c*xx~2) *d~3+2/
3*xbxe~2*x/c-1/6%b/ex1n(c*x~2+1)*d~3+1/2xbxe/c*1n(c*x~2+1) *d+b/c~(1/2) *arcta
n(x*xc™(1/2))*d"2-1/3*bxe”2/c” (3/2)*arctan(x*c”(1/2))+1/6%b/ex1ln(c*xx~2-1) *d~
3+1/2xb*xe/c*x1ln(c*xx~2-1)*d-b/c”~ (1/2) *arctanh (x*c”(1/2))*d~2-1/3*b*xe”2/c~(3/2

)*arctanh (xxc~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x72)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 1.80859, size = 918, normalized size = 5.81

2ac?e®x® + 6 ac’dex? + 3 bedelog (cx2 + 1) + 3 bedelog (cx2 — 1) +2 (3 bed? - bez)\/z arctan (\/Ex) + (3 bed? + bez)~

6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*(atb*arctanh(c*x72)),x, algorithm="fricas")

[Out] [1/6%(2%a*c™2%e”2%x"3 + 6*a*xc ™ 2xd*e*xx”2 + 3*bkcxdkexlog(cxx™2 + 1) + 3xb*cx
dxexlog(c*x™2 - 1) + 2% (3%bxc*d™2 - bxe”2)*sqrt(c)*arctan(sqrt(c)*x) + (3*b
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xcxd"2 + bxe”2)*sqrt(c)*log((c*x™2 - 2*sqrt(c)*x + 1)/(c*xx™2 - 1)) + 2%(3*a
*xCT2xd"2 + 2%bkcxe”2)*x + (b*cT2%e72xx”3 + 3*bxcT2kd*e*x”2 + 3xb*cT2xd"2%x)
xlog(-(c*x™2 + 1)/(c*x™2 - 1)))/c”2, 1/6%(2xa*xc”™2xe”2*x"3 + 6*akxc”2*d*e*xx”2
+ 3*bxcxd*exlog(c*x™2 + 1) + 3xbkcxd*exlog(cxx™2 - 1) + 2x(3xb*c*xd”2 + bxe
~2)*sqrt(-c)*arctan(sqrt(-c)*x) + (3*b*c*d™2 - b*e”2)*sqrt(-c)*log((cxx~2 +
2xsqrt(-c)*x - 1)/(c*xx™2 + 1)) + 2%x(3*a*xc™2xd"2 + 2%bxc*e”2)*x + (bkc™2%e”
2%x73 + 3%b*xc”2*d¥e*x”2 + 3xb*xc”2+d"2*x)*log(-(c*x"2 + 1)/(c*x"2 - 1)))/c”2
]

Sympy [A] time = 34.1347, size = 1652, normalized size = 10.46

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2% (a+b*atanh (ckx**2)),x)

[Out] Piecewise((-12%a*cx*2xd**x2*x*sqrt(1/c)/(—12*c*x*2xsqrt(1/c) - 12+ Ikcx*2*sqrt
(1/c)) - 12*Ixa*xckx*2xd**x2*x*ksqrt(1/c)/ (—12%c*k*2xsqrt(1/c) - 12xI*kcx*2xsqrt(
1/c)) - 12*axc*x2*xd*xexx**2xsqrt(1/c)/(-12%c**2*xsqrt(1/c) - 12xI*cx*2xsqrt(l
/c)) — 12xIxakcxx2kd*xexx**x2xsqrt(1/c)/(-12xc**2xsqrt(1/c) - 12xI*xcx*x2*sqrt(
1/c)) = dxaxck*2xex*2xxx*3xsqrt(1/c)/(-12xcx*2xsqrt(1/c) - 12*%Ikcx*2*xsqrt (1l
/c)) — AxIxaxck*2xexx2*xx*x*3xsqrt(1/c)/(—12%c*k*2xsqrt(1/c) - 12*I*kcx*2xsqrt(
1/c)) - 12%bxc**x2*xd**2xx*sqrt (1/c) *atanh (cxx**2) / (-12*%cx*2xsqrt(1/c) - 12*I
xckx2xsqrt (1/c)) - 12*%Ixb*xcx*2xd**2*x*sqrt (1/c)*atanh (c*xx**2) / (-12%c**x2*sqr
t(1/c) - 12xI*cx*2xsqrt(l/c)) + 12xIxbxc*x*2*xd**2xLlog(x - I*sqrt(l/c))/(-12%
ck*3*xsqrt (1/c) - 12xI*cx*3xsqrt(l/c)) - 12xI*bxc**x2*d*x*2xlog(x - sqrt(1l/c))
/(—12%cx*3xsqrt(1/c) - 12%Ikc*x*3*sqrt(1l/c)) - 12*Ixbxck*2kd**2xatanh (ckx**2
)/ (=12xc*x3*xsqrt (1/c) - 12xI*cx*3*xsqrt(l/c)) - 12xb*xckx*2xd*e*xxx*2xsqrt(1/c)
xatanh (ckx**2) / (-12%c**2*xsqrt (1/c) - 12xI*cx*2xsqrt(l/c)) - 12xI*bkcx*2xd*e
*xx*xx2*%sqrt (1/c) *atanh (cxx*x2) / (=12*%cx*2xsqrt (1/c) - 12*%Ixc*x2*sqrt(1l/c)) -
4xbxck*2xe*x*2xx**3xsqrt (1/c) *atanh (c*xxx*2) / (-12%cx*2*xsqrt (1/c) — 12%Ikc**2x%
sqrt(1/c)) - 4xIxbkckxx2kexx2xx*x3*xsqrt(1/c)*atanh (c*xx**2)/(-12xc*x*2xsqrt (1/
c) — 12%Ixc**2*sqrt(1/c)) - 2xIxbkcx*2xe*x*x2xlog(x + I*ksqrt(1/c))/(-12xc**x4x
sqrt(1/c) - 12xIxc*k*4*xsqrt(1/c)) + 12xbxckdx*2xlog(x + Ixsqrt(l/c))/(-12x*cx
*x2*xsqrt(1/c) - 12xIxc**2*xsqrt(1/c)) - 12*xbxckdx*2xlog(x - sqrt(1/c))/(-12*c
*x2%sqrt(1/c) - 12*%Ixckx*2xsqrt(1/c)) - 12xbkckxdx*2*atanh (ckx**2)/(—12%c**2*
sqrt(1/c) - 12xIxc**2*sqrt(1/c)) - 12*bxckd*xe*xsqrt(1l/c)*log(x - Ixsqrt(l/c)
)/ (=12xc*x2*sqrt (1/c) - 12xIxc*k*2*xsqrt(1/c)) - 12xIxbkxcxd*exsqrt(1l/c)*log(x
- Ixsqrt(1/c))/(-12%c*x*2xsqrt(1/c) - 12%Ikcx*2xsqrt(l/c)) - 12xbkcxd*e*xsqr
t(1/c)*log(x + I*sqrt(1/c))/(-12xc**2*sqrt(1/c) - 12xIxc**2*sqrt(1l/c)) - 12
xI*xbkckd*kexsqrt(1/c)*log(x + Ixsqrt(l/c))/(-12xc*k*2*xsqrt(1/c) - 12xI*kckx*2x*s
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grt(1/c)) + 12*bxckxd*exsqrt(1/c)*atanh(c*xx**2)/(-12%cx*2*xsqrt(1/c) - 12%Ixc
*x*2xsqrt(1/c)) + 12+Ixb*ckdxexsqrt(1/c)*atanh(ckx**2)/(-12*c**x2*sqrt(1/c) -

12xT*ck*2xsqrt (1/c)) - 8xbkcxexx2*x*xsqrt(l/c)/(—12*cx*2xsqrt(1/c) - 12%Ix*c
*xk2xsqrt (1/c)) - 8*Ixbkckex*x2xx*ksqrt(1/c)/(-12xc**2*xsqrt(1/c) — 12xI*ck*2%s
qrt(1/c)) + 6xIxbxckxe*x*x2xlog(x + I*sqrt(1/c))/(-12xcx*3*xsqrt(l/c) - 12%Ixcx
*x3*%sqrt(1/c)) - 4xIxbkcxe*x*2*xlog(x - sqrt(l/c))/(-12%c**3*%sqrt(1/c) - 12%Ix
cx*3xsqrt(1/c)) - 4xIxbxckxe*x*2xatanh(c*xx**2)/(-12%c**3*xsqrt(1/c) - 12*I*xc**
3xsqrt(1/c)) + 4xbkxex*x2xlog(x - Ixsqrt(l/c))/(-12%c*x*2xsqrt(1/c) - 12*Ikcxx*
2xsqrt(1/c)) - 4xbkxex*2xlog(x - sqrt(1/c))/(-12xc**2*xsqrt(1/c) — 12%Ixc**2x%
sqrt(1/c)) - 4xbxexx2*xatanh (cxx**2)/(-12xc**2*sqrt(1/c) - 12xIxc**2*sqrt(1/
c)), Ne(c, 0)), (ax(d**2xx + dkexx**2 + ex*2xx**3/3), True))

Giac [A] time = 1.91503, size = 289, normalized size = 1.83

2
1 auﬂnﬂy@) mc&m(ié) arctan (yex) amﬁm(ié) hw%zbg(f%§)+3hﬁﬁek
-3 bc® - L 1e? + b3d? + LAy e =

= Vech - =

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) " 2x(a+b*arctanh(c*x~2)),x, algorithm="giac")
g g g

[Out] -1/3#*b*c~b*(arctan(sqrt(c)*x)/c~(13/2) - arctan(c*x/sqrt(-c))/(sqrt(-c)*c”6
))*e”2 + bkxc~3*d"2*(arctan(sqrt(c)*x)/c~(7/2) + arctan(c*x/sqrt(-c))/(sqrt(
-c)*c”3)) + 1/6%(b*cxx"3xe”2*log(-(c*x™2 + 1)/(c*x72 - 1)) + 3*bkckxd*x~2*ex
log(-(c*x™2 + 1)/(c*x™2 - 1)) + 2%akcxx"3%e”2 + 6xaxckd*xx™2%e + 3*bkckxd™2+*x
xlog(-(c*x™2 + 1)/(c*x™2 - 1)) + 6*axc*d™2%x + 3*bxd*exlog(c™2%x™4 - 1) + 4
*xbxx*e”2)/c
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3.25 f (d + ex) (a +btanh™ (cxz)) dx

Optimal. Leaf size=117

(d + ex)? (a +btanh™ (cxz)) b (cd2 + ez) log (1 - cxz) b (cd2 - ez) log (cx2 + 1) bd tan™* (\/Ex) bd tanh ™ (V
n _ _

2e 4ce 4ce * \/E \/E

[Out] (b*d*ArcTan[Sqrt[cl*x])/Sqrtlc] - (b*d*ArcTanh[Sqrt[cl*x])/Sqrtlc] + ((d +
exx) "2+ (a + bxArcTanh[c*xx"2]))/(2xe) + (b*(c*d™2 + e~2)*Log[l - c*x72])/(4x
cke) - (bx(cxd™2 - e72)*xLogl[l + c*xx~2])/(4xc*e)

Rubi [A] time = 0.0930256, antiderivative size = 94, normalized size of antiderivative =

0.8, number of steps used = 10, number of rules used = 7, integrand size = 16, number of rules

= 0.438, Rules used = {6742, 6091, 298, 203, 206, 6097, 260}

bdtan™ (yex) bdtanh™' (yex) 1 B
\/E( ) - N ( ) + Ebexz tanh ™ (cxz)

integrand size

a(d + ex)?  belog (1 —2x*
+

% ” ) + bdxtanh™ (cxz) +

Antiderivative was successfully verified.

[In] Int[(d + e*x)*(a + b*ArcTanh[c*x"2]),x]

[Out] (ax(d + exx)~2)/(2*e) + (bxd*ArcTan[Sqrt[c]#*x])/Sqrtlc] - (b*d*ArcTanh[Sqrt
[cl*x])/Sqrt[c] + b*d*x*ArcTanh[c*x”2] + (bxe*x"2%ArcTanh[c*x72])/2 + (b*ex
Log[1l - c™2%x74])/(4*c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091

Int[ArcTanh[(c_.)*(x_ )" (n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[cxn, Int[x"n/(1 - c™2*xx"(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 2]1], s = Denominator[Rt[-(a/b), 211}, Dist[s/(2*b), Int[1/(r + s*x"2), x
1, x] - Dist[s/(2xb), Int[1/(xr - s*x~2), x], x]] /; FreeQ[{a, b}, x] && G
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tQ[a/b, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
la, 2]1]1)/(Rt[a, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQla/b] && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_)"(@m_)]*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx*
n)/(d*(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/ - c™2%x~(2*n)), x1, x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260
Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps

f(d + ex) (a +btanh™ (cxz)) dx = f (a(d +ex) + b(d + ex) tanh ™ (cxz)) dx

a(d ;r ex)” bf(d + ex)tanh ( ) dx
_ ;eex)z +b f d tanh™ (cxz) +extanh ™" (cxz)) dx
_ad+ ex)’ + (bd) f tanh™ (cxz) dx + (be) f xtanh™! (cxz) dx
= ad ;eex)z + bdx tanh™ ( ) + ;bex tanh ™ 2 — (2bcd) f
= ad ;:x)z + bdx tanh ™! (cxz) + %bex2 tanh ™! (cxz) belog ( 4c_ ‘ X4) -

_a(d+ex> bd tan™! (\/Ex) bd tanh™" (\/Ex)
T2 T v T«

_ 1
+ bdxtanh™ (cxz) + zbex2 tar
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Mathematica [A] time = 0.0576063, size = 104, normalized size = 0.89

bd (log (1 - \/Ex) —log (\/Ex + 1) +2tan”! (\/Ex)) 1

+ —bex? tan]
24/c 2

1 belog (1 — c?x*
adx + Eaex2 + ( )

" + bdx tanh™! (cxz) +

Antiderivative was successfully verified.

[In] Integratel[(d + exx)*(a + b*ArcTanh[c*x"2]),x]

[Out] axd*x + (a*e*xx"2)/2 + b*d*x*kArcTanh[c*x"2] + (b*exx™2xArcTanh[c*xx"2])/2 + (
b*d* (2%ArcTan [Sqrt [c]*x] + Logl[l - Sqrtlcl*x] - Logl[l + Sqrtlc]l*x]))/(2*Sqr
t[c]) + (bxexLogl[l - c™2xx74])/(4*c)

Maple [A] time = 0.043, size = 91, normalized size = 0.8

2 bArtanh (cx?) x%e
? + adx + 2( ) + bArtanh (cxz) dx +

beln (cx2 + 1)

c

— bdAr

2 _
+ bd arctan (x\/E) x n M

NG 4c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*x~2)),x)

[Out] 1/2*a*xx”2*e+a*xd*xx+1/2*b*arctanh(c*x~2)*x " 2*e+b*arctanh(c*xx”2)*xd*xx+1/4*bxe/c
*1n(c*xx"2+1)+b*d*arctan(xxc”(1/2))/c”(1/2)+1/4xbxe/c*x1n(c*xx"2-1)-b*d*arctan
h(x*c~(1/2))/c~(1/2)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2)),x, algorithm="maxima")

[Out] Exception raised: ValueError
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Fricas [A] time = 1.80601, size = 616, normalized size = 5.26

ex2-2 \Jex+1

2acex? + 4 acdx + 4 byJed arctan (\/Ex) +2byJedlog ( 21

) + belog (cx2 + 1) + belog (cx2 - 1) + (bcex2 +2b
4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x~2)),x, algorithm="fricas")

[Out] [1/4x(2xaxc*e*x”2 + 4xaxckd*x + 4xb*xsqrt(c)*d*arctan(sqrt(c)*x) + 2*b*xsqrt(
c)*d*log((c*x™2 - 2xsqrt(c)*x + 1)/(c*x™2 - 1)) + bxexlog(c*x™2 + 1) + b*ex
log(c*x™2 = 1) + (b*c*e*x”2 + 2%bxc*d*x)*log(-(c*x™2 + 1)/(c*x”2 - 1)))/c,

1/4% (2%axckexx™2 + 4*axckd*x + 4xbxsqrt(-c)*d*arctan(sqrt(-c)*x) - 2*b*sqrt
(-c)*d*xlog((c*xx~2 - 2*sqrt(-c)*x - 1)/(c*xx"2 + 1)) + b*exlog(c*x™2 + 1) + b
xexlog(c*x™2 - 1) + (b*ckexx™2 + 2*bxc*xd*x)*xlog(-(c*x™2 + 1)/(c*xx"2 - 1)))/

c]

NI W

Sympy [A] time = 20.3369, size = 473, normalized size = 4.04
5 bcd(%)g log (x+i\/§) ibcd(%)
+

3
.1 . 1\2 1 1 .1 .
aox log (x+z\/;) Zzbcd(z) log (x—\/;) 4bd\/; log (x—z\/;) 4zbd\/
adx + — — - + -

—— —— — + bdx atanh (cxz) 1\
2 2ic2  10ic 2ic2  10ic 2ic2  10ic 2ic2  10ic
+— +— +— +—

, 27 27 T2 e T2 e
ex
a (dx + 7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*atanh(cxx**2)),x)

[Out] Piecewise((axd*x + akxexxx*2/2 - bxckd*(1/c)**(3/2)*log(x + I*sqrt(1/c))/(-2
xIkck*2/ck*x2 + 10xIxc/c) + Ikbkckxdx(1/c)**(3/2)*log(x + I*sqrt(1l/c))/(-2*Ix
ck*2/c**2 + 10*%I*xc/c) - 2xIxbxcxd*(1/c)**(3/2)*log(x - sqrt(l/c))/(-2*I*c*x
2/c*x*2 + 10%Ixc/c) + bxd*xx*atanh(ckx*x*2) + 4*xbxd*sqrt(1l/c)*log(x - I*sqrt(l
/c))/ (=2%Ixc*x2/cx*2 + 10%I*xc/c) - 4xI*xbxd*sqrt(1l/c)*log(x - Ixsqrt(1/c))/(
-2xI*c*kx2/c*x2 + 10%I*c/c) - 3*bxdxsqrt(1l/c)*log(x + Ixsqrt(1l/c))/(-2xIxcxx*
2/c*x*x2 + 10%Ixc/c) - b*Ixbxd*sqrt(1/c)*log(x + I*sqrt(1/c))/(-2xI*c**2/cx*2
+ 10xIxc/c) + 10*xIxbxd*sqrt(1/c)*log(x - sqrt(1/c))/(-2xIxcx*2/c*x2 + 10*I
xc/c) + 8*Ixbxd*sqrt(1/c)*atanh(cxx**2)/(-2xI*c*x*2/c**2 + 10%I*c/c) + b*exx
xk2xatanh (cxx*x*2) /2 + bxexlog(x - I*sqrt(1/c))/(2xc) + bxexlog(x + I*sqrt(l
/c))/(2xc) - bxexatanh(cxx**2)/(2%c), Ne(c, 0)), (ax(d*x + exx*x*x2/2), True)
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Giac [A] time = 1.31647, size = 166, normalized size = 1.42

2 2
arctan (\/Ex) arctan (\;—f_c) bex®elog (— zzj) + 2 acx?e + 2 bedx log (— sz) + 4 acdx + belog (c2x4 - 1)
+ +

o \=cc? 4c

bc3d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x~2)),x, algorithm="giac")

[Out] bxc~3*d*(arctan(sqrt(c)*x)/c~(7/2) + arctan(c*x/sqrt(-c))/(sqrt(-c)*c~3)) +
1/4% (bxcxx"2xexlog (- (c*x™2 + 1)/(c*x™2 - 1)) + 2*xaxc*x™2%e + 2*bxc*xd*x*log
(=(c*x72 + 1)/(c*xx™2 - 1)) + 4xaxc*d*x + bxexlog(c™2xx"4 - 1))/c
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3.26

Optimal. Leaf size=325

dx

f a+btanh™! (cxz)

d+ex

V=c(d+ex) Ve(d-+ex) —c(d+ex) (d+ex)
bPolyLog (z, e ) _ trolyLog (z, faoe )  PolyLog (z, C—;) bPolyLog (2, fﬁ; ) logtdves

2e 2e 2e * 2e

[Out] ((a + b*ArcTanh[c*x~2])*Logld + e*x])/e - (b*Logl[(ex(1 - Sqrt[-cl*x))/(Sqrt
[-cl*d + e)]*Logld + ex*xx])/(2%e) - (bxLogl[-((ex(1 + Sqrt[-cl*x))/(Sqrt[-c]*

d - e))]*xLogld + exx])/(2*xe) + (bxLog[(ex(1 - Sqrtlcl*x))/(Sqrtlcl*d + e)]x

Logld + exx])/(2xe) + (bxLog[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]*Logld

+ exx])/(2xe) - (b*PolyLogl2, (Sqrt[-cl*(d + e*x))/(Sqrtl[-cl*d - e)])/(2*e)

+ (bxPolyLog[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d - e)])/(2*e) - (b*PolyLogl[2

, (Sqrtl[-cl*(d + exx))/(Sqrtl-cl*d + e)])/(2%e) + (b*PolyLogl[2, (Sqrtlcl*(d

+ exx))/(Sqrtlcl*d + e)1)/(2%e)

Rubi [F] time = 0.0626453, antiderivative size = 0, normalized size of antiderivative = 0.,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, ———— =

Rules used = {}

integrand size ”

dx

f a+btanh™} (cxz)

d+ex

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTanh[c*x"2])/(d + ex*x),x]

[Out] (axLogld + e*x])/e + b*Defer[Int] [ArcTanh[c*x72]/(d + e*xx), x]

Rubi steps

f a+btanh™ (cxz) i f( a_ btanh™! (cx2)) N

d+ex d+ex d+ex

dx

alog(d + ex) tanh ™" (CXZ)
= +b f
e d+ex
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Mathematica [C] time = 17.4703, size = 285, normalized size = (0.88

b (PolyLOg (2,519} - polyLog 2, ¥2) - PolyLog (2,42} + PolyLog (2, 54-2) + 22

alog(d + ex) N " ed—e Ved~ie 7 ed-+ie 7 Jed+e

e

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x72])/(d + e*x),x]

[Out] (a*xLogld + e*xx])/e + (b*(2*ArcTanh[c*x"2]*Logl[d + e*x] - Log[(ex(I - Sqrtlc
1*x))/(Sqrt[c]l*d + Ixe)lxLogld + exx] - Logl[-((ex(I + Sqrtlcl*x))/(Sqrt[cl*

d - Ixe))]xLogld + exx] + Log[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]l*Logld

+ exx] + Logld + exx]*Logl[(e - Sqrt[cl*exx)/(Sqrtlc]*d + e)] + PolyLogl2,
(Sqrtlcl*(d + exx))/(Sqrtlcl*d - e)] - PolyLogl[2, (Sqrtlc]l*(d + exx))/(Sqrt

[c]*d - Ixe)] - PolyLogl[2, (Sqrtlcl*(d + e*x))/(Sqrtlc]l*d + I*e)] + PolyLog

[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + e)]))/(2*e)

Maple [A] time = 0.07, size = 362, normalized size = 1.1

aln(ex+d) bln(ex+d) Artanh () bln(ex+d) |

bln(ex +d)
bl d))
e e 2e

2e

n((e\/—_—(ex+d)c+cd) (e —c+cd)_1)—

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~2))/(exx+d),x)

[Out] ax*ln(e*x+d)/e+b*1n(e*x+d)/e*arctanh(c*x~2)-1/2*b/ex1n(e*x+d)*1In((ex(-c)~(1/
2) - (exx+d) *c+c*xd) / (ex(-c)~(1/2)+c*d))-1/2*b/ex1n(exx+d) *1n((e*x(-c) " (1/2)+(e

xx+d) *c—c*d) /(e*x(-c)~(1/2)-c*d))-1/2xb/exdilog((ex(-c) ~(1/2) - (e*xx+d) *c+cxd)
/(ex(-c)~(1/2)+c*d))-1/2%b/exdilog((e*x(-c)~(1/2)+(exx+d)*c-c*d)/(ex(-c)~(1/
2)-c*d))+1/2*b/ex1n(exx+d) *1n((e*xc™ (1/2) - (e*xx+d) *c+c*xd) / (exc™ (1/2)+c*d) ) +1/
2*xb/e*1n(exx+d) *1n((exc™(1/2)+(e*xx+d)*c-c*d)/(exc™(1/2)-c*d))+1/2%b/exdilog
((exc™(1/2) - (exx+d)*c+c*xd) / (exc™ (1/2)+cxd) ) +1/2*b/e*xdilog((e*xc™ (1/2) +(exx+d
)*c-cx*d)/(exc™(1/2)-cxd))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log (cx2 + 1) - log (—sz + 1) alog (ex + d)
Ly f dx +
ex+d e
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d),x, algorithm="maxima"

[Out] 1/2*b*integrate((log(c*x~2 + 1) - log(-c*x”2 + 1))/(exx + d), x) + axlog(ex
x + d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cxz) +a ]
X

int 1
integra [ p——

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x~2) + a)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx*x2))/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

bartanh (cxz) +a
f ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x72))/(e*xx+d),x, algorithm="giac")
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[Out] integrate((bxarctanh(c*x"2) + a)/(e*x + d), x)
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f a+btanh™! (cxz)

(d+ex)?

3.27 dx

Optimal. Leaf size=166

a+btanh™ (cxz) 2bedelog(d +ex)  bedlog (1 - cxz) bed log (cx2 + 1) byctan™! (\/Ex) by/c tanh™ (\/
- e(d + ex) c2dt — et o (cd2 - 32) - 2e (cdz + 32) * cd? + 2 - cd? — e2

[Out] (b*Sqrtl[c]*ArcTan[Sqrtlc]l*x])/(cxd"2 + e72) - (b*Sqrt[cl*ArcTanh[Sqrt [c]*x]
)/(c*d”2 - e72) - (a + b*ArcTanh[c*x72])/(ex(d + e*x)) + (2*xb*c*dxexLogl[d +
exx])/(c™2xd”4 - e74) - (bxckdxLogl[l - c*xx"2])/(2%ex(cxd™2 - e72)) + (b*cx
dxLog[l + c*xx~2])/(2%e*x(c*xd™2 + e72))

Rubi [A] time = 0.278595, antiderivative size = 166, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 10, number of rules used = 7, integrand size = 18, e e =

0.389, Rules used = {6273, 12, 6725, 635, 207, 260, 203}

integrand size

a+btanh™ (cxz) 2bedelog(d + ex)  bedlog (1 - cxz) bed log (cx2 + 1) byctan™! (\/Ex) by/ctanh™ (\/
- e(d + ex) c2d* — et o (cd2 - 32) - e (ch + 62) " cd? + e2 - cd? — e?

Antiderivative was successfully verified.

[In] Int[(a + bxArcTanh[c*x"2])/(d + e*x)~2,x]

[Out] (b*Sqrt[c]*ArcTan[Sqrtlcl*x])/(cxd”2 + e~2) - (b*Sqrt[c]*ArcTanh[Sqrt[c]*x]
)/(c*d”2 - e72) - (a + b*ArcTanh[c*x72])/(ex(d + e*x)) + (2*bxc*d*exLogl[d +
exx])/(c™2xd”4 - e74) - (bxckdxLogl[l - c*xx72])/(2%ex(cxd™2 - e72)) + (b*cx
dxLog[1l + c*xx~2])/(2%e*x(cxd™2 + e72))

Rule 6273

Int[((a_.) + ArcTanh[u J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x]1)/(1 - u™2), x], x], x
] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12



170

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u_)/((a ) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 635

Int[((d) + (e_)*x(x_))/((a_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + cxx~2), x], x] + Dist[e, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(axc)]

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 211/(Rt[-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (LtQ[a
, 01 Il GtQ[b, 01)

Rule 260

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rubi steps



171

“1{ o “1( ..o b f e dx
a+ btanh (cx ) p a + btanh (cx ) (d+ex)(1-24)
f (d + ex)? =T e(d + ex) e
a+btanh™ (cxz) (2be )f (d+ex) (1-c2xt) dx
e(d + ex) " e
e—cdx e+cdx
a+ btanh_l (sz) (2be) f( c2d4+e4)(d+ex * 2(cd2—e2)(—1+cx2) * 2(cd2+e2)(1+cx2))
e(d + ex) - e
_ —cd d
_a+ btanh™ (sz) 2bcdelog(d +ex)  (be) f _elicjz dx  (bo) f i:ccxz dx
e(d + ex) c2dt — e e (cal2 - ez) e (cd2 + ez)
_ 1 x
_oat btanh™ (cxz) 2bcdelog(d + ex)  (bc) f Tcxzdx B (chd) f o dx  (bc) f :
e(d + ex) c2d4 — et cd? — e? e (ch _ eZ) cd?
by/ctan™! (\/Ex) by/ctanh™ (\/Ex) a+btanh™ (cxz) 2bedelog(d + ex)  bedlog
B cd? + e2 - cd? — e2 - e(d + ex) c2d4 — et e (a

Mathematica [A] time = 0.356395, size = 261, normalized size = 1.57

1 24 bc?d® log (ch + 1) bede 1og( -c x4) dbedelog(d + ex) by (c3/2d3 — cd?e - 63) log (1 - \/Ex)
2| e(d+ex) - c2d4e — eb c2dt — et c2dt — 4 * e® — c2d*e

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x~2])/(d + e*xx)~2,x]

[Out] ((-2xa)/(ex(d + exx)) + (2+b*Sqrt[c]*ArcTan[Sqrtlcl*x])/(c*xd”2 + e72) - (2%
b*ArcTanh[c*x72])/(ex(d + exx)) + (b*Sqrtlcl*(c™(3/2)*d"3 - c*d"2*e - e~3)x*
Log[l - Sqrtlcl*x])/(-(c"2xd"4*e) + e75) + (b*Sqrtlcl*(c™(3/2)*d"3 + c*xd~2x

e + e"3)*Log[l + Sqrtlcl*x])/(-(c"2*%d"4xe) + e75) + (4*bxckd*xexLogl[d + exx]
)/(c™2xd"4 - e74) + (bxc™2xd"3*Log[l + c*x~2])/(c"2*d"4xe - e75) - (bxcxdx*e
xLog[1l - c™2%x74])/(c”™2xd"4 - e74))/2

Maple [A] time = 0.034, size = 181, normalized size = 1.1

a bArtanh (cxz) bed In (cx2 + 1) by/carctan (x\/E) bed In (cx2 — 1) by/cArtanh (x\/— )

C(ex+d)e  (ex+d)e - e(2cd2+262) - 2ed? +2e2 e(2cd2—2e2) 2cd? —2e? (
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2))/(exx+d)"2,x)

[Out] -a/(exx+d)/e-b/(exx+d)/e*xarctanh(c*x~2)+b/exc/ (2*xc*d~2+2*e"2) *d*x1n(c*x"2+1)
+2xbxc”(1/2) / (2%xc*xd~2+2*xe"2) *arctan(x*c”(1/2) ) -b/exc/ (2*xc*d~2-2%e~2) *d*1n(c
*x72-1)-2*%bxc”(1/2) / (2*c*d~2-2*xe~2) *arctanh (x*xc~ (1/2) ) +2*xbxe*c*xd/ (c*d"2-e"2

)/ (c*d"2+e"2) *1n(e*xx+d)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [B] time = 26.8824, size = 1350, normalized size = 8.13

X242 +

2ac?d* —2ae* -2 (bcd3e — bde® + (bcd2 2 — be4)x)\/5 arctan (\/Ex) + (bcd3e + bde® + (bcdze2 + be4)x)\/5 log(

cx2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~2,x, algorithm="fricas")

[Out] [-1/2%(2%axc™2xd"4 - 2xaxe”4 - 2x(b*c*d"3%e - b*d*e”3 + (bkckxd™2%e™2 - b*e”
4)*xx)*sqrt(c)*arctan(sqrt(c)*x) + (b*cxd"3*e + bxd*e”3 + (b*cxd"2*e”2 + bxe
~4)xx)*sqrt(c)*Llog((c*x~2 + 2*sqrt(c)*x + 1)/(c*xx™2 - 1)) - (b*c™2xd"4 - bx
ckd"2%e”2 + (bxc"2*d"3%e - bkckdke”3)*x)*log(c*xx"2 + 1) + (b*c™2*d"4 + bx*cx
d"2%e”2 + (b*c™2%d"3*e + b*ckdxe”3)*x)*log(cxx™2 - 1) - 4x(bxckxd*e”3*x + bx
cxd"2xe”2)xlog(exx + d) + (b*c™2xd"4 - b*xe~4)*log(-(c*x~2 + 1)/(c*x"2 - 1))
)/ (c”2xd"5*%e — d*e”5 + (c™2xd"4*e”2 - e76)*x), —-1/2*%x(2%a*xc”2xd"4 - 2xaxe”4
- 2% (b*c*d"3xe + b*d*e~3 + (bxc*d"2*%e”2 + b*e”4)*x)*sqrt(-c)*arctan(sqrt(-c
)*x) - (bxc*d"3%e - b*d*e”3 + (bxc*d™2%e”2 - bkxe~4)*x)*sqrt(-c)*log((c*x™2
+ 2xsqrt(-c)*x - 1)/(c*x”2 + 1)) - (b*c™2*%d™4 - b*c*d™2*e”2 + (b*c™2*d"3*e
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- bxc*xd*e”3)*x)*log(c*x™2 + 1) + (bxc™2xd"4 + bxcxd™2*e”2 + (b*c™2%d"3%e +
bxckd*xe”3) *x) *log(c*x™2 - 1) - 4*x(bkcxd*e”3*x + b*cxd"2*e”2)*log(e*xx + d) +

(b*c™2xd"4 - b*e"4)*xlog(-(c*x"2 + 1)/(c*x"2 - 1)))/(c™2xd"b*xe - dxe”5 + (c
"2xd"4%e”2 - €76)*x)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x**2))/(e*x+d)**2,x)

[Out] Timed out

Giac [A] time = 1.17415, size = 366, normalized size = 2.2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)”2,x, algorithm="giac")

[Out] 1/2*(c*d*xlog(c - 2xc*d/(x*e + d) + c*d"2/(x*xe + d)72 + e72/(x*e + d)72)/(cx*
d"2xe + e73) - ckxdxlog(c - 2*xcxd/(x*xe + d) + c*xd™2/(x*e + d)72 - e72/(xxe +
d)"2)/(cxd"2%e - e73) - e"(-1)xlog(-(c*x"2 + 1)/(c*xx"2 - 1))/(x*e + d) + 2
xcxarctan((cxd - c*d”2/(x*e + d) + e72/(x*xe + d))*e”(-1)/sqrt(-c))/((c*d"2

- e72)*sqrt(-c)) + 2xsqrt(c)*arctan((c*d - c*d”2/(x*e + d) - e72/(x*e + d))
xe”(-1)/sqrt(c))/(cxd™2 + e72))*b - axe”(-1)/(x*e + d)

cd?
S
2cd cd? &2 2cd cd? &2 241 2 carctan
dl ( -—+ +—) dl ( -—+ - ) 1) (——) A
1 o\ xe+d  (xe+d?  (xe+d)? _ aiog ¢ xetd  (xe+d?  (xe+d)? B eV log cx2-1
2 cd?e + &3 cd?e — é3 xe +d (ch - 32)\/
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f a+btanh™! (cxz)

3.28 dx

(d+ex)3
Optimal. Leaf size=226
a+btanh™ (cxz) bede bee (3C2d4 + 64) log(d + ex)  bc¥2d tan™ (\/Ex) be¥2d tanh ™! (\/Ex)
O 2edtex? (- o) (d +ex) T (c2tt - e4)’ * (c? + )’ B (2 - ) )

[Out] -((bxc*xd*e)/((c™2%d"4 - e"4)*(d + exx))) + (b*xc~(3/2)*d*ArcTan[Sqrt[c]*x])/

(cxd™2 + €72)72 - (b*c™(3/2)*d*ArcTanh[Sqrt[c]*x])/(c*xd”2 - e72)"2 - (a + b
xArcTanh [cxx"2]) /(2%e*x(d + e*x)”2) + (bxckex(3*xc™2xd"4 + e"4)*Logld + e*x])
/(c72*%d"4 - e74)72 - (bxc*(c*d™2 + e"2)*Logl[l - c*x72])/(4*ex(cxd™2 - e72)~
2) + (bxc*x(c*d™2 - e"2)xLogl[l + c*xx"2])/(4*ex(cxd™2 + e72)72)

Rubi [F] time = 0.0664324, antiderivative size = 0, normalized size of antiderivative = 0.,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, ————— =0,

integrand size
Rules used = {}

dx

f a+btanh™! (cxz)

(d + ex)3

Verification is Not applicable to the result.

[In] Int[(a + b*ArcTanh[c*x"2])/(d + e*x)~3,x]
[Out] -a/(2xex(d + ex*x)”2) + bxDefer[Int] [ArcTanh[c*x"2]/(d + exx)~3, x]

Rubi steps

f a+btanh™ (cx?) f( a | btanh” (cxz)] dx

(d + ex)3 (d + ex)3 - (d + ex)3
a tanh ™ (cxz)
T T ed+ e d+exy

Mathematica [A] time = 0.712337, size = 379, normalized size = 1.68

20 bc? (czd6 + 3dze4) log (cx2 + 1) bee (3c2d4 + 34) log (1 —~ c2x4) 4bcde

bc32d (—2c2c

1
4| e(d +ex)? ’ e (e4 _ c2d4)2 (34 _ c2d4)2 (czd4 - 64) (d + ex)
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Antiderivative was successfully verified.

[In] Integratel[(a + b*ArcTanh[c*x~2])/(d + e*xx)~3,x]

[Out] ((-2xa)/(ex(d + exx)~2) - (4xbkckdxe)/((c™2+%d™4 - e"4)*(d + exx)) + (4xb*c”
(3/2)*dxArcTan[Sqrt [c]*x])/(cxd"2 + €72)72 - (2*bxArcTanh[c*x"2])/(ex(d + e
*xx)72) - (b*c™(3/2)*d*(c™(5/2)*d"5 - 2*c™2*d"4xe - 4*c*xd"2*e”3 + 3xSqrt[c]*

dxe”4 - 2*xe”5)*Logl[l - Sqrtlcl*x])/(ex(-(c™2xd~4) + e74)72) - (b*c~(3/2)*dx
(c™(5/2)*d"5 + 2xc™2xd"4*e + 4xcxd"2xe”3 + 3*Sqrt[c]*d*e”4 + 2xe”5)*Log[l +
Sqrt[c]*x])/(ex(-(c™2*%d"4) + e74)72) + (4xb*ckex(3*c™2xd"4 + e”4)*Logld +
exx])/(-(c™2%d"4) + e74)72 + (b*c™2%(c™2*%d"6 + 3*d"2*xe"4)*Log[l + c*xx72])/(
ex(=(c72xd"4) + e74)72) - (bkxckxex(3*c™2+¥d"4 + e~ 4)*Logl[l - c™2*x74])/(-(c"2
*d~4) + e74)72)/4

Maple [A] time = 0.04, size = 310, normalized size = 1.4

a bArtanh (cxz) bc? In (cx2 + 1) d?>  becln (cx2 + 1) bd 3 bc? In (cx2 -
- - = + — - 5=+ 5c? arctan (x\/E) -
2(x+d)"e  2(ex+d)e 4e (cz:l2 + ez) 4 (cd2 + ez) (cd2 + ez) 4e (cd2 —e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctanh(c*x~2))/(e*x+d)"3,x)

[Out] -1/2*a/(exx+d)~2/e-1/2%b/(e*x+d) "2/e*arctanh(cxx~2)+1/4*b/e*xc”2/(c*xd"2+e”2)
“2%1n(c*x™2+1) *d"2-1/4*xbxexc/ (c*d"2+e72) "2*x1In(c*x~2+1) +b*c~ (3/2) *d*arctan(x
*c™(1/2))/(c*xd"2+e”2) "2-1/4xb/exc”2/(cxd"2-e72) "2*x1n(c*x"2-1) *d"2-1/4*bxe*c
/(c*xd"2-e72) "2*x1n(c*x"2-1) -b*c~ (3/2) *d*arctanh(x*c~(1/2) )/ (c*d"2-e72) "2-b*e

*c*xd/ (c*d"2-e72) /(cxd"2+e"2) / (e*xx+d) +3*b*e*xc” 3/ (cxd"2-e72) "2/ (c*d"2+e~2) ~2%
1n(e*xx+d) *d~4+bxe”5*c/ (c*xd"2-e72) "2/ (cxd~2+e~2) "2x1n (e*x+d)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)~3,x, algorithm="maxima"
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x72))/(e*xx+d)~3,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(cxx**2))/(exx+d)**3,x)

[Out] Timed out

Giac [B] time = 89.4739, size = 684, normalized size = 3.03

cx

bcgd arctan (\/Ex) bc*d arctan (\/_—C) (bc2d2 -+ bcez) log (cx2 - 1) (bc2d2 - bcez) log (—cx2 —~ 1) betd® 1
2+ 2ePE 4t (c2d4 - 2cd?e? + 64)\/—_C g (c2d4e —2cd?e® + 65) * 4 (c2d4e +2cd?e3 + 65) B

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)”3,x, algorithm="giac")

[Out] bxc™(3/2)*d*arctan(sqrt(c)*x)/(c™2xd"4 + 2%cxd"2*e”2 + e”4) + b*c~2xd*arcta
n(c*x/sqrt(-c))/((c™2xd"4 - 2*cxd"2*e”2 + e~ 4)*sqrt(-c)) - 1/4*(b*c™2%d"2 +
bxcxe”2)*log(cxx™2 - 1)/(c™2xd"4*e - 2xc*xd"2*%e”3 + e75) + 1/4*%(b*c™2xd"2 -
bxcke~2)*log(-c*xx"2 - 1)/(c”2*xd"4*e + 2%cxd"2*e”3 + e75) - 1/4%(bkc™4*d~8*
log(-(c*x™2 + 1)/(c*x™2 - 1)) + 2%a*xc™4xd™8 - 12%b*c”™3*d~4*x"2%e"4xlog(x*e
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+ d) - 24%bxc”3*%d"b*x*e"3*xlog(x*e + d) - 12xb*c™3*d"6xe”2xlog(x*e + d) + 4x
b*c”~3*d"B*xx*e”3 + 4*xbxc”3*d"6%e”2 - 2%bkxcT2*d"4*e "4xlog(-(c*kx"2 + 1)/(c*xx"2
- 1)) - 4xaxc”2*xd"4*e”4 - 4xbxckxx"2*e"8xlog(x*e + d) - 8xb*ckxdxx*e”7*log(x
xe + d) - 4xbxc*d"2xe”6xlog(x*e + d) - 4xbxckdxx*e”7 - 4xb*xcxd"2*%e”6 + bxe”
8xlog(-(c*x™2 + 1)/(c*x™2 - 1)) + 2xaxe”8)/(c™4xd"8*x"2*e~3 + 2%c~4*xd~9*x*e
T2 + c74%d710%e - 2%cT2%xd74*x72%e”7 - 4*cT2xd"b*x*e”6 - 2%xcT2*%d"6%e”5 + x72
*e"11 + 2*d*x*e”10 + d"2%e”9)
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3.29 f (d + ex) (a +btanh™ (cxz))2 dx

Optimal. Leaf size=1085

result too large to display

[Out] a"2*d*x + (2*%axb*d*xArcTan[Sqrt[c]*x])/Sqrtlc] + (I*b~2xd*ArcTan[Sqrt[c]l*x]~
2)/Sqrt[c] - (2*axbxd*ArcTanh[Sqrt[c]l*x])/Sqrtlc] - (b~2xd*ArcTanh[Sqrt[c]*
x]172)/Sqrtc] + (ex(a + bxArcTanh[c*xx"2])72)/(2%c) + (exx"2x(a + b*ArcTanh[
c*x72])72)/2 + (2xb~2xdxArcTanh[Sqrt [c]*x]*Log[2/(1 - Sqrtlcl*x)])/Sqrtlc]
- (2#b~2*d*ArcTan[Sqrt [c]*x]*Log[2/(1 - IxSqrtlcl*x)])/Sqrtlc] + (b~2*d*Arc
Tan[Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] +
(2%b~2xd*ArcTan [Sqrt [c]*x]*Log[2/(1 + IxSqrtlcl*x)])/Sqrtlc] - (2xb~2*xd*Arc
Tanh [Sqrt [c]*x]*Log[2/(1 + Sqrtlcl*x)])/Sqrtlc] + (b~2xd*ArcTanh[Sqrt[c]*x]
*xLog [(-2*Sqrt [c]*(1 - Sqrt[-cl*x))/((Sqrtl-c] - Sqrtlcl)*(1 + Sqrtlcl*x))])
/Sqrtc] + (b~2*d*ArcTanh[Sqrt[c]*x]*Log[(2xSqrt[c]I*(1 + Sqrt[-cl*x))/((Sqr
t[-c] + Sqrtlcl)*(1 + Sqrtlcl*x))])/Sqrtlc] + (b~ 2*d*ArcTan[Sqrt[c]*x]*Logl
((1 - I)*(1 + Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] - (bxex(a + b*ArcTanh
[cxx~2])*Log[2/(1 - c*x"2)])/c - axb*xd*xxLog[l - c*xx"2] - (b~2*d*ArcTan[Sqr
t[cl*x]*Log[l - c*x72])/Sqrtlc] + (b~2*xdxArcTanh[Sqrt[c]l*x]*Logl[l - c*xx~2])
/Sqrtlc] + (b™2xdxx*Logl[l - c*x"2]72)/4 + axbkxd*xxLogl[l + cxx"2] + (b72xd*A
rcTan[Sqrt [c]*x]*Log[1 + c*x72])/Sqrtlc] - (b~2*d*ArcTanh[Sqrt[c]*x]*Logl[1
+ c*xx72])/Sqrtc] - (b~™2xd*x*Logl[l - c*x"2]*Log[1l + c*xx~2])/2 + (b~2*d*x*Lo
gll + c*xx72]72)/4 + (b™2xd*PolyLog[2, 1 - 2/(1 - Sqrtlcl*x)])/Sqrtlc] + (Ix
b~2*d*PolyLog[2, 1 - 2/(1 - I*Sqrtlcl*x)])/Sqrtlc] - ((I/2)*b~2*d*PolyLog[2
, 1 - (1 + I)*(1 - Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] + (Ix*b~2xd*Poly
Logl[2, 1 - 2/(1 + I*Sqrtlcl*x)])/Sqrtlc] + (b~2*d*PolyLogl[2, 1 - 2/(1 + Sqr
tlcl*x)]1)/Sqrtlc] - (b™2xd*PolyLogl[2, 1 + (2xSqrtlcl*(1 - Sqrt[-cl*x))/((Sq
rt[-c] - Sqrtlc])*(1 + Sqrtlcl*x))])/(2%Sqrtlc]) - (b~2*d*PolyLog[2, 1 - (2
*Sqrt [c]*(1 + Sqrt[-cl*x))/((Sqrt[-c] + Sqrtlcl)*(1 + Sqrtlcl*x))]1)/(2*Sqrt
[c]) - ((I/2)*b~2*d*PolyLog[2, 1 - ((1 - I)*(1 + Sqrtlcl*x))/(1 - IxSqrtl[c]
*x)]1)/Sqrt[c] - (b~2*e*PolyLogl[2, 1 - 2/(1 - cxx"2)]1)/(2xc)

Rubi [A] time = 2.43804, antiderivative size = 1216, normalized size of antiderivative =

1.12, number of steps used = 104, number of rules used = 39, integrand size = 18, number of rules
integrand size

= 2.167, Rules used = {6742, 6091, 298, 203, 206, 6097, 260, 6093, 2450, 2476, 2448, 321,
2470, 12, 5984, 5918, 2402, 2315, 2556, 5992, 5920, 2447, 4928, 4856, 4920, 4854, 6099, 2454,
2389, 2296, 2295, 30, 2557, 2475, 43, 2416, 2394, 2393, 2391}

result too large to display

Warning: Unable to verify antiderivative.
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[In] Int[(d + exx)*(a + b*ArcTanh[c*x"2])"2,x]

[Out] (a"2x(d + exx)~2)/(2%e) + (2xaxbkxdxArcTan[Sqrt[cl*x])/Sqrtlc] + (I*b~2xd*Ar
cTan[Sqrt [c]*x]~2)/Sqrtlc] - (2%axbxd*ArcTanh[Sqrt[cl*x])/Sqrtlc] - (b~2*d*
ArcTanh [Sqrt[c]*x]~2)/Sqrt[c] + 2*xaxb*d*x*ArcTanh[c*x~2] + axbxe*x~2*xArcTan
hlcxx™2] + (2*b~2*d*ArcTanh[Sqrt[c]*x]*Log[2/(1 - Sqrtlcl*x)])/Sqrtlc] - (2
*xb~2*xd*ArcTan [Sqrt [c] *x] *Log[2/(1 - I*Sqrtlcl*x)])/Sqrtlc] + (b~2*d*ArcTan[
Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl#*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] + (2xb
~2*d*ArcTan [Sqrt [c]*x] *Log[2/(1 + I*Sqrtlcl*x)])/Sqrtlc] - (2*b~2*d*ArcTanh
[Sqrt [c]*x]*Logl[2/(1 + Sqrtlcl*x)])/Sqrtlc] + (b~2*d*ArcTanh[Sqrt[c]*x]*Log
[(-2*Sqrt[c]*(1 - Sqrt[-cl*x))/((Sqrtl-c] - Sqrtlc])*(1 + Sqrtlcl*x))])/Sqr
tlc] + (b72xd*ArcTanh[Sqrt[c]*x]*Log[(2*Sqrt[c]*(1 + Sqrt[-cl*x))/((Sqrt[-c
1 + Sqrtlcl)*(1 + Sqrtlcl*x))])/Sqrtlc] + (b~ 2*d*ArcTan[Sqrt[c]*x]*Log[((1
- I)x(1 + Sqgrtlcl*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] - (b~2xd*ArcTan[Sqrt[c]*x
I1*Log[1 - c*x72])/Sqrtlc] + (b~2*d*ArcTanh[Sqrt[c]*x]*Log[l - c*x~2])/Sqrt[
c] + (b™2#d*x*Log[l - c*x72]172)/4 - (b™2%e*x(1 - cxx"2)*Logl[l - c*xx~2]72)/(8
xc) — (b™2xexLog[l - c*x"2]*Logl[(1 + c*x72)/2])/(4*c) + (b~2*d*ArcTan[Sqrt[
cl*x]*Log[1 + c*x72])/Sqrtlc] - (b~2*xd*ArcTanh[Sqrt[c]*x]*Log[l + c*x~2])/S
grtlc] + (b™2%exLogl(1 - c*x72)/2]*Logl[l + c*x~2])/(4xc) - (b~2xd*x*Logl[l -
cxx"2]xLog[1 + c*xx"2])/2 - (b~ 2*exx"2*xLog[l - c*x"2]*Log[l + c*xx72])/4 + (
b~2*d*xxLog[l + c*xx72]72)/4 + (b™2*%e*x(1 + c*x"2)*Logl[l + c*x72]72)/(8*c) +
(axbkxexLog[l - c™2%x74])/(2*%c) - (b~2*exPolyLogl[2, (1 - c*x72)/2])/(4*c) +
(b~2*%exPolyLog[2, (1 + c*x72)/2])/(4*xc) + (b~2*xd*PolyLogl[2, 1 - 2/(1 - Sqrt
[c]*x)])/Sqrtlc] + (I*b~2*xd*xPolyLogl[2, 1 - 2/(1 - Ix*Sqrtlcl*x)])/Sqrtlc] -
((I/2)*b~2*d*Polylogl[2, 1 - ((1 + I)*(1 - Sqrtlcl*x))/(1 - I*Sqrtlcl*x)]1)/S
gqrtlc] + (I*b~2xd*PolyLogl[2, 1 - 2/(1 + I*Sqrtlcl*x)])/Sqrtlc] + (b~2*d*Pol
yLogl[2, 1 - 2/(1 + Sqrtlcl*x)])/Sqrtlc] - (b"2*d*PolyLogl[2, 1 + (2*Sqrtl[c]=*
(1 - Sqrtl-cl*x))/((Sqrt[-c] - Sqrtlc])*(1 + Sqrtlcl*x))])/(2*Sqrtlc]) - (b
~2*%d*PolyLog[2, 1 - (2%Sqrtlcl*(1 + Sqrt[-cl*x))/((Sqrt[-c] + Sqrtlcl)*(1 +
Sqrt[cl*x))]1)/(2%Sqrtlc]) - ((I/2)*b~2*d*PolyLog[2, 1 - ((1 - I)*(1 + Sqrt
[c]*x))/(1 - IxSqrtlcl*x)])/Sqrtlc]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rule 6091
Int[ArcTanh[(c_.)*(x_ )~ (n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist

[c*n, Int[x"n/(1 - c”2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 298
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Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 211}, Dist[s/(2*b), Int[1/(r + s*x"2), x
1, x] - Dist[s/(2xb), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] & !'G
tQ[a/b, 0]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_)]*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx*
n)/(dx(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/(1 - c™2xx"(2*n)), x], x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol]l :> Simp[Log[RemoveConten
tla + b*x™n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 6093

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]*(b_.))"(p_.), x_Symbol] :> Int[Expand
Integrand[(a + (bxLog[l + c*x"n])/2 - (b*Logl[l - c*x"nl)/2)7p, x1, x] /; Fr
eeQ[{a, b, ¢, n}, x] & IGtQ[p, 0] && IntegerQ[n]

Rule 2450

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(m_)) " (p_.)1*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + b*Loglc*(d + e*x™n) pl)~q, x] - Dist[bxe*n*p*q, Int[(x"n
(a + bxLoglc*(d + e*x"n)"pl)~(q - 1))/(d + exx"n), x], x] /; FreeQ[{a, b, ¢
, d, e, n, pr, x] && IGtQlq, 0] && (EqQlq, 1] || IntegerQ[n])

Rule 2476
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Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_)"(n_)) " (p_.)1*(b_.))"(q_.)*(x_)"(m
_Ox((f) + (g_.)x(x_ )" (s_))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Loglc*x(d + exx™n)"pl)~q, x"m*x(f + g*x"s)"r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQlq, 0] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2448

Int[Logl(c_.)*((d) + (e_)*(x_)"(m_)) (p_.)], x_Symbol] :> Simp[x*Log[c*(d
+ e*x"n)"pl, x] - Dist[e*n*p, Int[x"n/(d + e*x"n), x], x] /; FreeQ[{c, d,
e, n, pr, xJ

Rule 321

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2470

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*(x_)"(n_))"(p_)Ix(b_.))/((f_) + (g_.)
x(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + gxx~2), x]}, Simp[ux(a + bx
Loglcx(d + e*xx™n)"pl), x] - Dist[b*e*n*p, Int[(uxx~(n - 1))/(d + e*x"n), x]
, x11 /; FreeQ[{a, b, c, 4, e, f, g, n, p}, x] && IntegerQ[n]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] &% !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*(x_))/((d.) + (e_.)*x(x_)"2),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x]) p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bx*ArcTanh[c*x]) “p*Logl[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x~2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e~2, 0
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Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_ ) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2556

Int[Logl[v_J]*Logl[w_], x_Symbol] :> Simp[x*Loglv]*Logl[w], x] + (-Int[Simplify
Integrand[(x*Log[w]*D[v, x])/v, x], x] - Int[SimplifyIntegrand[(x*Log[v]*D[
w, x1)/w, x], x]1) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w,
x]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, 0]
)

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c”2%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2xcx(d + ex*x))
/((c*xd + e)*(1 + c*x))]/(1 - c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%cx(d + e*xx))/((cxd + e)*x(1 + cxx))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq " m*x(1 - u))
/Dlu, x11}, Simp[C+Polylogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 4928
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Int[(((a_.) + ArcTan[(c_.)*(x_)]*(b_.))*(x_ )" (m_.))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTan[c*x], x"m/(d + e*x~2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 01)

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -8
imp[((a + b*ArcTan[c*x])*Log[2/(1 - I*c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xcxx)]/(1 + c™2%xx72), x], x] - Dist[(bxc)/e, Int[Logl[(2*c*x(d + exx
))/((cxd + Ixe)*(1 - Ixc*x))]/(1 + c™2%x72), x], x] + Simp[((a + b*ArcTanlc
*xx])*Log[(2%c*x(d + e*xx))/((cxd + I*xe)*x(1 - I*xc*x))])/e, x]) /; FreeQl{a, b,
c, d, e}, x] && NeQ[c™2xd~2 + e~2, 0]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x )1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(bxex(p + 1)), x] - Dist
[1/(c*d), Int[(a + bxArcTan[c*x]) p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2xd] && IGtQ[p, 0]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*x(x_)), x_Symbol]

:> -Simp[((a + b*ArcTan[c*x]) “pxLog[2/(1 + (e*xx)/d)])/e, x] + Dist[(b*c*p)
/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)]1)/(1 + c~2*x"2), x
1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2%d"2 + e~2, 0]

Rule 6099

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_)]*(b_.))"(p_.)*((d_)*(x_))"(m_.), x_Sy
mbol] :> Int[ExpandIntegrand[(d+*x) "m*(a + (b*Log[l + c*x"n])/2 - (bxLogl[l -
c*x"nl)/2)7p, x1, x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IGtQ[p, 0] && Inte
gerQ[m] && IntegerQ[n]

Rule 2454

Int[((a_.) + Logl(c_.)*x((d_ ) + (e_)*(x_)"(m_)) " (p_)1*(b_.))"(q_.)*(x_)"(m

_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bxLo

glex(d + exx)7pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, q},

x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQ[q, 0]) &&
' (EqQlq, 1] && ILtQ[n, 0] && IGtQ[m, 0])

Rule 2389
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Int[((a_.) + Logl(c_.)*((d_ ) + (e_)*x(x_))"(n_.)1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x~n])"p, x], x, d + exx], x] /; FreeQ[{a
, b, c, d, e, n, p}, x]

Rule 2296

Int[((a_.) + Logl(c_.)*(x_ )" (n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[xx(a + b
*xLog[c*x"n]) "p, x] - Dist[b*n*p, Int[(a + b*Loglcxx™n])~(p - 1), x], x] /;
FreeQ[{a, b, c, n}, x] && GtQ[p, 0] && IntegerQ[2*p]

Rule 2295

Int[Log[(c_.)*(x_)~(n_.)], x_Symbol] :> Simp[x*Loglc*x"n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 2557

Int[Logl[v_J]*Loglw_]*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Dist[Loglv
IxLoglw], z, x] + (-Int[SimplifyIntegrand[(z*Logl[w]l*D[v, x])/v, x], x] - In
t[SimplifyIntegrand[(z*Log[v]*D[w, x])/w, x], x]) /; InverseFunctionFreeQ[z
, x]]1 /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

Rule 2475

Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x )" (n_ )~ (p_)I*(b_.))"(q_)*x_)"(m
_Ox((£) + (g )*x(x )" (s ))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Sim

plify[(m + 1)/n] - 1)*(f + gxx~(s/n)) r*(a + b*Loglcx(d + e*x)"pl)~q, x], x
, x’n], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p, q, r, s}, x] & IntegerQ
[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/nl]] && (GtQ[(m + 1)/n, 0]
Il IGtQlq, 01)

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) "m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 2416
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Int[((a_.) + Logl(c_.)*x((d_) + (e_.)*x(x_))"(n_.)1*x(b_.)) " (p_.)*x((h_.)*(x_))
“(m_D)*((f) + (g_)*x(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglc*(d + e*xx)™n]) p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQ[{a, b, c
, d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

Rule 2394

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_))"(n_)1*x(b_.))/((£f_.) + (g_.)*x(x_
)), x_Symbol] :> Simp[(Logl[(ex(f + g*x))/(exf - dxg)]l*(a + b*Loglcx(d + e*x
)7°nl))/g, x] - Dist[(bxe*n)/g, Int[Logl[(ex(f + g*x))/(exf - dxg)]/(d + exx)
, x]1, x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] && NeQ[exf - dxg, 0]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))I*(b_.))/((f_.) + (g_.0*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*exx)/gl)/x, x], x, f + g*x
1, x1 /; FreeQ[{a, b, c, d, e, f, g, x] && NeQ[exf - d*g, 0] && EqQlg + c*
(exf - dxg), 0]

Rule 2391
Int[Logl(c_.)*x((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2

, —(cxexx"n)]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

Rubi steps
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f (ﬂz(d + ex) + 2ab(d + ex) tanh ™" (sz) + b2(d + ex) tanh ™" (sz)z) dx

= —az(dz-;ex)z + (2ab) f (d + ex) tanh ™" (sz) dx + b? f (d + ex) tanh™" (Cx2)2 dx
- @ + (2ab) f (dtanh_l (sz) +extanh™ (cxz)) dx + b? f (d tanh ™ (c
= —aZ(dz-;ex)z + (2abd) f tanh ™ (cxz) dx + (bzd) f tanh ™" (cxz)2 dx + (2abe) f :

= —az(dz-;ex)z + 2abdx tanh ™" (cx?) + abex? tanh™’ (c2?) + (b%d) f (le log® (1-cx
_ 2.4
= @ + 2abdx tanh ™} (cxz) + abex? tanh ™! (cxz) + abelog (210 °r ) = (2
-1 h—l
_ 2 ?::z ex)? | 2abd ta\“ﬁ (Vex) _ 2”bdtariﬁ V&) | i o™ (cx?) +at

2 2 2gbdtan!(vex) 2abdtanh™! (vex
= - (dz_ZEX) + \/— (\/— ) - \/_ (\/_ ) + 2abdx tanh ™ (cxz) + al
c c
2 2 2abdtan~!(+cx) 2abdtanh! (\ex
= - (d;BX) + Nz (\/_ ) - N (\/_ ) + 2abdx tanh™} (cxz) + al
c c
_ lbzexz N a?(d + ex)? .\ 2abd tan™! (\/Ex) B 2abd tanh ™ (\/Ex)
2 2e \/E \/E
a2(d +ex)?  2abdtan™' (vex)  2abdtanh™ (vex)
+ _
2e \/E \/E
1, o, Pdrex? 2abdtan’(Vor) 20dtan”(Vex) ibdtan” (Ve

2 2% Ve Ve Ve

+ 2abdx tanh ™}

+ 2abda

1
= 4b2dx + Elﬁex2 +

2
a2(d +ex)?  2abdtan™! (\/Ex) ib?d tan™! (\/Ex) 2abd tanh ™ (\/Ex) b2
= + + -~ - —
3 Ve e Ve
-1 29 -1 2 -1 2
a?(d + ex)?  2abdtan (\/Ex) ib*d tan (\/Ex) 2abd tanh (\/Ex) b2
+ + -~ - —
3 Ve Ve Ve

?(d +ex)?  2abdtan™' (vex) ib?dtan™ (\/Ex)z 2abdtanh™ (vex) b
= + + - S

2e Ve Ve Ve

a2(d +ex)?  2abdtan”! (\/Ex) ib?d tan™ (\/Ex)z 2abd tanh ™" (\/Ex) b2
e
a2(d +ex)?  2abdtan”! (\/Ex) ib?d tan™! (\/Ex)z 2abd tanh ™" (\/Ex) b’

= + + - —

% Ve Ve Ve
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Mathematica [A] time = 3.18411, size = 684, normalized size = 0.63

2 2

“PdVed (—PolyLog (2% (1 - \/c?)) + PolyLog 2, (—1 - i) («/c_z - 1)) + PolyLog (2, (-3+ z) (Ver? - 1)) 1

Warning: Unable to verify antiderivative.

[In] Integratel[(d + exx)*(a + bxArcTanh[c*x"2])72,x]

[Out] (2*%a~2*cxd*x”"2 + a”2%c*kexx”3 + 4*xaxbkxcxd*x”~2xArcTanh[c*xx~2] + 4*axbxd*Sqrt[
c*xx”2] % (ArcTan[Sqrt [c*x~2]] - ArcTanh[Sqrt[c*x~2]]) + b~2*e*x*ArcTanh[c*x™2
1x((-1 + cxx"2)*ArcTanh[c*x"2] - 2%Log[l + E~(-2*%ArcTanh[c*x72])]) + axbkex
xx (2xcxx"2%ArcTanh [c*x"2] + Logl[l - c”2*x74]) + b~ 2*exx*PolyLog[2, -E~(-2*A
rcTanh[c*xx"2])] - b~2*xd*Sqrt [cxx~2]* ((2*I)*ArcTan[Sqrt [c*x~2]]72 - 4*ArcTan
[Sqrt [c*xx~2] ] *ArcTanh [c*x~2] - 2*Sqrt[c*x”~2]*ArcTanh[c*x~2] "2 - 2*ArcTan[Sq
rt[cxx"2]]*Log[1 + E~((4*I)*ArcTan[Sqrt[c*x"2]])] - 2*ArcTanh[c*x~2]*Logl[1
- Sqrt[c*x~2]] + Logl[2]*Log[l - Sqrtl[c*x~2]] - Logl[l - Sqrtl[c*x~2]]172/2 + L
ogll - Sqrtlc*xx~2]]*Logl[(1/2 + I/2)*(-I + Sqrtlc*x72])] + 2%ArcTanh[c*x~2]*
Log[1l + Sqrt[c*x~2]] - Logl[2]*Log[l + Sqrtlc*x~2]] - Logl[((1 + I) - (1 - I)
xSqrt [cxx~2]) /2] *Log[1 + Sqrtlc*x~2]] - Log[(-1/2 - I/2)*(I + Sqrtlc*x~2])]
xLog[1 + Sqrt[c*x~2]] + Logl[l + Sqrt[c*x~2]]17°2/2 + Logl[l - Sqrt[c*x~2]]*Log
[((1 +I)+ (1 - I)*Sqrtlc*x~2])/2] + (I/2)*PolyLogl[2, -E~((4*I)*ArcTan[Sqr
t[c*x72]11)] - Polylogl[2, (1 - Sqrtlc*x~2]1)/2] + PolyLogl[2, (-1/2 - I/2)*(-1
+ Sqrtlc*x~2])] + PolyLogl[2, (-1/2 + I/2)*(-1 + Sqrt[c*x~2])] + PolyLogl[2,

(1 + Sqrtlc*x~2])/2] - PolyLogl[2, (1/2 - I/2)*(1 + Sqrt[c*x~2])] - PolyLog
[2, (1/2 + I/2)*(1 + Sqrtlcxx~2])]1))/(2%c*x)

Maple [F] time = 0.269, size = 0, normalized size = 0.

f (ex + d) (a + bArtanh (cxz))2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(atb*arctanh(c*x~2))7~2,x)

[Out] int((e*x+d)* (a+b*arctanh(c*x”2))~2,x)
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Maxima [F(-2)] time = 0., size = 0, normalized size = 0.
Exception raised: ValueError
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [F] time = 0., size = 0, normalized size = 0.

integral (azex +a%d + (bzex + bzd) artanh (cxz)2 + 2 (abex + abd) artanh (cxz) , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="fricas")

[Out] integral(a™2*xexx + a~2*xd + (b"2xe*x + b~2xd)*arctanh(c*x~2)72 + 2x(axbxex*x

+ axbxd)*arctanh(c*x~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

a + batanh (cx? 2(d+ex) dx
Ik (c?))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(ckx**2))**2, x)

[Out] Integral((a + b*atanh(c*x**2))**2*(d + e*x), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f(ex + d)(b artanh (cxz) + a)z dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)*(atb*arctanh(c*x~2))"2,x, algorithm="giac")

[Out] integrate((e*xx + d)*(b*arctanh(c*x~2) + a)~2, x)
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2
(a+b tanh™! (cxz))

d+ex

dx

3.30

Optimal. Leaf size=22

(a +btanh™ (c2?))’
d+ex *

Unintegrable [

[Out] Unintegrable[(a + b*ArcTanh[c*x~2])72/(d + e*x), x]

Rubi [A] time = 0.118826, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — — =
integrand size

*

Rules used = {}
2

d+ex ax

f (a +btanh™ (cxz))

Verification is Not applicable to the result.
[In] Int[(a + bxArcTanh[c*x"2])"2/(d + e*x),x]

[Out] (a"2xLogld + exx])/e + 2xa*b*Defer[Int] [ArcTanh[c*x72]/(d + e*xx), x] + b™2x%
Defer[Int] [ArcTanh[c*x~2]"2/(d + e*xx), x]

Rubi steps

dx

f (a +btanh™! (cxz))2 e f a2 . 2abtanh™ (cx2) . b2 tanh ™t (cxz)2
d+ex d+ex d+ex d+ex

tanh ™! (cxz)2
d+ex

2100(d tanh™* (cx?
:er(zab)f#dJH_;ﬂf dx
e d+ex

Mathematica [A] time = 45.2428, size = 0, normalized size = 0.

dx

f (a +btanh™ (sz))z

d+ex
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Verification is Not applicable to the result.

[In] Integrate[(a + b*ArcTanh[c*x~2])72/(d + e*x),x]

[Out] Integrate[(a + b*ArcTanh[c*x72])72/(d + exx), x]

Maple [A] time = 0.33, size = 0, normalized size = 0.

dx

(a + bArtanh (cxz))z
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2)) 2/ (e*x+d),x)

[Out] int((atb*arctanh(c*x~2))~2/(exx+d),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

bz(log (cx2 + 1) ~log (—cx2 + 1))2 ab(log (cx2 + 1) ~log (—cx2 + 1))
+ dx
4 (ex +d) ex+d

2
a logiex+d) +f

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))72/(e*x+d),x, algorithm="maxima")

[Out] a"2*log(e*xx + d)/e + integrate(1/4xb~2x(log(c*x~2 + 1) - log(-c*x”2 + 1))72
/(exx + d) + axb*x(log(c*xx”2 + 1) - log(-c*x”2 + 1))/(e*xx + d), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

b? artanh (cx2)2 + 2abartanh (cxz) +a?

X
ex +d !

integral

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x72))72/(e*x+d),x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x72)72 + 2xa*b*arctanh(c*x~2) + a”2)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**2))**2/(e*x+d),x)

[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.
2

dx

f (b artanh (cxz) + a)

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))~2/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~2) + a)~2/(exx + d), x)
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(a+17tarﬂ1_1(cx2))2
331 [ —dx

Optimal. Leaf size=22

(a +btanh™ (CXZ))Z,x]

Unintegrable [ @+ exp

[Out] Unintegrable[(a + b*ArcTanh[c*x"2])72/(d + exx)~2, x]

Rubi [A] time = 0.368842, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, ntegrand size .

Rules used = {}

dx

f (a +btanh™ (cxz))2

(d + ex)?

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTanh[c*x"2])"2/(d + e*x)~2,x]

[Out] -(a"2/(ex(d + exx))) + (2xaxb*xSqrt[c]*ArcTan[Sqrtlcl*x])/(c*d”2 + e72) - (2
xaxb*xSqrt [c] *ArcTanh [Sqrt [c]*x])/(c*d”2 - e72) - (2*axb*ArcTanh[c*x~2])/ (ex*

(d + exx)) + (4xaxbxc*dxexLogld + exx])/(c”2*d"4 - e~4) - (axbxc*d*Logl[l -
c*xx72])/(ex(c*d™2 - e72)) + (a*bkxcxdxLogl[l + cxx"2])/(ex(cxd”2 + e72)) + b~

2*%Defer [Int] [ArcTanh[c*x"2]"2/(d + e*x)"2, x]

Rubi steps
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2abtanh™ (ch) b2 tanh ™t (cxz)2 ;
x

f (a +btanh™ (cxz))2 e f a?

(d + ex)? (d + ex)?

drex? | @drexp

tanh™! tanh ™! (cx2)2
)f 6)2 dx+b2f—dx

e(d + ex) (d + ex)?
1 ) 1 ) 2 ) f 2cx
B 2 2abtanh (cx ) 5 f tanh (cx ) s (d+ex)(1- C2x4
~e(d + ex) e(d + ex) (d + ex)? * e
_ a? 2abtanh™ (cxz) ) f tanh ™! (cxz)2 s (4abc )f (d+ex) (1-c224) dx
~e(d +ex) e(d + ex) (d + ex)? * e
3
72 2abtanh™ (cxz) " tanh ™! (cx2)2 ; (4abe) f ( c2d4+e4)(d+ex) " 2
T T ddren)  ed+en) f drexy 7T
_ _ 2
a? 2ab tanh ! (sz) N 4abcdelog(d + ex) . f tanh ! (sz) et (Zabc)j
e(d + ex) e(d + ex) c2d4 — et (d + ex)? * e (cdf
_ _ 2
a2 2abtanh™! (cxz) 4abedelog(d + ex) 2 f tanh ™! (cxz) el (2abc) f
- - x
e(d + ex) e(d + ex) c2d* — 4 (d + ex)? cd?
2 2aby/Jctan™! (\/Ex) 2aby/ctanh ™ (\/Ex) 2abtanh ™! (cxz) dabcde 1
“e(d + ex) " cd? + 2 - cd? — e2 C ed+ex) " c2d4

Mathematica [A] time = 42.4755, size = 0, normalized size = 0.

f (a +btanh™ (cxz))2

(d + ex)? ax

Verification is Not applicable to the result.

[In] Integratel[(a + b*ArcTanh[c*x"2])72/(d + exx)~2,x]

[Out] Integrate[(a + b*ArcTanh[c*x"2])72/(d + exx)~2, x]

Maple [A] time = 0.457, size = 0, normalized size = 0.

f (a + bArtanh (sz))z

dx
(ex + d)?
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*xx"2))"2/(exx+d)"2,x)

[Out] int((a+b*arctanh(c*x~2))"2/(e*x+d)"2,x)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))72/(e*x+d) 2,x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [A] time = 0., size = 0, normalized size = 0.

b? artanh (cx2)2 + 2abartanh (cxz) + a®

integral ;X
& e2x2 + 2 dex + d?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))~2/(e*xx+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x72)72 + 2*axb*arctanh(c*x"2) + a~2)/(e”2%x"2 + 2xd

xexx + d72), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**2))**2/(exx+d)**2,x)
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[Out] Timed out

Giac [A] time = 0., size = 0, normalized size = 0.

2
f (b artanh (cxzz) + a) n
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))72/(e*x+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~2) + a)~2/(exx + d)~2, x)
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332  [(d+ex)*(a+btanh” (cx®)) dx

Optimal. Leaf size=336

_1 [ 2c¢3x%+1
(d + ex)? (a +btanh™ (cx3)) bd? log (1 - c2/3x2) bd? log (c4/3x4 + 3% + 1) V3bd? tan™ (—C \/xg ) bdelo
+ - + +

3e 2{/c 4~fc 2+fc

[Out] -(Sqrt[3]*bxd*exArcTan[1/Sqrt[3] - (2xc~(1/3)*x)/Sqrt[3]1])/(2xc~(2/3)) + (S
qrt [3] xbxdxexArcTan[1/Sqrt[3] + (2xc~(1/3)*x)/Sqrt[3]1]1)/(2*xc~(2/3)) + (Sqrt
[31*b*d"2*ArcTan[(1 + 2*c™(2/3)*x72)/Sqrt[3]1]1)/(2%c~(1/3)) - (b*d*exArcTanh
[c™(1/3)*x]1)/c™(2/3) + ((d + exx)"3x(a + bxArcTanh[c*x"3]))/(3*e) + (bxd~2x

Logl[l - ¢~ (2/3)*x72])/(2xc~(1/3)) + (b*xd*exLogl[l - c~(1/3)*x + c~(2/3)*x"2]

)/ (4xc™(2/3)) - (b*d*exLogll + c~(1/3)*x + c~(2/3)*x72])/(4*c™(2/3)) + (b*(

cxd”3 + e73)*Log[l - c*x73])/(6xcxe) - (bx(c*xd"3 - e~ 3)*Logl[l + c*x73])/ (6%

cxe) - (bxd™2xLogl[l + c~(2/3)*x"2 + c~(4/3)*x"4])/(4%c~(1/3))

Rubi [A] time = 0.510885, antiderivative size = 332, normalized size of antiderivative =

. . ber of rul
0.99, number of steps used = 25, number of rules used = 14, integrand size = 18, e o e
integrand size

= (.778, Rules used = {6742, 6091, 275, 292, 31, 634, 617, 204, 628, 6097, 296, 618, 206, 260}

_1 [ 2¢3Rx241
a(d + ex)3 N bd? log (1 - cx?) B bd? log (c*3x* + 222 +1) N V3bd? tan™ ( NG ) N bdelog (c2Px? - Jex +1)

3e 2+/c 4{/c 23 40203

Antiderivative was successfully verified.

[In] Int[(d + e*xx) 2x(a + bxArcTanh[c*x"3]),x]

[Out] (ax(d + exx)~3)/(3*e) - (Sqrt[3]*bxd*exArcTan[1/Sqrt[3] - (2*c~(1/3)*x)/Sqr
t[311)/(2xc™(2/3)) + (Sqrt[3]xb*d*exArcTan[1/Sqrt[3] + (2%c~(1/3)*x)/Sqrt([3
11)/(2*%c™(2/3)) + (Sqrt[3]*b*d~2xArcTan[(1 + 2*c~(2/3)*x72)/Sqrt[31])/(2xc~
(1/3)) - (b*d*e*ArcTanh[c™(1/3)*x])/c”(2/3) + bxd~2xx*ArcTanh[c*x"3] + b*dx
exx~2*%ArcTanh [c*x73] + (b*e”2xx"3*ArcTanh[c*x~3])/3 + (bxd~2*xLog[l - c~(2/3
)*x72])/(2%xc~(1/3)) + (b*d*exLogl[l - c~(1/3)*x + c~(2/3)*x72])/(4xc~(2/3))

- (b*d*exLog[l + c~(1/3)*x + ¢~ (2/3)*x72])/(4*c~(2/3)) - (b*d"2xLogl[l + c~(
2/3)*x72 + ¢~ (4/3)*x74]) / (4+%c~(1/3)) + (bxe"2xLog[l - c~2xx76])/(6%c)

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
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Rule 6091

Int [ArcTanh[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c”2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))"p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rtla, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 3172 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2%x
~2), x1, x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2xc), Int[1/(a + bxx + c*xx"2), x], x] + Dist[e/(2%c), In
t[(b + 2*c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%*S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/Db
1, x] /; RationalQ[q] && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xaxc])] /; Free
Ql{a, b, c}, x] & NeQ[b~2 - 4x*axc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628
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Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
er, x] && EqQ[2*c*d - bxe, 0]

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_)"(m_)]*(b_.))*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*cx*
n)/(@x(@m + 1)), Int[(x"(n - D*(@*x)"(m + 1))/(1 - c™2*x~(2*n)), x], x] /;

FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rule 296

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-(a/b), nl], s = Denominator[Rt[-(a/b), nl]], k, u}, Simp[u = Int[(r*Cos
[(2xk*m*Pi) /n] - s*Cos[(2xk*x(m + 1)#*Pi)/n]l*x)/(r~2 - 2*r*s*Cos[(2*k*Pi)/n]*
X + 872%x72), x] + Int[(r*Cos[(2xk*m*Pi)/n] + s*Cos[(2%k*(m + 1)*Pi)/n]l*x)/
(r72 + 2*r*s*Cos[(2%k*Pi)/nl*x + s72%x"2), x]; (2*xr"(m + 2)*Int[1/(r"2 - s~
2%x"2), x])/(a*n*s”m) + Dist[(2*r~(m + 1))/(a*n*s”"m), Sum[u, {k, 1, (n - 2)
/4], x1, x11 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && Lt
Qm, n - 1] && NegQ[a/Db]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] &&% NeQ[b~2 - 4x*xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rubi steps
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f(d + ex)? (a +btanh™ (cx3)) dx = f (a(d +ex)? + b(d + ex)? tanh ™ (cx3)) dx

d 3
- ad + ex)” ;_:x) +b f (d + ex)? tanh ™! (cx3) dx
a(d + ex)® ) (.3 -1(..3 3
== + bf(d tanh (cx ) + 2dex tanh (cx ) + e%x% tanh™ (cx )) dx
d
= —a( ;:x) bdz f tanh™! cx ) dx + (2bde) f xtanh™! cx dx + be2 f
d 3 _ _ _
= ad + ex)” + bd?x tanh ™ (cx3) + bdex? tanh ™ (cx3) + —bezx3 tanh™! (cx3) - (32
3e 3
a(d + ex)® 1 -1 1 -1 be
= —— 4+ bd%xtanh (cx3) + bdex? tanh (cx3) + —be?x3 tanh (cx3) + —
3e 3

_ A+ ex)? _ bde tanh (\S/Ex) + bd?x tanh™ (CXS) + bdex? tanh ™" (Cx3) + 1bez.
3

3e 23
a(d +ex)®  bdetanh (\/Ex) ) s ) a1,
== " T + bd“x tanh (cx ) + bdex= tanh (cx ) + §be |
1 (123 1423
@ exy Vet (F5E) NEadetan (M) paetaas” ()
N 2¢23 * 2c2/3 - ok
3 3
a(d +exyp  V3bdetan™ (”g) V3bde tan™ (“i@f) V32 tan! (i%
N 2c2/3 M 5023 + 27

Mathematica [A] time = 0.279358, size = 299, normalized size = 0.89

12acd?x +12acdex? + 4ace®x® — 3by/cd (\%d - e) log (cz/g’x2 — Jex + 1) — 3b~cd (\3/501 + e) log (c2/3x2 + ex + 1) + 2be

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx)”"2x(a + bxArcTanh[c*xx~3]),x]

[Out] (12*axc*d™2*xx + 12*axckd*exx™2 + 4*axc*ke”2*x~3 + 6*Sqrt [3]*b*xc”™(1/3)*d*(c™(
1/3)*d + e)*ArcTan[(-1 + 2*xc~(1/3)*x)/Sqrt[3]] - 6*Sqrt[3]*b*xc™(1/3)*d*(c™(
1/3)*d - e)*ArcTan[(1 + 2xc~(1/3)*x)/Sqrt[3]] + 4*bxc*x*(3*d~2 + 3*d*exx +
e~ 2*xx”~2)*ArcTanh [c*x"3] + 6xbxc™(1/3)*d*x(c~(1/3)*d + e)*Logl[l - c~(1/3)*x]
+ 6xbxc”(1/3)*d*x(c~(1/3)*d - e)*Log[l + c~(1/3)*x] - 3xb*xc™(1/3)*d*(c~(1/3)
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xd - e)*xLogl[l - c”(1/3)*x + c~(2/3)*x72] - 3*bxc™(1/3)*d*x(c”(1/3)*d + e)*Lo
gll + c~(1/3)*x + ¢~ (2/3)*x"2] + 2xb*e”2xLog[l - c™2*x~6])/(12%c)

Maple [A] time = 0.032, size = 500, normalized size = 1.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) " 2*(a+b*arctanh(c*x~3)),x)

[Out] 1/3*a*xx”3*e”2+axx~2xd*e+a*x*d”2+1/3*a/e*xd"3+1/3*bxe”2*arctanh (c*x™3) *x~3+bx*
exarctanh (c*x”3) *x"2*d+b*arctanh (c*x~3) *x*d~2+1/3*b/e*arctanh (c*x~3) *d"3+1/
2%b/c*d"2/(1/c) " (2/3)*1n(x-(1/c)~(1/3))-1/4*b/c*xd"2/(1/c)~(2/3)*1n(x"2+(1/c
)-(1/3)*x+(1/c)~(2/3))-1/2*b/cxd~2/(1/c) ~(2/3)*3~ (1/2) *arctan(1/3%37 (1/2) *(
2/(1/c)~(1/3)*x+1))+1/2%b*e/c*d/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/4*b*e/c*d/ (
1/¢)”(1/3)*1n(x"2+(1/c) " (1/3)*x+(1/c)~(2/3))+1/2*b*xe/cxd*3~(1/2) /(1/c)~(1/3
)*arctan(1/3*x37(1/2)*(2/(1/c)~(1/3)*x+1))+1/6%b/ex1n(c*x~3-1) *d"3+1/6*xb*xe”2
/cxln(c*x™3-1)+1/2*b/cxd~2/(1/c)~(2/3) *1n(x+(1/c)~(1/3))-1/4*b/c*d"2/(1/c)”
(2/3)*1n(x"2-(1/c)~(1/3)*x+(1/c)~(2/3))+1/2%b/c*d"2/(1/c) " (2/3)*3~(1/2) *arc
tan(1/3*x37(1/2)*(2/(1/c)~(1/3)*x-1))-1/2xbxe/c*xd/(1/c) " (1/3) *1n(x+(1/c)~(1/
3))+1/4xbxe/c*d/(1/c) " (1/3)*1n(x"2-(1/c)~(1/3) *x+(1/c)~(2/3) ) +1/2*b*e/c*d*3
~(1/2)/(1/c)~(1/3)*arctan(1/3%37(1/2)*(2/(1/c)~(1/3)*x-1))-1/6%b/e*x1ln(c*x"3
+1)*d~3+1/6*b*e”2/c*x1n(c*x~3+1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) 2 (at+b*arctanh(c*x~3)),x, algorithm="maxima")

[Out] Exception raised: ValueError

Fricas [C] time = 18.1893, size = 20131, normalized size = 59.91

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(atb*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/24*(8*axcxe”2*x"3 + 24*xakxc*d¥exx™2 + 24xaxcxd”2xx - 2% (2x(1/2)7(2/3)*(b"2
xe"4/c”2 - (9%cxd"3*e + e74)*b"2/c”2)*(~Ixsqrt(3) + 1)/(2*xb~3%e”6/c”3 + 27%
(c*d™3 + e73)*b73*d"3/c”™2 - 3*(9*c*d"3*e + e74)*b"3*e”2/c”3 + (27*c72%d"6 +
e”6)*b”"3/c”3)"(1/3) - 2xb*xe”2/c + (1/2)"(1/3)*(2*b~3*e"6/c~3 + 27*(c*d"3 +
e”3)*b"3*d"3/c”2 - 3*(9*c*xd"3*e + e74)*xb"3*e”2/c”3 + (27*c”2%d"6 + e76)*b”
3/c73)7(1/3)*(I*xsqrt(3) + 1))*c*log(15%b~2xc*d~3*%e”2 + b~2*%e”5 + 1/4*(2x(1/
2)7(2/3)%(b"2%xe"4/c”2 - (9*c*d"3*e + e74)*b"2/c"2)*x(~I*sqrt(3) + 1)/(2xb~3x
e76/c”3 + 27x(cxd”™3 + e73)*b"3*d"3/c”2 - 3*%(9*cxd"3*e + e74)*b"3*e”2/c”3 +
(27*c72%d"6 + e76)*b~3/c"3)"(1/3) - 2%b*xe”2/c + (1/2)"(1/3)*(2xb~3%e"6/c~3
+ 27x(c*xd”3 + e73)*b"3*%d"3/c”2 - 3*(9*cxd"3*e + e74)*xb"3*%e”2/c”3 + (27*c”2%
d”6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1)) 2xc"2*%e - 1/2%(3%b*c™2*d"3 - 2xb
xcke"3)*x (2% (1/2)7(2/3) % (b"2*%e"4/c™2 - (9%c*d"3*e + e74)*b”2/c”2)*(-I*sqrt(3
) + 1)/(2%b"3*%e”6/c”3 + 27*(c*d"3 + e73)*b"3*xd"3/c”2 - 3x(9*kc*d"3*e + e74)*
b~3*e"2/c”3 + (27*c”2%d"6 + e76)*b~3/c"3)"(1/3) - 2%b*e”2/c + (1/2)~(1/3)*(
2xb~3*%e”6/c”3 + 27*(c*d”3 + e€73)*b~3*%d"3/c”2 - 3x(9*c*d"3xe + e74)*b"3*xe"2/
c™3 + (27xc”2*%d”6 + e76)*b~3/c”3)"(1/3)*(I*sqrt(3) + 1)) + 9*x(b~2xc~2*d”5 +
b~ 2xcxd"2%e"3) *x) - 2% (2% (1/2)7(2/3)*x(b"2%e"4/c”2 + (9*c*d"3*e - e74)*xb"2/
c"2)*x(~I*sqrt(3) + 1)/(2xb73%e"6/c”3 - 27*(c*d”3 - e73)*b~3%d"3/c”2 + 3% (9%
cxd"3%e - e74)*b"3*%e”2/c”3 + (27*c72*%d"6 + e76)*b”"3/c”3)"(1/3) - 2xbxe"2/c
+ (1/2)7(1/3)*(2*¥b~3*e"6/c”3 - 27*(c*d”™3 - e73)*b~3*d"3/c”2 + 3*(9*c*d " 3*e
- e74)*b"3%e"2/c”3 + (27*c”2*d"6 + e"6)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*cx*l
0g (16xb~2%c*d~3*%e”2 - b™2%e”5 - 1/4*%(2%(1/2)7(2/3)*(b"2*e”4/c”2 + (9*c*d~3x
e - e74)*b"2/c”2)*x(~Ixsqrt(3) + 1)/(2*¥b~3%xe”6/c”3 - 27*(c*xd~3 - e73)*b~3*d”
3/c”2 + 3% (9*cxd"3xe - e74)*¥b"3*%e”2/c”3 + (27*c"2*xd"6 + e76)*b~3/c”3)"(1/3)
- 2%b*e”2/c + (1/2)"(1/3)*(2%b"3*%e”6/c”3 - 27*(c*d”3 - e~ 3)*b"3*d"3/c”2 +
3x(9xc*d"3xe - e74)*b"3%e72/c”3 + (27*c”2*d"6 + e”6)*b"3/c”3) " (1/3)*(I*sqrt
(3) + 1))72xc”2*%e - 1/2x(3*b*c™2%d"3 + 2*b*c*xe”3)*(2*(1/2)7(2/3)*(b"2xe"4/c
T2 + (9%c*xd"3xe - e74)*b72/c”2)*(~-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 - 27*(c*d”3
- e73)*b7"3*%d"3/c”2 + 3*%(9*cxd"3*%e - e74)*xb"3*%e”2/c”3 + (27*c”2xd"6 + e76)*
b~3/c”3)7(1/3) - 2xb*xe”2/c + (1/2)7(1/3)*(2*xb~3*e"6/c”3 - 27*(c*xd”3 - e~ 3)*
b"3*d"3/c”2 + 3% (9*c*d"3*e - e74)*b"3*e”2/c”3 + (27*c"2+%d"6 + e”6)*b"3/c”3)
“(1/3)*%(I*sqrt(3) + 1)) - 9x(b"2xc™2+%d”5 - b~ 2xc*d"2*xe"3)*x) + (6*b*e”2 + (
2x(1/2)7(2/3)*(b"2%e™4/c”2 + (9%cxd"3*%e - e74)*b~2/c”2)*(~I*xsqrt(3) + 1)/(2
*b~3*%e”6/c”3 - 27*(c*d"3 - e73)*b"3*%d"3/c”2 + 3% (9*c*d"3*xe - e74)*b"3*e"2/c
"3 + (27*c72*d”6 + e76)*b"3/c"3)"(1/3) - 2*b*e”2/c + (1/2)"(1/3)*(2%¥b"3*e”6
/c”3 = 27*(c*d”3 - e73)*b"3*%d"3/c”2 + 3*(9*kckd"3*e - e74)*b"3*%e"2/c”3 + (27
*C"2%d”6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*c + 3*sqrt(1/3)*c*sqrt((144
*b72%c*d"3*%e - 4xb"2xe"4 - 4% (2% (1/2)7(2/3)*(b"2*xe"4/c”2 + (9*c*d"3*e - e74
)*b~2/c”2)*x (~Ixsqrt(3) + 1)/(2xb"3%e”"6/c”3 - 27*(c*xd”3 - e73)*b~3%d"3/c"2 +
3% (9*c*kd"3*e — e74)*b"3%e"2/c”3 + (27*c”2*d"6 + e76)*b~3/c"3)"(1/3) - 2*b*
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e"2/c + (1/2)"(1/3)*(2*xb"3*e"6/c~3 - 27*(c*d"3 - €7 3)*b~3*xd"3/c”2 + 3*(9*c*
d"3%e - e74)*b"3%e72/c”3 + (27*c”2xd"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1
))xbxcxe”2 - (2%(1/2)7(2/3)*(b"2*xe"4/c”2 + (9%c*d"3*e - e74)*b"2/c"2)*x(-I*s
qrt(3) + 1)/(2xb~3*%e"6/c”3 - 27*(c*xd”3 - e73)*b~3*d"3/c”2 + 3*%(9*c*d”"3xe -
e"4)*b"3*%e”2/c”3 + (27*c"2*d"6 + e76)*b"3/c”3)"(1/3) - 2*xbxe”2/c + (1/2)"(1
/3)*%(2%b"3*%e”6/c”3 - 27*(cxd”3 - e73)*b"3*d"3/c”2 + 3*(9*xcxd"3*e - e74)*b"3
xe72/c”3 + (27*c”2*%d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))72%c"2)/c"2))*
log(-15%b~2%c*xd"3*%e”2 + b~™2xe”5 + 1/4x(2x(1/2)7(2/3)*(b"2*%e"4/c”2 + (9%cx*d”
3xe - e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2%b~3%e”6/c”3 - 27x(c*d™3 - e73)*b~3x
d"3/c”2 + 3*(9*cxd"3xe - e74)*b"3*%e”2/c”3 + (27*c"2*d"6 + e76)*b"3/c”3)"(1/
3) - 2%b*e"2/c + (1/2)7(1/3)*(2%b"3*e"6/c”3 - 27*(c*d”3 - e73)*b~3*d"3/c"2
+ 3% (9xc*d"3*%e - e74)*b"3%e72/c”3 + (27*c”2*d"6 + e76)*b~3/c”3) " (1/3)*(Ixsq
rt(3) + 1))72xc™2xe + 1/2%(3%b*c™2*d"3 + 2*xbxcxe~3)*x(2x(1/2)7(2/3)*(b"2*e"4
/c”2 + (9%c*xd"3*e - e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3%e”6/c”3 - 27*x(c*xd
~3 - e73)*b"3*%d"3/c”2 + 3% (9*kcxd"3*ke - e"4)*b"3*%e”2/c”3 + (27*c"2%d"6 + e”6
)*b~3/c”3)"(1/3) - 2*b*e”2/c + (1/2)°(1/3)*(2%b"3*e”6/c”3 - 27*(c*d"3 - e~3
)*b73%d"3/c”2 + 3*%(9*kckd"3*e - e74)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”
3)7(1/3)*(Ixsqrt(3) + 1)) - 18*(b"2%c™2*%d"5 - b~ 2*c*xd"2*e”3)*x + 3/4*sqrt(1
/3) % (6%b*c™2xd"3 - 2*xbxcxe”3 - (2%(1/2)7(2/3)*(b"2*e"4/c"2 + (9*c*d"3*e - e
“4)xb"2/c”2) % (~Ixsqrt(3) + 1)/(2%b~3%e”6/c”3 - 27x(c*xd”~3 - e73)*b~3*d~3/c"2
+ 3% (9*c*xd"3*e - e74)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b"3/c”3)"(1/3) - 2%
bxe~2/c + (1/2)7(1/3)*(2*%b~3%e"6/c"3 - 27*(c*d™3 - e73)*b"3*d~3/c”2 + 3* (9%
c*d"3%e - e74)*b"3%e”2/c”3 + (27xc”2*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) +
1)) *c™2%e) *sqrt ((144*b~2%c*d"3*e - 4*b"2%e”4 - 4x(2x(1/2)~(2/3)*(b"2*xe"4/c
T2 + (9%cxd”"3xe - e74)*b”2/c”2)*(-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 - 27*(c*d”3
- e73)*b7"3*%d"3/c”2 + 3*%(9%cxd"3*e - e74)*b"3*e”2/c”3 + (27*c72xd"6 + e76)*
b~3/c”3)"(1/3) - 2*b*e"2/c + (1/2)"(1/3)*(2*¥b"3*e"6/c”3 - 27*x(c*d”3 - e73)x*
b~3%d"3/c”2 + 3% (9*xcxd"3*e - e74)*b"3*e”2/c”3 + (27*c”2*xd"6 + e76)*b~3/c”3)
“(1/3)*(I*sqrt(3) + 1))xb*xcxe”2 - (2x(1/2)7(2/3)*(b"2%xe"4/c”2 + (9*c*d”3xe
- e74)*b"2/c”2) % (-I*sqrt(3) + 1)/(2%b~3%e”6/c”3 - 27*(c*d"3 - e73)*b~3*d~3/
c”2 + 3%(9*c*d"3*e - e74)*b"3*xe”2/c”3 + (27*c"2%d"6 + e"6)*b"3/c"3)"(1/3) -
2xbxe~2/c + (1/2)7(1/3)*(2*¥b"3*e"6/c”3 - 27*(c*d”"3 - e73)*b~3*d"3/c”2 + 3%
(9%cxd"3*e - e74)*b"3*%e”2/c”3 + (27xc”2%d"6 + e76)*b"3/c"3) " (1/3)*(I*sqrt(3
) + 1))72%c72)/c”2)) + (6xbxe”2 + (2%(1/2)7(2/3)*(b"2*e”4/c”2 + (9*c*d~3*e
- e74)*b"2/c”2) % (-I*sqrt(3) + 1)/(2%b~3%e”6/c”3 - 27*(c*d"3 - e73)*b~3*d~3/
c”2 + 3%(9%c*d"3*e - e74)*b"3*xe”2/c”3 + (27*%c"2%d"6 + e76)*b"3/c"3)"(1/3) -
2*%bxe~2/c + (1/2)7(1/3)*(2*¥b"3*e"6/c”3 - 27*(c*d”3 - e73)*b~3*d"3/c”2 + 3%
(9%cxd"3*e - e74)*b"3*%e”2/c”3 + (27xc”2%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3
) + 1))*%c - 3*xsqrt(1/3)*c*sqrt ((144%b~2xc*d"3*e - 4*b7"2xe”4 - 4x(2x(1/2)7(2
/3)*x(b~2%e"4/c”2 + (9%cxd"3*%e - e"4)*xb"2/c”2)*(-I*sqrt(3) + 1)/(2%b~3*e”6/c
~3 - 27*%(c*xd”3 - e73)*b"3*%d"3/c”2 + 3% (9*c*xd"3*%e - e"4)*b"3%e”2/c”3 + (27*c
~2%d"6 + e76)*b"3/c”3)"(1/3) - 2*¥b*xe"2/c + (1/2)"(1/3)*(2*b"3*%e"6/c"3 - 27*
(c*d™3 - e73)*b"3*d"3/c”2 + 3*(9*xcxd"3%e - e74)*b"3*e”2/c”3 + (27*c”2xd"6 +
e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*b*xcxe™2 - (2x(1/2)7(2/3)*(b"2%e"4/c"2
+ (9%c*d"3%e - e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2¥b~3*e"6/c~3 - 27*(c*d"3 -
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e”3)*b73*d"3/c”2 + 3*%(9*c*xd"3*e - e74)*xb"3*%e”2/c”3 + (27*c”2*%d"6 + e76)*b”
3/c”3)7(1/3) - 2xbxe”2/c + (1/2)"(1/3)*(2*xb~3*e~6/c~3 - 27*(c*d"3 - e73)*b~
3%d~3/c”2 + 3% (9xcxd"3*e - e74)*b"3*%e"2/c”3 + (27*c”2*xd”6 + e76)*b"3/c”3) " (
1/3)*(I*sqrt(3) + 1))72*%c"2)/c”2))*log(-15%b~2*c*xd"3*%e”2 + b~™2*%e”5 + 1/4%(2
*x(1/2)7(2/3)*x(b"2xe"4/c”2 + (9*%cxd"3xe - e74)*b"2/c”2)*(~I*sqrt(3) + 1)/(2x
b"3*e"6/c”3 - 27*(c*d"3 - e73)*b"3*xd"3/c"2 + 3% (9*c*d"3*e - e74)*b"3*xe"2/c”
3 + (27xc”2xd”"6 + e76)*b~3/c”3)"(1/3) - 2xb*e”2/c + (1/2)7(1/3)*(2%¥b~3*e”~6/
c”3 - 27+(cxd”3 - e73)*b"3*d"3/c”2 + 3*(9*c*xd"3*e - e”4)xb"3*e”2/c”3 + (27%
c"2xd"6 + e76)*b"3/c”3) " (1/3)*x(Ixsqrt(3) + 1)) 2xc"2xe + 1/2%(3*b*xc™2*d"3 +
2xbxcxe”3)*x (2% (1/2)~(2/3)*x(b"2%e"4/c”2 + (9%c*xd"3xe - e74)*b~2/c”2)*(-I*sq
rt(3) + 1)/(2*xb"3*e"6/c~3 - 27*(c*d”3 - e73)*b"3*xd"3/c"2 + 3*%(9*c*d"3*e - e
“4)*b"3*%e"2/c”3 + (27*c”2xd”6 + e76)*b”"3/c”3)"(1/3) - 2%bxe”2/c + (1/2)°(1/
3)*(2xb~"3*%e”6/c”3 - 27*(c*d”3 - €73)*b~3*%d"3/c”2 + 3*(9*kc*d"3*e - e74)*b" 3%
e72/c”3 + (27xc”2xd"6 + e76)*b~3/c”3) " (1/3)*x(Ixsqrt(3) + 1)) - 18%(b~2%c™2x
d”5 - b72*c*xd"2*%e"3)*x - 3/4*sqrt(1/3)*(6%bxc™2xd"3 - 2*bkxcxe”3 - (2%(1/2)~
(2/3)*(b"2*%e"4/c”2 + (9*c*d™3xe - €74)*b~2/c”2)*(-I*sqrt(3) + 1)/(2¥b"3*e”6
/c”3 = 27*%(c*d”™3 - e73)*b"3%d"3/c”2 + 3*(9*kckd"3*e - e74)*xb"3%e"2/c”3 + (27
*Cc"2%d"6 + e76)*b"3/c"3)"(1/3) - 2%b*e”2/c + (1/2)"(1/3)*(2%¥b"3%e"6/c"3 - 2
Tx(c*d™3 - e73)*b~3*%d"3/c”2 + 3*(9*kc*kxd"3*e — e74)*b"3*%e”2/c”3 + (27*c”2*d”6
+ e76)*b73/c”3) " (1/3)*x(Ixsqrt(3) + 1))*c~2*e)*sqrt((144*b~2%c*xd"~3*%e - 4*b~
2%e”4 - 4x(2x(1/2)7(2/3)*(b"2xe"4/c”2 + (9*%cxd"3*e - e74)*b"2/c”2)*(-I*sqrt
(3) + 1)/(2%b"3*%e”6/c”3 - 27*(c*xd”3 - e73)*b"3*d"3/c”2 + 3*(9*cxd"3%e - e74
)*b"3%e72/c”3 + (27*c”2*d”6 + e76)*b"3/c”3)"(1/3) - 2*b*e”2/c + (1/2)°(1/3)
*(2*xb~3*%e”6/c”3 - 27*(c*xd”3 - e73)*b"3*%d"3/c”2 + 3*(9*c*d"3xe - e€74)*b"3xe”
2/c”3 + (27*%c72*%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*b*xcxe™2 - (2*(1/
2)7(2/3)%(b"2*%e"4/c”2 + (9*c*d”"3*e - e74)*b~2/c”2)*(-I*sqrt(3) + 1)/(2%b~3x
e76/c”3 - 27*(c*d”3 - e73)*b"3%d"3/c”2 + 3*(9*kc*kd"3*e - e74)*xb"3%e"2/c"3 +

(27*c72%d"6 + e76)*b~3/c™3)"(1/3) - 2%¥b*xe”2/c + (1/2)"(1/3)*(2xb~3%e"6/c"3

- 27*(c*d”3 - e73)*b"3*%d"3/c”2 + 3% (9*xc*xd"3*e - e74)*b"3*%e"2/c”3 + (27*c72x*
d”6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))72%c"2)/c”2)) + (6%bxe”2 + (2*(1/
2)7(2/3)%(b"2%e"4/c”2 - (9*c*d”"3*xe + e74)*b~2/c”2)*(-I*sqrt(3) + 1)/(2%b~3x
e 6/c”3 + 27*(c*d”3 + e73)*b"3%d"3/c”2 - 3*%(9*kc*kd"3*e + e74)*xb"3%e"2/c"3 +

(27*c™2%d"6 + e76)*b~3/c”3)"(1/3) - 2%¥b*xe”2/c + (1/2)"(1/3)*(2xb~3%e"6/c"3
+ 27x(c*d”3 + e73)*b"3*%d"3/c”2 - 3*%(9*cxd"3*e + e74)*xb"3*%e”2/c”3 + (27*c"2*
d”6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*c + 3*sqrt(1/3)*cxsqrt(-(144*b~2
xcxd"3*%e + 4xb"2xe”4 + 4x(2x(1/2)7(2/3)*(b"2%e"4/c”2 - (9%cxd"3*e + e74)*b”
2/c”2)*x(~Ixsqrt(3) + 1)/(2xb"3%e”6/c”3 + 27*(cxd”3 + e73)*b~3*xd"3/c”2 - 3x%(
Okcxd"3*e + e74)*b"3*e”2/c”3 + (27*c"2*d"6 + e76)*b”"3/c”3)"(1/3) - 2*b*xe”2/
c + (1/2)7(1/3)*(2*b"3*%e”6/c”3 + 27x(c*d™3 + e73)*b~"3*d"3/c”2 — 3*(9*cxd~ 3%
e + e74)*b"3%e72/c”3 + (27*c”2xd"6 + e76)*b~3/c”3) 7 (1/3)*(Ixsqrt(3) + 1))*b
xcxe”2 + (2x(1/2)7(2/3)*x(b"2*%e”4/c”2 - (9*cxd"3*e + e74)*b~2/c”2) *(-Ixsqrt(
3) + 1)/(2*%b"3%e"6/c”3 + 27x(c*d”"3 + e~ 3)*b"3*d"3/c”2 - 3*(9*cxd"3*e + e74)
*b~3%e72/c”3 + (27*c"2xd"6 + e76)*b"3/c"3)7(1/3) - 2*b*e”2/c + (1/2)7(1/3)*
(2%b~3%e"6/c”3 + 27*(c*d”3 + e73)*b"3*%d"3/c”2 - 3*(9*kc*xd"3*e + e74)*b"3%e”2
/c”3 + (27xc”2*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))72xc~2)/c”2))*log(
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-15%b~2*c*d"3*xe”2 - b"2%e”5 - 1/4%(2x(1/2)7(2/3)*(b"2*e"4/c”2 - (9*c*d"3xe
+ e74)xb~2/c”2) % (~I*sqrt(3) + 1)/(2%b~3%e”6/c”3 + 27*(c*d"3 + e~3)*b"3*d"3/
c”2 - 3%(9xcxd”"3*e + e74)*b"3*%e”2/c”3 + (27*c72*xd”"6 + e76)*b~3/c”3)"(1/3) -
2%bxe”~2/c + (1/2)7(1/3)*(2xb"3*e”6/c~3 + 27*(c*d"3 + e73)*b~3%d"3/c”2 - 3%
(9%c*d"3*e + e74)*b"3*%e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c"3) " (1/3)*(I*sqrt(3
) + 1))72xc72%e + 1/2%(3*b*c”2xd"3 - 2*bxc*xe”3)*(2x(1/2)7(2/3)*(b"2*%e~4/c"2
- (9%c*d"3xe + e74)*b72/c”2)*(~Ixsqrt(3) + 1)/(2*%b"3*e”6/c”3 + 27*(c*d”3 +
e”3)*b"3*d"3/c”2 - 3*(9*kc*d"3*e + e74)*b"3xe”2/c”3 + (27*c72*%d"6 + e76)*b”
3/c73)7(1/3) - 2xbxe”2/c + (1/2)7(1/3)*(2*xb~3*e”6/c~3 + 27*(c*d"3 + e€73)*b~
3*xd"3/c”2 - 3*%(9*c*xd"3xe + €74)*b"3%e"2/c”3 + (27*c”2*xd"6 + e76)*b~3/c”3) " (
1/3)*%(I*sqrt(3) + 1)) + 18%(b72xc™2xd"5 + b~™2xc*xd"2xe”3)*x + 3/4xsqrt(1/3)*
(6xb*xc™2%d™3 + 2%bkxcke™3 + (2x(1/2)7(2/3)*(b"2%e"4/c”2 - (9*%cxd"3*e + e74)x
b~2/c”2)*x(~I*sqrt(3) + 1)/(2xb"3%e”6/c”3 + 27*x(cxd"3 + e73)*b"3*%d"3/c"2 - 3
*(9xcxd"3%e + e74)*b"3%e"2/c”3 + (27*c”2*d"6 + e76)*b"3/c”3)7(1/3) - 2%bxe”
2/c + (1/2)7(1/3)*(2%b~3*e"6/c”3 + 27*(c*d"3 + e73)*b~3*d"3/c”2 - 3*(9*cxd”
3xe + e74)*b"3*e”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))
xc"2%e) *sqrt (- (144*b~2*xc*d"3*e + 4*b"2*%e"4 + 4x(2%(1/2)7(2/3)*(b"2%xe"4/c"2
- (9%c*xd"3xe + e74)*b72/c”2)*(-I*sqrt(3) + 1)/(2*%b"3%e”6/c”3 + 27*(c*d”"3 +
e”3)*b”"3*%d"3/c”2 - 3*%(9*cxd"3*e + e74)*xb"3*e”2/c”3 + (27*%c”2xd"6 + e76)*b”3
/c~3)7(1/3) - 2xb*xe”2/c + (1/2)7(1/3)*(2*xb~3*e"6/c"3 + 27*(c*xd”3 + e73)*b~3
*xd"3/c”2 - 3% (9*c*xd"3%e + e74)*b"3*%e"2/c”3 + (27*%c”2xd”6 + e76)*b~3/c"3)" (1
/3)*(Ixsqrt(3) + 1))x*bxc*xe”2 + (2x(1/2)7(2/3)*(b"2%e"4/c”2 - (9*c*d"3*e + e
“4)*xb"2/c”2) % (-I*sqrt(3) + 1)/(2%b"3*e”6/c”3 + 27x(c*d”™3 + e73)*b~3*d"3/c"2
- 3% (9*%c*d"3*e + €74)*b"3%e"2/c”3 + (27xc”2*d"6 + e76)*b"3/c”3)"(1/3) - 2%
b*e~2/c + (1/2)7(1/3)*(2*¥b~3%e"6/c”3 + 27x(c*d”"3 + e~ 3)*b~3*d"3/c”2 - 3*(9%
cxd”"3%e + e"4)*xb"3%e”2/c”3 + (27*c”2xd"6 + €76)*b"3/c”3) " (1/3)*(I*sqrt(3) +
1))72%c72)/c”2)) + (6%bxe”2 + (2%(1/2)7(2/3)*(b"2%e"4/c”2 - (9*cxd"3*e + e
~4)*b~2/c”2) x (~I*xsqrt(3) + 1)/(2xb~3%e”6/c”3 + 27x(c*d"3 + e73)*b"3*d"3/c"2
- 3%(9%c*xd"3*e + e74)*b"3*%e”2/c”3 + (27*c72xd"6 + e76)*b~3/c”3)7(1/3) - 2%
b*e~2/c + (1/2)7(1/3)*(2*¥b~3%e"6/c”3 + 27x(c*d”"3 + e~ 3)*b~3*d"3/c”2 - 3*(9%
c*d"3%e + e"4)*xb"3%e”2/c”3 + (27*c72xd"6 + e€76)*b"3/c”3) " (1/3)*(I*sqrt(3) +
1))*c - 3*%sqrt(1/3)*c*xsqrt(-(144*xb~2*%cxd"3*%e + 4xb~2*%xe”4 + 4%(2%(1/2)7(2/3
)k (b"2%e~4/c”2 - (9xc*d"3%e + e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2%b~3*e"6/c”3
+ 27*%(c*xd"3 + e73)*b"3*%d"3/c”2 - 3*%(9xc*d"3*%e + e74)xb"3%e72/c”3 + (27*c"2
*d"6 + e76)*b~3/c”3)"(1/3) - 2*b*e”2/c + (1/2)7(1/3)*(2%b~3*e"6/c”3 + 27*(c
*d~3 + e73)*b~3*%d"3/c”2 - 3% (9xc*d"3xe + e74)*b"3%e”2/c”3 + (27*c”2*d"6 + e
"6)*b~3/c”3) " (1/3)*(I*xsqrt(3) + 1))*bxcxe”2 + (2%(1/2)7(2/3)*(b"2%e"4/c”2 -
(9%c*xd"3%e + e74)*b72/c”2)*(~I*sqrt(3) + 1)/(2xb"3%e”6/c”3 + 27x(c*xd"3 + e
~3)*b"3*%d"3/c”2 - 3*%(9*%c*d"3*e + e74)*b"3xe”2/c”3 + (27*c"2*d"6 + e76)*b~3/
c”3)7(1/3) - 2*xb*e”2/c + (1/2)"(1/3)*(2*¥b"3%e"6/c”3 + 27x(c*xd”~3 + e73)*b~ 3%
d~3/c”2 - 3*%(9*cxd"3*e + e74)*b"3*e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c”3)"(1/
3)*(Ixsqrt(3) + 1))72%c”2)/c”2))*1log(-15%b~2%c*d~3*%e”2 - b~2*%e™5 - 1/4*(2x(
1/2)7(2/3)*(b"2*%e~4/c”2 - (9*c*xd"3xe + e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2*b~
3*xe”6/c”3 + 27x(cxd”™3 + e73)*b"3*%d"3/c”2 - 3% (9*c*d"3xe + e”4)*b"3xe”2/c”3
+ (27*c”2*d"6 + €76)*b~3/c”3)7(1/3) - 2xbxe”2/c + (1/2)7(1/3)*(2xb~3*e"6/c”
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3 + 27*(c*d”3 + e73)*b"3%d"3/c”2 - 3*(9*kckd"3*e + e74)*b"3*%e”2/c”3 + (27*c”
2%d”6 + e76)*b~3/c73) " (1/3)*(I*sqrt(3) + 1)) 2%c™2%e + 1/2%(3xbxc™2xd"3 - 2
xbxcxe”3)* (2% (1/2)7(2/3)*(b"2%e"4/c”2 - (9*c*d"3*e + e4)*b~2/c”2)*x(-I*sqrt
(3) + 1)/(2%b"3*%e”6/c”3 + 27*(c*d"3 + e73)*b"3*d"3/c”2 - 3*(9*c*xd"3*e + 74
)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b"3/c"3)"(1/3) - 2*b*e”2/c + (1/2)°(1/3)
*(2*¥b~3%e”6/c”3 + 27*(c*xd”3 + e73)*b"3*%d"3/c”2 - 3*(9*c*d"3%e + e74)*b"3xe”
2/c”3 + (27xc™2xd”"6 + e76)*b~3/c”3) " (1/3)*x(I*sqrt(3) + 1)) + 18%(b~2*c~2xd"
5 + b7™2xc*xd"2xe"3)*x - 3/4xsqrt(1/3)*(6xb*c”2%d"3 + 2*xbxc*e”3 + (2x(1/2)7(2
/3)*x(b"2%e"4/c”2 - (9%cxd"3*%e + e"4)*xb~2/c”2)*(-I*sqrt(3) + 1)/(2%b~3*e"6/c
“3 + 27*(c*d”3 + e€73)*b"3*%d"3/c”2 - 3% (9*kc*d"3*e + e74)*b"3*xe"2/c”3 + (27*c
“2*xd"6 + e76)*b”"3/c”3)"(1/3) - 2xb*xe”2/c + (1/2)"(1/3)*(2x¥b~"3*%e”"6/c"3 + 27x*
(c*d™3 + e73)*b73*d"3/c”2 - 3*(9*c*d"3*e + e74)*b"3*e”2/c”3 + (27*c72*%d"6 +
e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*c 2xe)*sqrt(-(144*xb~2%cxd"3*%e + 4xb~2
xe”4 + 4x(2x(1/2)7(2/3)*x(b"2*%e"4/c”2 - (9%cxd"3*%e + e74)*b~2/c”2) *(-Ixsqrt(
3) + 1)/(2*xb"3*e”6/c”3 + 27*(c*d"3 + e73)*b"3*xd"3/c"2 - 3*%(9*c*d"3*e + e74)
*b"3*%e”2/c”3 + (27*c”2*%d"6 + e76)*b"3/c"3)"(1/3) - 2*xb*xe”2/c + (1/2)"(1/3)*
(2%b~3%e"6/c”3 + 27*(c*d”3 + e73)*b"3%d"3/c”2 - 3*(9*kc*kd"3*e + e74)*b"3*e”2
/c”3 + (27xc”2*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))*bxc*xe™2 + (2*(1/2
)7 (2/3)%(b"2%e"4/c”2 - (9*c*d"3*e + e74)*b"2/c"2)*x(~I*sqrt(3) + 1)/(2xb~3x*e
~6/c”3 + 27*(c*d”3 + e73)*b"3*%d"3/c”2 - 3*%(9*kckd"3*e + e74)*b"3*xe”2/c”3 + (
27%c”~2%d"6 + e76)*b~3/c”3)"(1/3) - 2xb*xe”2/c + (1/2)°(1/3)*(2%b"3%e”6/c"3 +
27*(c*d”3 + e73)*b"3xd"3/c”2 - 3*%(9*c*kd"3*e + e74)*b"3%e"2/c”3 + (27*c”2x*d
"6 + e76)*b73/c”3) 7 (1/3)*(I*sqrt(3) + 1))72%c”2)/c”2)) + 4*x(bxcxe™2xx"3 + 3
xb*xckxd*e*xx™2 + 3xbkcxd"2*xx)*log(-(c*x”3 + 1)/(c*x"3 - 1)))/c

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*(at+b*atanh (cxx**3)),x)

[Out] Timed out
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Giac [A] time = 4.29223, size = 527, normalized size = 1.57

=
|
|
| =
S~——
W=

c 1
c3

4 1 4
D 2/3|c|3 arctan (% \3c3 (2x + L)) Ic|? log (xz + = i) 2 log(

—~bSd - 4 -
4 c® c’ c’7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) " 2x(a+b*arctanh(c*x~3)),x, algorithm="giac")
g g g

[Out] -1/4x%b*xc™b*d*x(2x(-1/c)~(2/3)*1log(abs(x - (-1/c)~(1/3)))/c”5 - 2*sqrt(3)*abs
(c)~(4/3)*arctan(1/3*sqrt (3)*c~(1/3)*x(2*xx + 1/c~(1/3)))/c”7 + abs(c)~(4/3)*
log(x”"2 + x/c~(1/3) + 1/c~(2/3))/c”7 - 2xlog(abs(x - 1/c~(1/3)))/c~(17/3) +
2%sqrt (3)*(-c~2) " (2/3)*arctan(1/3*sqrt (3)*(2*x + (-1/¢)~(1/3))/(-1/c)~(1/3
))/c”7 - (-c72)7(2/3)*1log(x72 + x*x(-1/c)”(1/3) + (-1/c)"(2/3))/c"T)*e + 1/4
*xb*c”3%d 2% (2xsqrt (3) *abs(c) ~(2/3) *arctan(1/3*sqrt (3)*(2*xx~2 + 1/abs(c)~(2/
3))*abs(c)~(2/3))/c”™4 - abs(c)~(2/3)*log(x"4 + x"2/abs(c)”~(2/3) + 1/abs(c)”
(4/3))/c”4 + 2xlog(abs(x™2 - 1/abs(c)~(2/3)))/(c"2*abs(c)~(4/3))) + 1/6x%(b*
c*xx”3*%e"2x1log(-(c*x"3 + 1)/(c*x"3 - 1)) + 3xb*xckd*x™2xexlog(-(c*xx~3 + 1)/(c
*x"3 - 1)) + 2kaxc*kx"3%e”2 + Bxaxckdxx"2%e + 3xbkxckd"2*xxlog(-(c*x”3 + 1)/(
c*x73 - 1)) + 6%akxcxd"2*xx + bxe " 2xlog(c™2%x™6 - 1))/c
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3.33 f (d + ex) (a +btanh™ (cx3)) dx

Optimal. Leaf size=285

_1 [2c%Px2+1
(d + ex)? (a +btanh™ (cx3)) bd log (1 - 62/3x2) bd log (C4/3x4 + 23y 4+ 1) V3bd tan™! ( - \/xé . ) belog (62/3
+ - + +

2e 2+/c 4~fc 2+/c {

[Out] -(Sqrt[3]*bxexArcTan[1/Sqrt[3] - (2xc~(1/3)*x)/Sqrt[3]])/(4*c~(2/3)) + (Sqr
t [3] *b*exArcTan[1/Sqrt [3] + (2%c~(1/3)*x)/Sqrt[3]1])/(4xc~(2/3)) + (Sqrt[3]x*
bxd*ArcTan[(1 + 2%c~(2/3)*x72)/Sqrt[3]1]1)/(2*c~(1/3)) - (b*exArcTanh[c~(1/3)
*xx])/(2%c™(2/3)) - (bxd~2*ArcTanh[c*x73])/(2%e) + ((d + e*x)”2*(a + bxArcTa
nh[c*x~3]))/(2*%e) + (b*d*Log[l - c~(2/3)*x72])/(2*c~(1/3)) + (b*exLogl[l - ¢
“(1/3)*x + ¢~ (2/3)*x72]) /(8%c~(2/3)) - (b¥xexLogll + c~(1/3)*x + c~(2/3)*x"2
1)/(8xc™(2/3)) - (bxd*Logll + c™(2/3)*x72 + c”(4/3)*x74])/(4xc~(1/3))

Rubi [A] time = 0.451595, antiderivative size = 285, normalized size of antiderivative =

. . umber of rules
1., number of steps used = 23, number of rules used = 13, integrand size = 16, oo e
integrand size

= 0.812, Rules used = {6273, 12, 1831, 275, 206, 292, 31, 634, 617, 204, 628, 296, 618}

_1 [2c2Bx%+1
(d + ex)? (a +btanh™ (cx3)) bd log (1 - cz/3x2) bd log (04/3x4 + 2Py 4 1) V3bd tan™" ( : \/x§ . ) belog (c2/3
+ - + +

2e 21/c 4xfc 2{/c z

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + b*ArcTanh[c*x~3]),x]

[Out] -(Sqrt[3]*b*exArcTan[1/Sqrt[3] - (2%c~(1/3)*x)/Sqrt[3]1]1)/(4xc~(2/3)) + (Sqr
t [3]1*bxexArcTan[1/Sqrt [3] + (2%c~(1/3)*x)/Sqrt[3]1]1)/(4*c~(2/3)) + (Sqrt[3]*
bxd*ArcTan[(1 + 2%c™(2/3)*x72)/Sqrt[3]1]1)/(2*%c~(1/3)) - (b*exArcTanh[c™(1/3)
xx])/(2xc~(2/3)) - (b*d~2*ArcTanh[c*x73])/(2*%e) + ((d + e*xx)"2x(a + bxArcTa
nh[c*x73]))/(2%xe) + (b*d*Logl[l - c~(2/3)*x72])/(2*c~(1/3)) + (b*exLogl[l - ¢
“(1/3)*x + ¢~ (2/3)*x72])/(8%c™(2/3)) - (bxexLogll + c~(1/3)*x + c~(2/3)*x"2
1)/(8xc™(2/3)) - (b*d*Logl[l + c~(2/3)*x72 + ¢~ (4/3)*x74])/(4*c™(1/3))

Rule 6273

Int[((a_.) + ArcTanh[u J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)~(m + 1)*(a + b¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +
1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(1 - u~2), x], x], x
] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]
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&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m
+ 1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 1831

Int [((Pgq_)*((c_.)*x(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)~(m + ii)*(Coeff[Pq, x, iil] + Coeff[Pq, x, n/2 + iil*x"(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}]1}, Intlv, x] /; SumQ[v]] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - 1)*(a + b*x"(n/k))p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 206

Int[((a_) + (b_.)*(x_)~2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 31*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 31*x)/(Rt[a, 3172 - Rtla, 3]*Rt[b, 3]*x + Rt[b, 3] 2%*x
~2), x1], x] /; FreeQ[{a, b}, x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQl{a, b}, xI]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - bxe)/(2%c), Int[1/(a + b*x + c*x~2), x], x] + Distl[e/(2%c), In
t[(b + 2%xc*x)/(a + bxx + c*xx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*xx~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 296

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-(a/b), nl], s = Denominator[Rt[-(a/b), nl]]l, k, u}, Simp[u = Int[(r*Cos
[(2xk*m*Pi) /n] - s*Cos[(2xkx(m + 1)#*Pi)/n]l*x)/(r~2 - 2*r*s*Cos[(2*k*Pi)/n]*
x + 872*x72), x] + Int[(r*Cos[(2*k*m*Pi)/n] + s*Cos[(2xk*(m + 1)*Pi)/n]*x)/
(r°2 + 2*r*s*Cos[(2xk*Pi)/nl*x + s72*x72), x]; (2*xr~(m + 2)*Int[1/(xr"2 - s~
2xx72), x])/(a*n*s"™m) + Dist[(2*xr"(m + 1))/(a*n*s”m), Sum[u, {k, 1, (n - 2)
/4], x1, x11 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && Lt
Qm, n - 1] && NegQ[a/Db]

Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x°2, x], x], x, b + 2%c*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rubi steps
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Mathematica [A] time = 0.102132, size = 333, normalized size = 1.17

bd (log (c2/3x2 — Jex + 1) +log (cz/3x2 + {fex + 1) -2log (1 - \3/Ex) -2log (\%x + 1) ~2+y3tan! (2—
adx + =aex? - -
2 4\/5

Antiderivative was successfully verified.

[In] Integratel[(d + exx)*(a + b*ArcTanh[c*x~3]),x]

[Out] axd*x + (a*xe*xx~2)/2 + (Sqrt[3]*bkxexArcTan[(-1 + 2*c~(1/3)*x)/Sqrt[3]1])/(4*c
~(2/3)) + (Sqrt[3]*bxexArcTan[(1 + 2xc~(1/3)*x)/Sqrt[3]])/(4xc~(2/3)) + bxd
*xx*kArcTanh [c*x73] + (b*exx™2xArcTanh[c*x~3])/2 + (b*exLogl[l - c~(1/3)*x]1)/(
4xc”(2/3)) - (bxexLogl[l + c~(1/3)*x])/(4%c~(2/3)) + (bxexLogl[l - c~(1/3)*x
+ ¢7(2/3)*x72])/(8xc™(2/3)) - (bxexLogl[l + c~(1/3)*x + ¢~ (2/3)*x72])/(8%c(
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2/3)) = (bxd*(-2xSqrt[3]*ArcTan[(-1 + 2xc~(1/3)*x)/Sqrt[3]] + 2*Sqrt[3]*Arc
Tan[(1 + 2%c™(1/3)*x)/Sqrt[3]] - 2xLogl[l - c~(1/3)*x] - 2xLogl[l + c~(1/3)*x
1 + Logll - c™(1/3)*x + c7(2/3)*x72] + Logl[l + c~(1/3)*x + c~(2/3)*x72]))/(
4xc~(1/3))

Maple [A] time = 0.031, size = 362, normalized size = 1.3

wIN

Artanh (cx®) x? 73
%26 + adx + pArtan z(cx )x ‘ + bArtanh (cx3) dx + % In (x - 3c‘l) (C_l) ; - % In (xz + Ve lx+ (C_l)

)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*x~3)),x)

[Out] 1/2*a*x"2xe+axd*x+1/2xb*arctanh (cxx”3)*x~2*e+b*arctanh (cxx~3) *d*x+1/2xb*d/c
/(1/c)”(2/3)*1n(x-(1/c)~(1/3))-1/4%b*xd/c/(1/c)~(2/3)*1n(x"2+(1/c) " (1/3) *x+(
1/c)~(2/3))-1/2xbxd/c/(1/c)~(2/3)*3~(1/2) *arctan(1/3*3~(1/2)*(2/(1/c)~(1/3)
*x+1))+1/4%bxe/c/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/8*b*xe/c/(1/c)~(1/3)*1n(x"2
+(1/c)"(1/3)*x+(1/c)~(2/3))+1/4*b*ex3"(1/2) /c/(1/c)~(1/3) *arctan(1/3*x3"(1/2
)*(2/(1/c)”(1/3)*x+1))+1/2xb*xd/c/(1/c)~(2/3) *1n(x+(1/c)~(1/3))-1/4%bxd/c/ (1
/c)”(2/3)*1n(x"2-(1/c)~(1/3)*x+(1/c)~(2/3))+1/2%bxd/c/(1/c)~(2/3) %37 (1/2) *a
rctan(1/3*x37(1/2)*(2/(1/c)~(1/3)*x-1))-1/4*xbxe/c/(1/c)~(1/3)*1n(x+(1/c)~(1/
3))+1/8*b*xe/c/(1/c)~(1/3)*1n(x~2-(1/c)~(1/3)*x+(1/c)~(2/3))+1/4*b*ex3~(1/2)
/c/(1/c)”(1/3)*arctan(1/3*%37(1/2)*(2/(1/c)~(1/3)*x-1))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+bxarctanh(c*x~3)),x, algorithm="maxima"

[Out] Exception raised: ValueError

Fricas [C] time = 14.7197, size = 9110, normalized size = 31.96

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/2*a*xe*xx™2 + a*xd*x + 1/8%(4*(1/2)7(2/3)*b™2xd*e*x(~Ixsqrt(3) + 1)/(((8*cxd”
3 + e73)*b"3/c”2 + (8*c*d”™3 - e73)*b~3/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d”
3 + e73)*b"3/c”2 + (8%c*d”3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))*log(2*(4
*x(1/2)7(2/3) #*b~"2*d*ex (~I*sqrt(3) + 1)/(((8%c*d™3 + e73)*b"3/c”2 + (8*c*xd~3
- e73)*b73/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d~3 + e73)*b~3/c”2 + (8*c*d~3
- e73)*b73/c”2) 7 (1/3)*(I*sqrt(3) + 1))*b*cxd™2 + 4*b~2xdxe”2 + 1/4x(4%x(1/2)
~(2/3)*b"2xd*ex (-I*sqrt(3) + 1)/(((8*xc*d”3 + e€73)*b~3/c”2 + (8*c*d”3 - e73)
*b73/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*%c*d™3 + e"3)*b~3/c”2 + (8*c*d"3 - e73)
*b~3/c”2) " (1/3) % (I*sqrt(3) + 1)) 2%cxe + (8*xb~"2xc*xd”™3 + b™2%e”3)*x) - 1/16%
(4%(1/2)~(2/3)*b~2*d*ex (-Ixsqrt(3) + 1)/(((8*c*xd~3 + e73)*b~3/c”2 + (8*c*xd~
3 - e73)*b"3/c”2)"(1/3)*c) - (1/2)~(1/3)*((8*c*d~3 + €73)*b~3/c”2 + (8*c*xd™
3 - e73)*b~3/c72)7(1/3)*(I*sqrt(3) + 1) - 2%sqrt(3/2)*sqrt(1/2)*sqrt(-(32*b
“2xdxe + (4%(1/2)7(2/3)*b"2xd*e* (-I*sqrt(3) + 1)/(((8*c*d"3 + e~ 3)*b~3/c"2
+ (8xcxd"3 - e73)*b73/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*cxd~3 + e~3)*b~3/c"2
+ (8xc*d”3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))~2%c)/c))*log(-(4x(1/2)"(2
/3)*b~2xd*e* (-I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8*cxd™3 - e73)*b”
3/c72)7(1/3)xc) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 + (8%c*d”3 - e~ 3)*b”
3/c72)7(1/3)*(I*sqrt(3) + 1))*b*xcxd™2 - 2%b"2*d*e”2 - 1/8%(4*x(1/2)~(2/3)*b~
2xd*xex* (~I*sqrt(3) + 1)/(((8*c*d"3 + e73)*b"3/c”2 + (8xcxd"3 - e73)*b~3/c”2)
“(1/3)*xc) - (1/2)7(1/3)*((8*c*d"3 + e73)*b~3/c”2 + (8*c*xd”3 - e73)*b~3/c”2)
“(1/3)*(I*sqrt(3) + 1))~ 2%c*xe + 1/4%sqrt(3/2)*sqrt(1/2)*(8*bxcxd~2 - (4*(1/
2)~(2/3)*b~2xd*ex* (-I*sqrt(3) + 1)/(((8*c*d™3 + e~3)*b~3/c”™2 + (8*cxd"3 - e~
3)*b73/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*cxd™3 + e73)*b~3/c”2 + (8*%c*d™3 - e~
3)*¥b73/c”2) 7 (1/3)*(I*sqrt(3) + 1))*cx*e)*sqrt(-(32+b~2xd*xe + (4%(1/2)7(2/3)*
b~ 2*d*e* (-Ixsqrt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 + (8*cxd~3 - e73)*b~3/c”
2)7(1/3)*c) - (1/2)7(1/3)*((8*cxd”™3 + e73)*b~3/c”2 + (8*cxd"3 - e73)*b~3/c”
2)7(1/3)*(I*sqrt(3) + 1))72*xc)/c) + (8*%b"2%c*d™3 + b~ 2*e"3)xx) - 1/16%x(4x(1
/2)7(2/3) #b"2xd*ex (~I*sqrt(3) + 1)/(((8*c*d”3 + e73)*b~3/c”2 + (8%c*d”3 - e
~3)*b~3/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c™2 + (8*c*d™3 - e
~3)*b~3/c”2) " (1/3) % (I*sqrt(3) + 1) + 2*sqrt(3/2)*sqrt(1/2)*sqrt (- (32*b~2*dx*
e + (4x(1/2)7(2/3)*b~2*d*ex (-Ixsqrt(3) + 1)/(((8*cxd~3 + e73)*b~3/c”2 + (8%
cxd™3 - e73)*b"3/c”2)"(1/3)*c) - (1/2)"(1/3)*((8*cxd"3 + e73)*b~3/c”2 + (8%
c*d™3 - e73)*b73/c”2) " (1/3)*(I*sqrt(3) + 1))~2%c)/c))*log(-(4*(1/2)~(2/3)*Db
“2xdxex (-Ixsqrt(3) + 1)/(((8*c*d™3 + €73)*b~3/c”2 + (8*c*d™3 - e73)*b~3/c"2
) (1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 + (8*c*d™3 - e73)*b~3/c"2
)7 (1/3) % (Ixsqrt(3) + 1))*bxc*d™2 - 2xb~2kxdxe”2 - 1/8x(4x(1/2)~(2/3)*b~2*d*e
*x(~I*xsqrt(3) + 1)/(((8%c*d~3 + e73)*b~3/c”2 + (8%c*d™3 - e73)*b~3/c”2)"(1/3
Yxc) = (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 + (8*c*d™3 - e73)*b~3/c"2)~(1/3
)*(I*sqrt(3) + 1)) 2*xcxe - 1/4*sqrt(3/2)*sqrt(1/2)*(8*b*xc*d™2 - (4*x(1/2)7(2
/3)*b"2xd*e*x (~I*sqrt(3) + 1)/(((8xc*d”3 + e73)*b~3/c”2 + (8*c*d™3 - e~ 3)*b~
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3/c72)7(1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 + (8*c*d™3 - e~ 3)*b”~
3/c”2)7(1/3) % (I*xsqrt(3) + 1))*c*xe)*sqrt(-(32xb~2*xd*xe + (4*x(1/2)7(2/3)*b"2xd
xex (-Ixsqrt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 + (8*c*xd™3 - e73)*b~3/c”2)" (1
/3)*xc) - (1/2)7(1/3)*((8%c*xd”3 + e73)*b~3/c”2 + (8%c*d™3 - e73)*b~3/c”2)" (1
/3)*x(Ixsqrt(3) + 1))72%c)/c) + (8*xb~2xcxd”3 + b™2xe”3)*x) + 1/16%(4*(1/2)7(
2/3)*b~2*dxe* (-I*sqrt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 - (8*%c*d"3 - e73)*b
73/c72)7(1/3)*c) + (1/2)7(1/3)*((8*%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b
~3/c72)7(1/3)*(I*xsqrt(3) + 1) + 2xsqrt(3/2)*sqrt(1/2)*sqrt((32%b~2xd*xe - (4
*x(1/2)7(2/3) #*b~"2xd*ex (~I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 - (8*c*d"3
- e73)*b73/c”2)"(1/3)*c) + (1/2)7(1/3)*((8*c*d~3 + e73)*b~3/c”2 - (8*c*d~3
- €73)*b73/c”2) " (1/3)*(I*sqrt(3) + 1))72%c)/c))*Llog((4x(1/2)~(2/3)*b~2*d*ex*
(-I*sqrt(3) + 1)/(((8%c*d"3 + e73)*b~3/c”2 - (8*cxd™3 - e73)*b~3/c”2)7(1/3)
xc) + (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 - (8xcxd"3 - e73)*b~3/c”2)"(1/3)
*x(Ixsqrt(3) + 1))*bxc*d™2 - 2xb~2xd*e”2 + 1/8%(4%(1/2)7(2/3)*b~2*d*e* (-I*sq
rt(3) + 1)/(((8%cxd”3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*b~3/c”2)"(1/3)*c) +
(1/2)7(1/3)*((8%c*d™3 + e73)*b~3/c”2 - (8*%c*d™3 - e73)*b"3/c”2)7(1/3)*(Ixsq
rt(3) + 1))7"2xc*xe + 1/4%sqrt(3/2)*sqrt(1/2)*(8*b*xcxd™2 - (4%(1/2)~(2/3)*b~2
*xdxex (-Ixsqrt(3) + 1)/(((8%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c"2)~
(1/3)*c) + (1/2)~(1/3)*((8*c*d"3 + e73)*b~"3/c”2 - (8*c*d”3 - e73)*b~3/c"2)~
(1/3)*(I*sqrt(3) + 1))*c*e)*sqrt((32xb~2*xdxe - (4x(1/2)7(2/3)*b"2xd*e* (~I*s
qrt(3) + 1)/(((8*%c*d~3 + e73)*b~3/c”2 - (8*c*xd™3 - e73)*b~3/c"2)"(1/3)*c) +
(1/2)7(1/3)*((8%c*d"3 + e73)*b~3/c”2 - (8*cxd™3 - e73)*b~3/c”2) " (1/3)*(I*s
qrt(3) + 1))72xc)/c) - (8%b72*c*d”3 - b™2%e”3)*x) + 1/16%(4x(1/2)"(2/3)*b"2
xd*xex (~I*xsqrt(3) + 1)/(((8*c*d”3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*b~3/c"2)"
(1/3)*c) + (1/2)7(1/3)*((8*c*d~3 + €73)*b~3/c”2 - (8*c*d"3 - e73)*b~3/c"2)"
(1/3)*(I*sqrt(3) + 1) - 2*sqrt(3/2)*sqrt(1/2)*sqrt((32xb~2xd*xe - (4*(1/2)7(
2/3)*b~2*dxe* (-I*sqrt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 - (8*%c*xd™3 - e73)*b
~3/c72)7(1/3)*c) + (1/2)7(1/3)*((8*%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e~ 3)*b
~3/c72)7(1/3)*(I*sqrt(3) + 1))72%c)/c))*log((4x(1/2)~(2/3)*b~2*d*ex(-I*sqrt
(3) + 1)/(((8%cxd”™3 + e73)*b~3/c”2 - (8%cxd”™3 - e73)*b~3/c”2)"(1/3)*c) + (1
/2)7(1/3)*((8xc*d"3 + e73)*b~3/c”2 - (8%c*d"3 - e73)*b~3/c”2) " (1/3)*(I*sqrt
(3) + 1))*b*cxd™2 - 2*b"2*d*e”2 + 1/8%(4%(1/2)7(2/3)*b~2*xd*e*x(-I*sqrt(3) +
1)/(((8%c*d"3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c”2)"(1/3)*c) + (1/2)~(1
/3)*((8%c*xd™3 + e73)*b"3/c”2 - (8xcxd”3 - e73)*b~3/c”2)"(1/3)*(I*sqrt(3) +
1))72xc*e - 1/4xsqrt(3/2)*sqrt(1/2)*(8xb*xcxd™2 - (4%(1/2)~(2/3)*b~2*d*ex (-1
*sqrt(3) + 1)/(((8*%c*d™3 + e73)*b73/c”2 - (8xc*d™3 - e73)*b~3/c”2)"(1/3)*c)
+ (1/2)7(1/3)*((8*%c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c"2) " (1/3)*(I
*xsqrt (3) + 1))*cxe)*sqrt((32*%b~2*d*e - (4*(1/2)7(2/3)*b~2*xdxe* (-I*sqrt(3) +
1)/(((8xc*d™3 + e73)*b~3/c”2 - (8*%c*d™3 - e73)*b~3/c”2)"(1/3)*c) + (1/2)7(
1/3)*((8%c*d™3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*b"3/c”2) " (1/3)*(I*sqrt(3) +
1))72%c)/c) - (8*b~2%c*d™3 - b~ 2%e”3)*x) - 1/8%(4*(1/2)7(2/3)*b~2xd*ex* (-Ix*
sqrt(3) + 1)/(((8xc*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c”2) " (1/3)*c)
+ (1/2)7(1/3)*((8%c*d™3 + e73)*b~3/c”2 - (8*%c*xd™3 - e73)*b7"3/c72) 7 (1/3)*(I*
sqrt(3) + 1))*log(-2x(4%(1/2)~(2/3)*b~2*d*e* (~I*sqrt(3) + 1)/(((8xcxd"3 + e
~3)*b~3/c”2 - (8xc*d”3 - e73)*b"3/c”2)"(1/3)*c) + (1/2)"(1/3)*((8*cxd”3 + e
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"3)*b73/c”2 - (8%c*kd™3 - e73)*b"3/c72) 7 (1/3)*(I*xsqrt(3) + 1))*bxcxd™2 + 4x*b
“2xd*xe”2 - 1/4%x(4x(1/2)7(2/3) *b"2xd*ex (~I*sqrt(3) + 1)/(((8%c*d”3 + e~ 3)*b~
3/c”2 - (8xc*d™3 - e73)*b~3/c”2)7(1/3)*c) + (1/2)7(1/3)*((8%c*d~3 + e73)*b~
3/c”2 - (8%c*d”3 - e73)*b73/c”2) " (1/3)*(I*sqrt(3) + 1)) 2*xcxe - (8xb~2*cx*d”
3 - b 2%e73)*x) + 1/4*(b*xe*xx”2 + 2%b*d*x)*log(-(c*x~3 + 1)/(c*x”3 - 1))

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(at+b*atanh(cxx**3)),x)

[Out] Timed out

Giac [A] time = 2.17951, size = 432, normalized size = 1.52

=
|
|
| =
~——
W=

c

1
3

4 1 4
D 24/3|c|3 arctan (% \3c3 (2x + i)) Ic]? log (xz + =4 i) 2 log(

b - + -
8 c® c’ c’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x~3)),x, algorithm="giac")

[Out] -1/8xb*xc™5*x(2*(-1/c)~(2/3)*1log(abs(x - (-1/¢c)~(1/3)))/c”5 - 2xsqrt(3)*abs(c

)~ (4/3)*arctan(1/3*sqrt(3)*xc~(1/3)*(2*x + 1/c~(1/3)))/c”7 + abs(c)~(4/3)*1o
g(x™2 + x/c~(1/3) + 1/c~(2/3))/c”7 - 2*log(abs(x - 1/c~(1/3)))/c~(17/3) + 2
*xsqrt (3)*(-c~2)~(2/3)*arctan(1/3*sqrt(3)*(2xx + (-1/c)~(1/3))/(-1/c)~(1/3))
/c”T = (-¢c72)7(2/3)*log(x"2 + x*(-1/c)~(1/3) + (-1/c)~(2/3))/c"T)*e + 1/4%b
*xCc™3*d* (2+sqrt (3) *abs (c) ~(2/3) *arctan(1/3*sqrt (3)*(2*xx~2 + 1/abs(c)~(2/3))*
abs(c)~(2/3))/c”4 - abs(c)~(2/3)*log(x"4 + x"2/abs(c)~(2/3) + 1/abs(c)~(4/3
))/c™4 + 2xlog(abs(x”2 - 1/abs(c)™(2/3)))/(c"2*abs(c)~(4/3))) + 1/4%b*xx"2%e
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xlog(-(c*x™3 + 1)/(c*x"3 - 1)) + 1/2%a*x"2*xe + 1/2*%bxdxx*xlog(-(c*xx~3 + 1)/(
c*x”3 - 1)) + akxd*x
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J~a+btanhflﬂw3)

3.34 dx

Optimal. Leaf size=523

d+ex

3 3 Ve(d+ex) Ve(d+ex)
bPolyLog (2, ‘/_g/(;dte:)) bPolyLog (2, ‘/:g/(;fj)) bPolyLog (2, \3/\;2 —:;/e—im) bPolyLog (2, \3/\;;1;/6—113) bPolyLc

+ +
2e 2e 2e 2e

[Out] ((a + b*ArcTanh[c*x"3])*Logld + e*x])/e + (b*Log[(ex(1 - ¢~ (1/3)*x))/(c~(1/
3)*d + e)]xLogld + exx])/(2%e) - (bxLogl[-((ex(1 + c~(1/3)*x))/(c”(1/3)*d -
e))]*xLogl[d + exx])/(2*xe) + (b*xLog[-((ex((-1)"(1/3) + c~(1/3)*x))/(c~(1/3)*d
- (-1)7(1/3)*e))1*Logld + exx])/(2%e) - (b*Log[-((ex((-1)7(2/3) + c~(1/3)*
x))/(c™(1/3)*d - (-1)7(2/3)*e))]1*Logld + e*xx])/(2*e) + (bxLog[((-1)~(2/3)*e
*(1 + (-1)7(1/3)*%c™(1/3)*x))/(c™(1/3)*d + (-1)7(2/3)*e)I*Logld + exx])/(2xe
) — (b*Log[((-1)7(1/3)*ex(1 + (-1)7(2/3)*c™(1/3)*x))/(c”(1/3)*d + (-1)~(1/3
)*e)]*Logld + exx])/(2xe) - (b*PolyLogl[2, (c~(1/3)*(d + ex*x))/(c~(1/3)*d -
e)])/(2xe) + (b*PolyLogl[2, (c~(1/3)*(d + exx))/(c~(1/3)*d + e)])/(2*%e) + (b
*PolyLog[2, (c™(1/3)*(d + exx))/(c”(1/3)*d - (-1)7(1/3)*e)])/(2xe) - (b*Pol
yLogl2, (c™(1/3)*(d + exx))/(c”(1/3)*d + (-1)7(1/3)*e)])/(2xe) - (b*PolyLog
[2, (c7(1/3)*(d + exx))/(c™(1/3)*d - (-1)7(2/3)*e)]1)/(2xe) + (b*PolyLogl2,
(c™(1/3)*(d + e*xx))/(c(1/3)*d + (-1)7(2/3)*e)])/(2%e)

Rubi [F] time = 0.0615003, antiderivative size = 0, normalized size of antiderivative = 0.,
number of steps used = 0, number of rules used = 0, integrand size = 0, number of rules_ 0.,

integrand size
Rules used = {}

dx

f a+btanh™} (cx3)

d+ex

Verification is Not applicable to the result.
[In] Int[(a + b*ArcTanh[c*x"3])/(d + e*x),x]

[Out] (axLogld + exx])/e + b*Defer[Int] [ArcTanh[c*x73]/(d + e*xx), x]

Rubi steps
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= +
d+ex d+ex d+ex

f a+btanh™ (cx3) ; f{ a btanh™! (cx3)) N

_ alog(d + ex) b f tanh ™ (cx3) n
e d+ex

Mathematica [C] time = 99.2102, size = 515, normalized size = 0.98

3 3 3 3
(—POI}’Log (2, M) + PolyLog (2, \/E(dﬂx)) + PolyLog (2 2Veld+ey) ) — PolyLog (2 2Ve(dex)

b _veaten)
alog(d + ex) N Jed—e Yed+e " 2{ed—iv3e—e " 2 {ed—iv3e-

e

Antiderivative was successfully verified.

[In] Integrate[(a + b¥ArcTanh[c*x~3])/(d + e*x),x]

[Out] (axLogld + exx])/e + (b*(2*ArcTanh[c*x"3]*Logl[d + exx] - Log[(ex(1 - IxSqrt
[3] - 2xc™(1/3)*x))/(2*%c”(1/3)*d + e - IxSqrt[3]*e)]*Logld + exx] + Logl[(ex
(=T + Sqrt[3] - (2*I)*c~(1/3)*x))/((2*xI)*c~(1/3)*d + (-I + Sqrt[3])*e)]l*Log
[d + e*xx] + Logl(ex(I + Sqrt[3] + (2%I)*c™(1/3)*x))/((-2xI)*c~(1/3)*d + (I
+ Sqrt[3])*e)]*Logld + exx] - Logl-((ex(1 + c~(1/3)*x))/(c™(1/3)*d - e))]*L
ogld + exx] - Logl[-((ex(-1 - Ix*Sqrt[3] + 2%c™(1/3)*x))/(2%c™(1/3)*d + e + I
xSqrt [3]*e))]xLogld + exx] + Logld + exx]*Logl(e - c~(1/3)*ex*xx)/(c”(1/3)*d
+ e)] - PolyLogl[2, (c™(1/3)x(d + exx))/(c"(1/3)*d - e)] + PolyLogl[2, (c~(1/
3)*(d + exx))/(c™(1/3)*d + e)] + PolyLog[2, (2%c~(1/3)*(d + e*x))/(2*c~(1/3
)*¥d - e - IxSqrt[3]xe)] - PolyLogl[2, (2xc™(1/3)*(d + e*x))/(2xc™(1/3)*d + e
- IxSqrt[3]*e)] + PolyLogl[2, (2xc~(1/3)*(d + ex*x))/(2%c”(1/3)*d - e + I*Sq
rt[3]*e)] - PolyLogl[2, (2*xc™(1/3)*(d + exx))/(2xc”(1/3)*d + e + I*Sqrt[3]*e
)1))/ (2%e)

Maple [C] time = 0.171, size = 182, normalized size = 0.4

aln (ex + d) s bln (ex + d) Artanh (cx3) b Z

In (ex +d)ln(LRl_d) +d

e e _R1

e
_R1=RootOf(c_Z°-3 cd_7*+3 cd?_Z~cd3-¢3)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~3))/(exx+d),x)
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[Out] a*ln(e*x+d)/e+b*1ln(exx+d)/e*arctanh(c*x~3)+1/2xb/e*sum(ln(e*x+d) *1n((-e*xx+_
R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1), R1=Root0f (_Z~3*c-3*_Z 2%cxd+3%_Zxc*xd~2-
c*d"3-e73))-1/2%b/exsum(1ln(e*x+d) *1n((-e*xx+_R1-d)/_R1)+dilog((-e*x+ _R1-d)/_

R1), R1=Root0f (_Z~3*c-3*_Z 2xc*d+3* Z*c*xd 2-c*d~3+e"3))

Maxima [F] time = 0., size = 0, normalized size = 0.

1 log (cx3 + 1) —log (—cx3 + 1) alog (ex + d)
Ly f dx +
2 ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d),x, algorithm="maxima")

[Out] 1/2*b*integrate((log(c*x~3 + 1) - log(-c*x~3 + 1))/(exx + d), x) + axlog(ex
x +d)/e

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (cx3) +a
ex+d &

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~3))/(e*x+d),x, algorithm="fricas")

[Out] integral((bxarctanh(c*x~3) + a)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x**3))/(e*xx+d) ,x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

bartanh (cx3) +a
f ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~3) + a)/(exx + d), x)
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a+btanhﬁ1@w3)

(d+ex)?

dx

335 |

Optimal. Leaf size=414

a+btanh™ (cx3) b+/c (\S/Ed + e) log (c2/3x2 — ex + 1) b+/c (\S/Ed - e) log (cz/3x2 + ex + 1) 3bcd?e? log(d +
B e(d + ex) B 4 (cd3 - 63) - 4 (cd3 + e3) - c2d6 — b

[Out] -(Sqrt[3]*bxc~(1/3)*ArcTan[(1 - 2%c~(1/3)*x)/Sqrt[3]1])/(2x(c~(2/3)*d"2 + ¢~
(1/3)*d*e + e72)) - (Sqrt[3]*b*xc~(1/3)*(c”~(1/3)*d + e)*ArcTan[(1 + 2xc~(1/3

)*x) /Sqrt[31]1)/(2x(c*d"3 + e73)) - (a + bxArcTanh[c*x"3])/(ex(d + exx)) + (
b*xc”(1/3)*(c™(1/3)*d - e)*Logl[l - ¢~ (1/3)*x])/(2x(c*xd”3 + e73)) + (b*xc~(1/3
)*(c™(1/3)*d + e)*Logl[l + c~(1/3)*x])/(2x(c*xd”3 - e73)) - (3*bxc*d~2xe”2xLo

gld + exx])/(c”2*%d"6 - e76) - (b*c™(1/3)*(c”(1/3)*d + e)*Logl[l - c~(1/3)*x

+ ¢ (2/3)*x72]1) /(4% (c*d"3 - €73)) - (bxc™(1/3)*(c”(1/3)*d - e)*Logl[l + c~(1
/3)xx + ¢~ (2/3)*x72]) /(4% (c*d”3 + e73)) - (b*cxd™2*Logl[l - c*x73])/(2%ex(c*

d"3 + e73)) + (b*c*xd™2*Log[1l + c*x73])/(2%ex(c*d”3 - e73))

Rubi [A] time = 0.772685, antiderivative size = 414, normalized size of antiderivative =
1., number of steps used = 20, number of rules used = 12, integrand size = 18, n,umber—()fn_ﬂes
integrand size

= 0.667, Rules used = {6273, 12, 6725, 1871, 1861, 31, 634, 617, 204, 628, 260, 1860}

a+btanh™ (cx3) b+/c (\S/Ed + e) log (c2/3x2 — ex + 1) b+/c (\S/Ed - e) log (c2/3x2 + ex + 1) 3bcd?e? log(d +
e(d + ex) B 4 (cd3 - e3) - 4 (cd3 + e3) - c2d6 — b

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*x~3])/(d + e*x)~2,x]

[Out] -(Sqrt[3]*bxc~(1/3)*ArcTan[(1 - 2%c”~(1/3)*x)/Sqrt[3]1])/(2x(c~(2/3)*d"2 + ¢~
(1/3)*d*e + €72)) - (Sqrt[3]*b*xc~(1/3)*(c™(1/3)*d + e)*ArcTan[(1 + 2xc~(1/3
)*x)/Sqrt[3]]1)/(2%(c*d”3 + e73)) - (a + bxArcTanh[c*x73])/(ex(d + e*x)) + (
bxc™(1/3)*(c”(1/3)*d - e)*Logl[l - c~(1/3)*x])/(2x(c*d™3 + e73)) + (b*c~(1/3
)¥(c™(1/3)*d + e)*Logll + c7(1/3)*x])/(2%(c*d”3 - e73)) - (3*b*c*d™2*xe"2xLo

gld + exx])/(c”2*%d"6 - e76) - (b*c™(1/3)*(c”(1/3)*d + e)*Logl[l - c~(1/3)*x

+ ¢ (2/3)*%x72]) /(4% (cxd~3 - e73)) - (b*xc™(1/3)*(c”(1/3)*d - e)*Logl[l + c~(1

/3)xx + ¢~ (2/3)*x72]) /(4% (cxd"3 + e73)) - (bkcxd"2xLogl[l - c*x~3])/(2%ex*(cx*

d"3 + e73)) + (bxcxd"2xLog[l + c*x"3])/(2%ex(c*d"3 - €73))
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Rule 6273

Int[((a_.) + ArcTanh[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x])/(1 - u~2), x], x], x
1 /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intlv, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rule 1871

Int[(P2_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{A = Coeff[P2, x, 0], B
= Coeff[P2, x, 1], C = Coeff[P2, x, 2]}, Int[(A + Bxx)/(a + b*x"3), x] + Di
st[C, Int[x"2/(a + b*x~3), x], x] /; EqQ[a*B”3 - b*xA~3, 0] || !'RationalQ[a
/v1] /; FreeQ[{a, b}, x] && PolyQ[P2, x, 2]

Rule 1861

Int[((A) + (B_.)*(x_))/((a_) + (b_.)*(x_)~3), x_Symbol] :> With[{r = Numer
ator[Rt[-(a/b), 3]], s = Denominator[Rt[-(a/b), 311}, Dist[(r*(Bxr + Axs))/
(3*a*s), Int[1/(r - s*x), x], x] - Dist[r/(3*ax*xs), Int[(r*(B*xr - 2*A*s) - s
*(Bxr + A*s)*x)/(r"2 + r*xs*x + s”2*%x"2), x], x]] /; FreeQ[{a, b, A, B}, x]
&& NeQ[a*xB~3 - b*A~3, 0] && NegQ[a/b]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 634

Int[((d_.) + (e_)*(x_))/((a)) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*xd - bxe)/(2xc), Int[1/(a + b*x + c*xx~2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
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[2xc*d - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQlq]l && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4*a*c])] /; Free
Q[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/Rt[-a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (LtQ[
a, 0] || LtQ[b, 0])

Rule 628

Int[((d_) + (e_.)*x(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 260

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 1860

Int[(CA_) + (B_.)*(x_))/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{r = Numer
ator[Rt[a/b, 3]], s = Denominator[Rt[a/b, 311}, -Dist[(r*x(B*r - Axs))/(3*ax
s), Int[1/(r + s*x), x], x] + Dist[r/(3*a*xs), Int[(r*(B*xr + 2%Axs) + s*x(Bx*r
- Axs)*x)/(r"2 - r*s*x + s72*xx72), xJ], x]J] /; FreeQ[{a, b, A, B}, x] && Ne
Q[a*xB~3 - b*A~3, 0] && PosQ[a/b]

Rubi steps
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3
a+btanh™! (cx3) _a+b tanh ™’ (cx3) b f (d+ex)gf_c2x6) dx
f (d + ex)? ax = - e(d + ex) - e
2
_a+b tanh ™! (cx3) (3bc) f (d-}—EJ{)ECszﬁ) dx
e(d + ex) - e
3b d2et de—e?x—cd?x? + de—e%x+cd?x?
B a+b tanh_l (CX3) (3bc) f cul3+e3 (cd3+63)(d+ex) * 2(cd3+e3)(—1+cx3) 2(cd3—e3)(1+cx3)
e(d + ex) e
_a +btanh™ (Cx3) _ 3bcd?e? log(d + ex) N (3bc) f 2 elfﬂsd < dx N (3bc )f 2 elicii - dx
e(d + ex) c2d® — ¢° 2e (cd3 - 63) 2e (cd3 + 63)
_a+b tanh ™ (cx3) 3bed?e?log(d + ex)  (3bc) il ‘j“:fj;c dx (3bc2d2) (3bc
ed+ex) c2d° — e 2 (cd? - ¢3) 2 (cd? - ¢3) 2e
_a+b tanh ™! (cx3) 3bed?e?log(d + ex)  bed?log (1 - cx3) bed? log (1 + cx3) (bcz/f
C ed+ex) B c2d® — ¢ 2 (cd3 + 63) * 2¢ (cd3 - 63)
_a+ btanh™ (cx3) (\/_d - e) log (1 - \/Ex) b+/c (\S/Ed + e) log (1 cx) 3bed?
e(d + ex) ¥ (cd3 + 33) * 2 (cd3 — 63) (
_a+ btanh™ (cx3) (\/_d - e) log (l \/Ex) b+/c (\/_d + e) log (1 cx) 3bcd?
B e(d + ex) ’ (cd3 + 63) (cd3 - 63) <
V3bi/ctan™! (%) V3bie (\/—d + 6) tan- (Hf/—\ﬁx) a+btanh™ (cx3) b~c (\
2 (02/3512 + ~cde + ez) B (cd3 + 63) e(d + ex) ’

Mathematica [A] time = 0.558207, size = 534, normalized size = 1.29

1 4a 2bcd?e? log (1 - czxé) b/c (—c4/3d4e + 2085 — cd®e? — fede - 35) log (c2/3x2 — {ex + 1) b/c (c‘
4| e(d+ex) - c2d6 — et - c2dbe — 7 *

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x~3])/(d + e*xx)~2,x]

[Out] ((-4xa)/(ex(d + exx)) + (2xSqrt[3]*bxc~(1/3)*ArcTan[(-1 + 2*xc~(1/3)*x)/Sqrt
[311)/(c™(2/3)*d"2 + c~(1/3)*d*e + e72) - (2xSqrt[3]*bxc~(1/3)*(c~(1/3)*d +
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e)*ArcTan[(1 + 2%c™(1/3)*x)/Sqrt[3]])/(c*xd"3 + e73) - (4*b*ArcTanh[c*x~3])
/(ex(d + exx)) + (2xbxc™(1/3)*(c™(5/3)*d"5 - ¢~ (4/3)*d 4*e + cxd"3*e”2 + ¢~
(1/3)*d*e~4 - e~ B)*Logl[l - c~(1/3)*x])/(-(c™2%d"6%e) + e77) - (2%b*xc~(1/3)*
(c(5/3)*%d"5 + c~(4/3)*d"4xe + c*xd"3*e”2 + c~(1/3)*d*e”4 + e~5)*Log[l + c~(
1/3)*x])/(-(c™2*%d"6%e) + e77) - (12xb*xc*d"2xe"2+Logl[d + exx])/(c™2*d"6 - e~
6) + (bxc™(1/3)*(2%c~(5/3)*d”5 - c~(4/3)*d"4xe - c*d"3xe”2 - ¢~ (1/3)*d*e”4
- e"5)*Logl[l - c™(1/3)*x + c~(2/3)*x72])/(c™2*d"6%e - e77) + (bxc™(1/3)*(2%
c™(5/3)*%d75 + c~(4/3)*d"4*e - c*d"3xe”2 - ¢~ (1/3)*d*e”4 + e"5)*xLog[l + ¢~ (1
/3)*xx + ¢ (2/3)*x72])/(-(c"2*%d"6%e) + e77) + (2*¥bxc*d"2xe”2xLogl[l - c~2%x76
1)/(c™2%d™6 - €76))/4

Maple [A] time = 0.039, size = 591, normalized size = 1.4

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~3))/(e*xx+d)~2,x)

[Out] -a/(exx+d)/e-b/(e*xx+d)/e*arctanh(c*x~3)-3xbkxe 2xc*d~2/(c*d~3+e”~3)/(c*d"~3-e"
3)*1n(exx+d)+b/ (2xc*d"3+2%e”3)*d/(1/c) " (2/3)*1n(x-(1/c)~(1/3))-1/2*b/ (2*c*d
~3+2%e”3)*d/ (1/c) " (2/3) *1n(x"2+(1/c)~(1/3)*x+(1/c)~(2/3))-b/ (2%c*d~3+2%e~3)
xd/(1/c)~(2/3)*3~(1/2)*arctan(1/3*3~(1/2)*(2/(1/c) " (1/3)*x+1) ) -b*xe/ (2%c*d"~3
+2%e73)/(1/c)~(1/3)*1n(x-(1/c)~(1/3) ) +1/2%b*e/ (2xcxd~3+2%e~3) /(1/c) ~(1/3) %1
n(x~2+(1/c)~(1/3)*x+(1/c)~(2/3)) -b*xe/ (2xc*d~3+2%e~3)*37(1/2) /(1/c) " (1/3) *ar
ctan(1/3%37(1/2)*(2/(1/c)~(1/3)*x+1))-b/exc/ (2xc*d~3+2%e”~3) *d~2*1n(c*x~3-1)
+b/ (2%cxd~3-2%e~3)*d/ (1/c) "~ (2/3)*1n(x+(1/c)~(1/3))-1/2%b/ (2*c*d~3-2xe"3) *d/
(1/c)”(2/3)*1n(x"2-(1/c)~(1/3)*x+(1/c)~(2/3) ) +b/ (2*c*d~3-2%e~3) *d/ (1/c) ~(2/
3)*37(1/2)*arctan(1/3*3~(1/2)*(2/(1/c)~(1/3)*x-1) ) +b*xe/ (2xc*d~3-2%e~3) /(1/c
)" (1/3)*1n(x+(1/c)~(1/3))-1/2xb*xe/ (2*xc*d~3-2%e~3) /(1/c)~(1/3)*1n(x"2-(1/c) "
(1/3)*x+(1/c)~(2/3))-bxe/ (2*c*d~3-2%e~3)*37(1/2)/(1/c) ~(1/3) *arctan(1/3*3"(
1/2)%(2/(1/c)~(1/3)*x-1))+b/exc/ (2*xc*d"3-2%e"3) *d~2*1n(c*x"3+1)

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: ValueError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d)~2,x, algorithm="maxima")
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[Out] Exception raised: ValueError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x73))/(e*xx+d)”2,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**3))/(e*x+d)**2,x)

[Out] Timed out

Giac [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="giac")

[Out] Timed out
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x3 (a+b tanh ™" (c\/E))

1-c2x

3.36 dx

Optimal. Leaf size=195

bPolyLog (211 - ﬁ) x3 (a +btanh™ (cﬁ)) x? (u +btanh™ (C\/})) x (u +btanh™ (C\/})) (u +btan

c8 3¢c2 2c4 c® l

[Out] (-11xbxSqrt[x])/(6xc~7) - (Bxbxx~(3/2))/(18%c”5) - (b*x~(5/2))/(15%c~3) + (
11xb*ArcTanh[c*Sqrt [x]])/(6%c™8) - (x*(a + bxArcTanh[cxSqrt[x]]))/c”6 - (x~

2%(a + bxArcTanh[cxSqrt[x]]1))/(2*c”4) - (x"3*(a + bxArcTanh([cxSqrt[x]]1))/(3

xc"2) - (a + b¥ArcTanh[c*Sqrt[x]])~2/(b*c™8) + (2*(a + bxArcTanh[c*Sqrt[x]]
)*Log[2/(1 - c*Sqrt[x])])/c™8 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c”8

Rubi [A] time = 0.600731, antiderivative size = 195, normalized size of antiderivative =
1., number of steps used = 19, number of rules used = 10, integrand size = 26, number of rules

= 0.385, Rules used = {43, 5980, 5916, 302, 206, 321, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (2/1 - ﬁ) x3 (a +btanh™ (c\/E)) x? (a +btanh ™ (C\/})) x (a +btanh ™ (C\/E)) (a +btan

c8 3¢2 2ct c® !

Antiderivative was successfully verified.

[In] Int[(x"3*(a + bxArcTanh[cxSqrt[x]]))/(1 - c”2%x),x]

[Out] (-11xbxSqrt[x])/(6xc”7) - (5xbxx~(3/2))/(18%c”5) - (b*x~(5/2))/(15%c™3) + (
11xb*ArcTanh [c*Sqrt [x]])/(6%c™8) - (x*(a + bxArcTanh[c*Sqrt[x]]))/c”6 - (x~

2% (a + b*ArcTanh[c*Sqrt[x]]))/(2%c™4) - (x73*(a + b*ArcTanh[c*Sqrt[x]]))/(3

xc"2) - (a + bxArcTanh[c*Sqrt[x]])~2/(b*xc”8) + (2x(a + bxArcTanh[c*Sqrt[x]]
)*Log[2/(1 - cxSqrt[x])])/c"8 + (b*PolyLogl[2, 1 - 2/(1 - cxSqrt[x])])/c"8

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*xd, 0] &% IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5*(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980
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Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((£f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
1D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c~2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
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p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps

3 -1 7 -1
f X (a + btanh (c\ﬁ)) e = 2 Subet [f X (a + btanh (cx)) drx, \/E]

1-c%x 1 — c2x?

1-c2x2

x5(u+b tanh_l(cx))
2 Subst (fx5 (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f ——— 7 dx,x,\x
- +

c? c?

3 -1 3 -1 2 Subst (
x (a + btanh (c\/E)) B 2 Subst (fx (a + btanh (cx)) dx, x, \/E) N

3¢2 ct

x? (a +btanh™ (c\/})) x3 (a +btanh™ (c\/E)) 2 Subst (fx (a +btanh ™ (c
2c4 - 3c? - c®

byx bx¥? % x (11 +btanh™ (C\/J_c)) x? (a +btanh™ (cﬁ)) x3 (a +
B T & - 2 -

11b\x 56x¥2  bx¥2  btanh™ (cvx) x(a+ btanh™" (cvx))  22(a+bta

TTod 185 158 T 3¢8 - c6 - 2
11byx 532 b2 116 tanh ™’ (c\/E) X (a +btanh™ (cﬁ)) x? (a + bt
TTe 186 158 T 68 - r: -

11byx  5bx32  pa52  11b tanh ™ (C\/E) x (a +btanh™ (c\/E)) x? (a + bt

- - +
6¢7 18¢®  15¢3 6¢8 ct
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Mathematica [A] time = 0.552083, size = 160, normalized size = 0.82

-1
90bPolyLog (2, —e2tanh (Cﬁ)) + 30acSx® + 45actx? + 90ac2x + 90alog (1 - c2x) + 6bc®x™2 + 25bc3x¥2 + 15b tanh
B 90c8

Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c™2%x),x]

[Out] -(165%bxcxSqrt[x] + 90*axc™2*x + 25*b*c™3xx~(3/2) + 45%axc™4*x”2 + 6xb*xc”5x
x7(5/2) + 30*a*xc”6xx~3 - 90*b*ArcTanh[c*Sqrt[x]]~2 + 15xbxArcTanh[c*Sqrt [x]

Ix (=11 + 6%c™2%x + 3%c™4*x"2 + 2%c76%x"3 - 12*Log[l + E~(-2%ArcTanh[c*Sqrt[
x]11)]1) + 90%axLog[l - c”2*xx] + 90*b*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]]1)])

/ (90%c~8)

Maple [A] time = 0.053, size = 309, normalized size = 1.6

e a6 Ciln (c X - 1) - C%ln (1 + C\/;) - gArtanh (C\/E) - S—izArtanh (C\/E) - %Artanh (C\/E) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(at+b*arctanh(c*x~(1/2)))/(-c " 2*x+1),x)

[Out] -1/3/c”2%a*x~3-1/2/c 4*x"2xa-1/c 6%x*a-1/c 8*a*xln(c*x"(1/2)-1)-1/c 8*a*1n(1
+cxx™(1/2))-1/3/c”2*%b*arctanh (c*x~(1/2) ) *x~3-1/2/c~4*b*arctanh (c*x~ (1/2)) *x
~2-1/c”6*bxarctanh(c*x”(1/2))*x-1/c 8*b*arctanh(c*x~(1/2))*1n(c*x~(1/2)-1)-
1/c”8*b*arctanh (c*x” (1/2))*1n(1+cxx~(1/2))-1/4/c”8*b*1n(c*x~(1/2)-1)"2+1/c”
8*b*xdilog(1/2+1/2xc*x™(1/2))+1/2/c”8%b*1n(c*x”~ (1/2)-1)*1n(1/2+1/2xc*x~(1/2)
)+1/2/c”8*b*x1n(-1/2*%cxx~(1/2)+1/2)*1n(1/2+1/2%c*x~(1/2))-1/2/c”"8*b*1n(-1/2%
cxx”(1/2)+1/2)*1n(1+c*xx~(1/2))+1/4/c”8*b*1n (1+cxx~(1/2)) ~2-1/15%b*xx~(5/2) /c
~3-5/18%b*x~(3/2) /c~5-11/6%b*x~(1/2) /c~7-11/12/c~8*b*1n(c*x~(1/2)-1)+11/12/
c”8*b*1n(1+cxx~(1/2))

Maxima [A] time = 1.79632, size = 332, normalized size = 1.7

1 1 . (1 1
1 2c4x3+3czx2+6x+610g(CZX—1)] (log(c x+1)log(—5c x+§)+L12(§C x+§))b+11b10g(c X

—;
6 c® c8 c8 12¢8
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima"

[Out] -1/6x%a*x((2*c™4*x"3 + 3*c™2%x"2 + 6%x)/c”6 + 6xlog(c™2*x - 1)/c”8) - (log(cx
sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”8

+ 11/12xb*log(c*ksqrt(x) + 1)/c”8 - 11/12xb*xlog(c*ksqrt(x) - 1)/c™8 - 1/180%(
12xb*c”5*x~ (5/2) + B0*b*c~3*x”(3/2) + 45*bxlog(cxsqrt(x) + 1)72 - 45xbx*xlog(
—c*xsqrt(x) + 1)72 + 330xb*c*xsqrt(x) + 15%x(2xb*c™6%x”3 + 3*%b*xc™4*x"2 + 6%b*c
“2xx)*log(cksqrt(x) + 1) - 16x(2xbxc™6*x™3 + 3xb*c™4*x™2 + 6*b*c™2%x + 6*bx
log(cxsqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”8

Fricas [F] time = 0., size = 0, normalized size = 0.

bx3 artanh (C\/E) +ax®

2x -1

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(bxx~3xarctanh(c*sqrt(x)) + a*x~3)/(c™2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f 13 ] f bx® atanh (c\/E)
_ Y-

2x -1 2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(a+b*atanh (c*x**(1/2)))/(-cx*2xx+1) ,x)

[Out] -Integral (axx*x3/(cx*2*x - 1), x) - Integral (b*x**3*atanh(cksqrt(x))/(ck*2x%
x - 1), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f ) (b artanh (C\/E) + a)x3

cx -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x~3/(c™2*x - 1), x)
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xz(a+b tanh ™" (c\/E))

1-c2x

3.37 dx

Optimal. Leaf size=160

bPolyLog (2,1 - 1z) 22 (a+ btanh™ (cv&)) x(a+btanh (eyE)) (a+ btanh (cyF))] 2108 (1o
o - 2¢2 - ct - bct "

[Out] (-3*b*Sqrt[x])/(2%c”5) - (b*x~(3/2))/(6*c~3) + (3*bxArcTanh[c*Sqrt[x]])/ (2%
c™6) - (xx(a + bxArcTanh[c*Sqrt[x]]))/c”4 - (x72%(a + bxArcTanh[c*Sqrt[x]])

)/ (2%c”2) - (a + b*ArcTanh[c*Sqrt[x]])~2/(b*c”6) + (2%(a + b*ArcTanh[c*Sqrt
[x]11)*Logl[2/(1 - c*Sqrt[x])])/c”6 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrtl[x])]1)/c

~6

Rubi [A] time = 0.428567, antiderivative size = 160, normalized size of antiderivative =

1., number of steps used = 14, number of rules used = 10, integrand size = 26, number of rules

= 0.385, Rules used = {43, 5980, 5916, 302, 206, 321, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (2/1 - ﬁ) x? (a +btanh™ (c\/E)) x (a +btanh™ (c\/E)) (a +btanh™ (c\/E))Z 2log (ﬁ
o - 2¢? - ct - bcb i

Antiderivative was successfully verified.

[In] Int[(x"2%(a + bxArcTanh[cxSqrt[x]]))/(1 - c™2%x),x]

[Out] (-3*b*Sqrt[x])/(2%c”5) - (b*x~(3/2))/(6*c”3) + (3*bxArcTanh[c*Sqrt[x]])/ (2%
c"6) - (xx(a + b*ArcTanh[c*Sqrt([x]]))/c™4 - (x"2*(a + b*ArcTanh[c*Sqrt([x]])

)/ (2%c™2) - (a + b*ArcTanh[c*Sqrt[x]])~2/(b*c~6) + (2x(a + b*ArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - c*Sqrt[x])])/c"6 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c

~6

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*xd, 0] &% IGtQ[m, 0] && ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4%n + 4, 0]) || LtQ[9*m + 5*(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980
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Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((£f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
1D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c~2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh([c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(c*d), Int[(a + bxArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*xLog[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
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p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c™2xx"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - e~2, 0
]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2*xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Log[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps

1-c2x 1 —c2x2

2 -1 5 -1
f x (u + btanh (cﬁ)) e = 2 Subst [f x (a + btanh (cx)) dox, \/;)

x3(u+b tanhfl(cx))

2 Subst (fx3 (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f 122 dx, x, \/x
- +

c? c?

x? (a +btanh™ (C\/E)) 2 Subst (fx (a +b tanh_l(cx)) dx, x, \/E) 2Subst (J
2¢? B A +

2Su

x (a +btanh™ (C\/E)) x? (a +btanh™ (C\/})) (a +btanh™ (cﬁ))

2
=- - - +
ct 2c2 bc®

_3byx bR x (a +btanh™ (cﬁ)) x? (a +btanh ™ (c\/E)) (a +btanh™

2¢° 6c3 ct 2¢? bc®
3byx b3 3b tanh ™! (c\/E) x (u +btanh™! (cﬁ)) x? (a +btanh™! (C\/
T 285 63 " 2¢t - ct - 2¢2

3byx b2 3b tanh™" (c\/E) x (a +btanh™ (C\/E)) x? (a +btanh™ (c\/
T8 e - 2ct - c4 B 2¢2

Mathematica [A] time = 0.379533, size = 130, normalized size = 0.81

1
6bPolyLog (2, —e2tanh (Cﬁ)) + 3ac*x? + 6acx + 6alog (1 — c2x) + b2 + 3b tanh ™ (c\/E) (c4x2 + 2c2x — 4 1og

6c°
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Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c™2%*x),x]

[Out] -(9%bkxcxSqrt[x] + 6xa*xc™2*x + b*xc™3*x~(3/2) + 3*axc™4*x"2 - 6xbxArcTanh[c*S
qrt[x]]172 + 3*b*ArcTanh[c*Sqrt[x]]1*(-3 + 2%c™2%x + c”4*x"2 - 4xLog[l + E~(-
2xArcTanh [c*Sqrt[x]])]) + 6*%axLog[l - c~2*x] + 6*b*PolyLog[2, -E~(-2*ArcTan
hlc*Sqrt[x]]1)]1)/(6xc™6)

Maple [B] time = 0.05, size = 276, normalized size = 1.7

gé_g—%m@x—ﬂ—gm@+wﬂ—%9mwﬂﬂ@—gAmmﬂNa‘%Mmm@ﬁmﬂ“gq

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arctanh(c*x”~(1/2)))/(-c " 2*xx+1),x)

[Out] -1/2/c”2*x"2*a-1/c 4*x*a-1/c 6*xaxIln(cxx~(1/2)-1)-1/c"6*axln(1+c*xx~(1/2))-1/
2/c”2xb*arctanh (cxx~(1/2) ) *x~2-1/c 4*xb*arctanh (c*x~(1/2))*x-1/c”6xb*arctanh
(e*xx~(1/2))*1In(c*x~(1/2)-1)-1/c"6*b*arctanh (c*x~ (1/2) ) *In(1+cxx~(1/2))-1/4/
c"6xb*x1n(c*x~(1/2)-1)"2+1/c”6xb*dilog(1/2+1/2xc*x~(1/2))+1/2/c”6*b*1n(c*xx" (
1/2)-1)*1n(1/2+1/2%cxx” (1/2))+1/2/c”6*b*x1n(-1/2*c*x~ (1/2)+1/2) *1n(1/2+1/2%*c
*x7(1/2))-1/2/c”6xbx1n(-1/2xc*xx~ (1/2)+1/2) *In(1+c*x~(1/2) )+1/4/c~6%b*1n(1+c
*x7(1/2))72-1/6*%bxx~(3/2) /c~3-3/2%b*x~(1/2) /c~5-3/4/c”6*xb*x1n(c*x~(1/2)-1)+3
/4/c”6xb*x1n(1+c*xx~(1/2))

Maxima [A] time = 1.75142, size = 281, normalized size = 1.76

1 1 . (1 1
1 c2x2+2x+210g(c2x—1)] (log(c x+1)10g(—§c x+§)+L12(§c x+§))b+3blog(c x+1) 3b1c

——a
2 ct c6 c6 46

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima"

[Out] -1/2%ax((c™2*x72 + 2xx)/c”4 + 2*log(c™2*x - 1)/c”6) - (log(cksqrt(x) + 1)x1
og(-1/2xc*sqrt(x) + 1/2) + dilog(l/2*c*sqrt(x) + 1/2))*b/c”6 + 3/4xb*log(cx
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sqrt(x) + 1)/c”6 - 3/4xbxlog(cksqrt(x) - 1)/c™6 - 1/12%x(2%bxc™3*x~(3/2) + 3
xb*log(c*ksqrt(x) + 1)72 - 3xbxlog(-cxsqrt(x) + 1)72 + 18xb*cksqrt(x) + 3x*(b
*xCT4A*x"2 + 2%bxc”2*x)*log(cxsqrt(x) + 1) - 3k (b*xc™4*x™2 + 2%b*c™2%x + 2%bx1
og(cxsqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”6

Fricas [F] time = 0., size = 0, normalized size = 0.
bx? artanh (C\/E) + ax?

2x -1

integral | - , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*x~2*arctanh(c*sqrt(x)) + a*x~2)/(c”2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

—f ax? dx—fbxz atanh (C\/E)

2x -1 2x -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+b*atanh(c*x**(1/2)))/(-cx*2xx+1) ,x)

[Out] -Integral(a*xx*x2/(cx*2xx - 1), x) - Integral (bxx**2xatanh(cksqrt(x))/(cx*2x*
x - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f— (b artanh (c\/i) + a)x2

d
c2x -1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x"2/(c”2*x - 1), x)
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x(a+b tanh ™ (c\/E))

1-c2x

3.38 dx

Optimal. Leaf size=120

bPolyLog (2,1 - ﬁ) (a +btanh™ (cﬁ))z X (a +btanh™ (c\/E)) 2log (ﬁ) (ﬂ +btanh™ (C\/;))
- - +

ct bct c? ct

[Out] -((b*Sqrt[x])/c~3) + (b*ArcTanh[c*Sqrt[x]])/c”4 - (x*(a + b*ArcTanh[c*Sqrt[
x]11))/c”2 - (a + bxArcTanh[c*Sqrt[x]])~2/(bxc~4) + (2x(a + bxArcTanh[c*Sqrt
[x]11)*Logl[2/(1 - cxSqrt[x]1)])/c™4 + (b*PolyLogl[2, 1 - 2/(1 - c*Sqrt[x])])/c

4

Rubi [A] time = 0.259834, antiderivative size = 120, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 24, "> % _

0.375, Rules used = {43, 5980, 5916, 321, 206, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (2/1 - ﬁ) (a +btanh™ (c\/E))Z x (a +btanh™ (c\/E)) 2log (ﬁ) (’1 +btanh™’ (C\/E))
- - +

4 bct c2 ct

Antiderivative was successfully verified.

[In] Int[(x*(a + b*ArcTanh[c*Sqrt([x]]))/(1 - c~2*x),x]

[Out] -((b*Sqrt([x])/c”3) + (b*ArcTanh[c*Sqrt[x]])/c”4 - (x*(a + bxArcTanh[c*Sqrt[
x]11))/c”2 - (a + bxArcTanh[c*Sqrt[x]])~2/(b*c™4) + (2%(a + b¥ArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - c*Sqrt(x])])/c”4 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c

4

Rule 43

Int[((a_.) + (b_D)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !'IntegerQ[n] || (EqQlc, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((f_.)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f"2/e, Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*x
1D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(

by
CE

by
C
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d + exx™2), x], x] /; FreeQ[{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*(x_))/((d ) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*x(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(bx*cx
p)/e, Int[((a + b*ArcTanh([c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x], x]1 /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, O
]

Rule 2402

Int[Log[(c_.)/((d.) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
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c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]
Rule 2315
Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*xd, 0]

Rubi steps

-1 3 -1
f x (a + btanh (C\/E)) e 2 Subst [f x (a + btanh (cx)) dox, \/;)

1-c2x 1 —c2x2

x(u+b tanh_l(cx))
2 Subst (fx (a +b tanh_l(cx)) dx, x, \/E) 2Subst (f T2 dx, x, \/E)
B +

= - ;
-1 i 1 2 Ca+b tanh_l(cx)

x (a +btanh (cﬁ)) (a + btanh (cﬁ)) 2Subst (f — \/E)
- c2 B bc + c3

byx  x(a+btanh™ (cyR)) (a+btanh (cyx)” 2(a+btanh™ (eVR))log
T8 c2 - bct + A

b btanh™ (cyx) x(a+btanh™ (cy/x a+btanh™ (cyx 2 2 (a +Db
b o)t )b )
_ _b\f N btanh_: (C\/E) X (a + btanzh_1 (cﬁ)) B (a +btanh™ (C\/;))z X 2 (a +b

c c c bc*

Mathematica [A] time = 0.219557, size = 96, normalized size = 0.8

bPolyLog (2, —e_Ztanhfl(Cﬁ)) +ac%x + alog (1 - 2x) + btanh™ (cyx) (czx ~2log (e‘Zta“hfl(Cﬁ) + 1) - 1) + bey/x

Poi

Warning: Unable to verify antiderivative.

[In] Integrate[(xx(a + bxArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -((bxc*Sqrt[x] + a*c™2*x - b*ArcTanh[c*Sqrt[x]]~2 + b*ArcTanh[c*Sqrt[x]]*(-
1 + c¢™2*%x - 2%Log[l + E~(-2*%ArcTanh[c*Sqrt[x]])]) + axLogll - c™2%x] + b*Po
lyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]]1)])/c~4)
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Maple [B] time = 0.051, size = 243, normalized size = 2.

O L (evE 1)~ (1 + ev) - 3 Artanh (c&) - — Artanh (cv&) In (evE ~1) - 1 Artan (eyF) n (1

2
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1) ,x)

[Out] -1/c ™ 2*x*a-1/c 4*axIln(cxx~(1/2)-1)-1/c"4*a*xln(1+c*xx~(1/2))-1/c”2xb*arctanh(
cxx~(1/2))*x-1/c 4*b*arctanh(c*xx~(1/2) ) *1In(c*x~(1/2)-1)-1/c"4*b*arctanh (c*x
“(1/2))*In(1+c*x~(1/2))-bxx~(1/2) /c”3-1/2/c”4xb*x1n(c*xx~ (1/2)-1)+1/2/c”4*xb*1
n(1+cxx~(1/2))-1/4/c”4xb*x1n(c*x~(1/2)-1) "2+1/c"4xb*dilog(1/2+1/2xc*x~(1/2))
+1/2/c”4xbx1n(cxx~(1/2)-1)*1n(1/2+1/2*xc*xx”~(1/2) )+1/2/c”4*b*1n(-1/2*c*x~ (1/2
Y+1/2)*1n(1/2+1/2*%c*x™(1/2))-1/2/c"4xb*x1n(-1/2*c*x~ (1/2)+1/2) *In(1+cxx~(1/2
))+1/4/c”4*b*xIn(1+cxx~(1/2) )72

Maxima [A] time = 1.75246, size = 224, normalized size = 1.87

x log(czx—l) (105%(0 x+1)log(—%c x+%)+Liz(%c x+%))b blog(c x+1) blog(cﬁ—l)
[ J_ ct " 2c¢4 - 2c4 ]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="maxima"

[Out] -a*x(x/c”2 + log(c™2*x - 1)/c”4) - (log(ckxsqrt(x) + 1)*log(-1/2%c*sqrt(x) +
1/2) + dilog(1/2*cx*sqrt(x) + 1/2))*b/c”4 + 1/2%bxlog(c*sqrt(x) + 1)/c™4 - 1
/2¥bxlog(cxsqrt(x) - 1)/c”4 - 1/4x(2xb*c™2*x*log(cxsqrt(x) + 1) + bxlog(c*s
grt(x) + 1)72 - bxlog(-c*sqrt(x) + 1)72 + 4xb*cxsqrt(x) - 2*(b*c™2%x + bxlo
g(c*ksqrt(x) + 1))*log(-cxsqrt(x) + 1))/c™4

Fricas [F] time = 0., size = 0, normalized size = 0.

bx artanh (C\/E) +ax
c2x -1

integral [ - ,X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*x*arctanh(cxsqrt(x)) + a*xx)/(c”™2*x - 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

bx atanh (c\ﬁ)

ax
- d —f—d
fczx—l X 2x -1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*atanh(c*x**(1/2)))/(-cx*2xx+1) ,x)

[Out] -Integral(a*x/(c**2xx - 1), x) - Integral(b*x*atanh(c*sqrt(x))/(c**2xx - 1)

, X)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f B (b artanh (c\/E) + a)x

c2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(atb*arctanh(c*x™(1/2)))/(-c™2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x/(c™2*x - 1), x)
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a+btanh ™! cvVx
[ (V%)

1-c2x

3.39

Optimal. Leaf size=78

dx

bPolyLog (2 1-— C\/_) (a+ btanh™! (c\/;))z 210g( \/_) (a+btanh” (cﬁ))

c? bc? c?

[Out] -((a + b*ArcTanh[c*Sqrt[x]])~2/(b*c”2)) + (2*(a + bxArcTanh[c*Sqrt[x]])*Log
[2/(1 - c*Sqrt[x])])/c™2 + (b*PolylLog[2, 1 - 2/(1 - c*Sqrt[x])])/c~2

Rubi [A] time = 0.125208, antiderivative size = 78, normalized size of antiderivative =
. . f rul
1., number of steps used = 5, number of rules used = 4, integrand size = 23, number of rules_

integrand size
0.174, Rules used = {5984, 5918, 2402, 2315}

bPolyLog (2 1-— C\/_) (a + btanh™? (C\/}))Z 210g( ‘/_) (a+btanh” ( \/E))

c? bc? c?

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c~2*x),x]

[Out] -((a + b*ArcTanh[c*Sqrt[x]])~2/(b*c”2)) + (2x(a + bxArcTanh[c*Sqrt[x]])*Log
[2/(1 - c*Sqrt[x])]1)/c”2 + (b*PolyLogl2, 1 - 2/(1 - c*Sqrt[x])])/c"2

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )I*(b_.))"(p_.)*(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b¥ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, ¢, d, e
}, x] &% EqQ[c™2%d + e, 0] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[c*x]) “p*Log[2/(1 + (e*x)/d)])/e, x] + Dist[(b*cx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - "2, 0
]

Rule 2402
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Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_ ) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
c, d, e, £, gr, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315
Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -

cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rubi steps

-1 -1
J rbtenl o) dx:ZSubSt[ J rlos biomh ) dx,x,\/;)

1_ 2x 1 - c2x2

_ (a +btanh™ (cﬁ))z 2Subst (f Mt?il—glm dx, x, \/E)
T bCZ * C
IOg(—ch)

(a +btanh™ (C\/E))z 2 (” +btanh™ (C‘/&)) log (1_3—\/;) (2b) Subst (f ﬁ dx,
- bCZ * C2 - c

(a+ btanh ™ (cy))’ 2(a+btanh™ (cv))log () () Subst ([ 542 d, x
T bCZ " C2 * C2
_ (a +btanh™ (c\/E))Z . 2 (a +btanh ™ (cﬁ)) log (1_5\/;) . bLi, (1 - ﬁ)
B bc? 2 2

Mathematica [A] time = 0.0968517, size = 75, normalized size = 0.96

b (PolyLog (2, —e72 tanh_l(cﬁ)) — tanh™" (c\/E) (tanh_l (C\/E) +2log (e_Ztanh_l(Cﬁ) + 1))) alog (1 _ sz)

c? c?

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c™2*x),x]

[Out] -((a*Logl[l - c™2*x])/c”2) - (b*(-(ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] +
2xLog[1 + E~(-2*ArcTanh[c*Sqrt[x]]1)])) + PolyLog[2, -E~(-2%ArcTanh[c*Sqrt[x
1D1))/c™2
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Maple [B] time = 0.046, size = 186, normalized size = 2.4

_c% In (C\/; - 1) - ;2 In (1 + C\/;) - C%Artanh (C\/Z) In (C\/; - 1) - C%Artanh (C\/;) In (1 + C\/;) - 4LC2 (ln (c X —

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/(-c"2*x+1) ,x)

[Out] -1/c " 2*a*1n(c*x~(1/2)-1)-1/c " 2*a*xIn(1+c*x~(1/2))-1/c " 2*¥b*arctanh(c*x~(1/2))
*1In(cxx~(1/2)-1)-1/c"2*b*arctanh(c*x~ (1/2) ) *1n(1+c*x~(1/2))-1/4/c"2*¥b*1n(c*
x7(1/2)-1)"2+1/c"2xb*dilog(1/2+1/2*c*x~(1/2))+1/2/c™2xbx1n(c*xx~(1/2)-1) *1n(
1/2+1/2*xc*x”(1/2))+1/2/c” 2xbx1n(-1/2%cxx”~(1/2)+1/2) *1n(1/2+1/2%c*x"(1/2)) -1
/2/c”2xb*1In(-1/2*xc*x™ (1/2)+1/2) *1n(1+cxx™(1/2))+1/4/c”2*b*1n(1+c*xx~(1/2)) "2

Maxima [A] time = 2.07543, size = 136, normalized size = 1.74

(log(c x+1)log(—%c x"‘%)"‘LiZ(%C x+§))b alog(czx—l) blog(c x+1)2—2blog(c x+1)10g(—
- c? - c2 - 42

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥b/c”2 - axlog(c™2xx - 1)/c”2 - 1/4x(bxlog(c*sqrt(x) + 1)72 - 2*bxlog(cxsq
rt(x) + 1)xlog(-c*sqrt(x) + 1) - b*log(-c*sqrt(x) + 1)72)/c"2

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

2x -1

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="fricas")

[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c™2*x - 1), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

dx

a batanh (c\/E)
_fczx—l x—f c2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**(1/2)))/(-c**2*x+1),x)

[Out] -Integral(a/(c**2*x - 1), x) - Integral(bxatanh(c*sqrt(x))/(cx*2xx - 1), x)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f— bartanh (c\/}) +a

2x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(-c~2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x - 1), x)
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3.40 dx

a+btanh ™! cvVx
[ (V%)

x(l—czx)

Optimal. Leaf size=69

(a +btanh™ (cﬁ))z

2 1)+
cvVx +1 b

—bPolyLog (2, +2log (2 -

) (a+ btanh™ (cyk)

cvVx+1

[Out] (a + b*ArcTanh[c*Sqrt[x]])~2/b + 2x(a + bxArcTanh[c*Sqrt[x]])*Logl[2 - 2/(1
+ c*Sqrt[x])] - b*PolylLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rubi [A] time = 0.24363, antiderivative size = 69, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 7, integrand size = 26, L

integrand size
0.269, Rules used = {36, 29, 31, 1593, 5988, 5932, 2447}

2 1) N (a +btanh™ (cﬁ))z

~bPolyLog (2, -
ortog 2 ;

2 -1
+2log|2— —=——|(a+btanh " (cyx
s ( cVx + 1) ( ( \/_))
Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x*(1 - c~2*x)),x]

[Out] (a + b*ArcTanh[c*Sqrt[x]])~2/b + 2x(a + bxArcTanh[c*Sqrt[x]])*Logl[2 - 2/(1
+ cxSqrt[x])] - bxPolyLog[2, -1 + 2/(1 + cxSqrt[x])]

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(bxc - axd), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[bxc - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x]1 /; FreeQ[{a, b}, x]
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Rule 1593

Int[(u_)*((a_)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + bxx"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*x((d_) + (e_.)*(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh([c*x]) "p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*x((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) pxLog[2 - 2/(1 + (e*x)/d)1)/d, x] -
Dist [(b*c*p)/d, Int[((a + bxArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (e*x)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc~
2%d"2 - e72, 0]

Rule 2447

Int[Loglu_]*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[(Pq m*(1 - u))

/Dlu, %11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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f a+btanh™ (C\/E) Jx = 2 Subst (f a + btanh ™ (cv) i \/;)

x (1 - c2x) x = c2x3

-1
= 2 Subst [f a+btanh (cx) dx, x, \/EJ

x (1 - szz)

(a +btanh™ (cﬁ))z a+ btanh ™ (cx)
= > + 2 Subst ( f A+ o) dx, x, \/§)

_ (a +btanh”! (C\/;)) +2 (a +btanh™ (C\/E)) log(

log
— (2bc) Subst f —

2
=
b 1+c\/§)

2

1+cvx

= (a i btanl;_ (C\/;)) +2 (a +btanh™ (C\/E)) log (2 -

2
-bLi, -1+
1 +C\/§) 12(

Mathematica [A] time = 0.124835, size = 72, normalized size = 1.04

~bPolyLog (2, e_“a“hfl(cﬁ)) ~alog (1 - ¢x) + alog(x) + btanh ™ (cvx) (tanh_l (cv) +21og (1 - e-Ztanh’l(cﬁ))

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x*(1 - c™2%x)),x]

[Out] bxArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] + 2xLogl[l - E~(-2*%ArcTanh[c*Sqrt[x
11)1) + axLoglx] - axLogl[l - c~2*x] - b*PolyLog[2, E~(-2%ArcTanh[c*Sqrt[x]]
)]

Maple [B] time = 0.053, size = 217, normalized size = 3.1
—aln (C\/E - 1) +2aln (C\/E) —aln (1 + C\/;) — bArtanh (C\/}) In (C\/; - 1) + 2bArtanh (C\/;) In (C\/§) — bArtanl

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(cxx~(1/2)))/x/(-c”2*x+1) ,x)

[Out] -a*ln(c*xx~(1/2)-1)+2xa*x1ln(c*x”~(1/2))-a*x1ln(1l+c*x~(1/2))-b*arctanh(c*x~(1/2))
*1n(cxx~(1/2)-1)+2*xb*arctanh(c*xx~(1/2) )*1n(c*x~(1/2))-b*arctanh(c*x~(1/2))*
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In(1+c*x™(1/2))-bxdilog(c*x~(1/2))-b*dilog(1+c*x™(1/2))-b*1In(c*xx~(1/2))*1n(
1+c*xx~(1/2))-1/4*%b*1n(c*x~(1/2)-1) “2+b*xdilog(1/2+1/2%c*xx~(1/2) ) +1/2*b*1n(c*
x~(1/2)-1)*1n(1/2+1/2*c*x~(1/2) ) +1/2%b*x1n(-1/2*c*x~ (1/2)+1/2) *1n(1/2+1/2*c*
x~(1/2))-1/2*%b*1n(-1/2*%c*x~ (1/2)+1/2) *1n(1+c*xx~ (1/2) ) +1/4*xb*x1n(1+cxx~(1/2))
2

Maxima [B] time = 1.62442, size = 215, normalized size = 3.12

1 2 1 1 2 1 1 .
—Zblog(c x+1) +§b10g(c x+1)log(—c x+1)+1blog(—c x+1) —(log(c x+1)log(—ic x+§)+L1;

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x”(1/2)))/x/(-c™2*x+1),x, algorithm="maxima")

[Out] -1/4xb*log(c*xsqrt(x) + 1)72 + 1/2%b*xlog(c*xsqrt(x) + 1)*xlog(-c*xsqrt(x) + 1)
+ 1/4xbxlog(-cxsqrt(x) + 1)72 - (log(c*ksqrt(x) + 1)*log(-1/2xc*sqrt(x) + 1/

2) + dilog(1/2*c*sqrt(x) + 1/2))*b - (log(cxsqrt(x))*log(-c*sqrt(x) + 1) +
dilog(-c*xsqrt(x) + 1))*b + (log(c*sqrt(x) + 1)*log(-cx*sqrt(x)) + dilog(c*sq
rt(x) + 1))*b - ax(log(cxsqrt(x) + 1) + log(c*ksqrt(x) - 1) - log(x))

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (c\/E) +a

2x2 —x

integral | -

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"2 - x), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

~ f “ f batanh (c\ﬁ)

2x2 — x c2x2 — x

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((a+b*atanh(c*x**(1/2)))/x/(-c**2*x+1) ,x)

[Out] -Integral(a/(c*x*2*x**2 - x), x) - Integral(b*atanh(c*sqrt(x))/(cx*2xx*x2 -
x), X)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f _bartanh (c\/i) +a

(czx - 1)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c™2*x+1) ,x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x), x)
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3.41 dx

a+btanh ™! c\x
[ (V%)

x? (1—02x)

Optimal. Leaf size=117

c? (a +btanh™ (cﬁ))z

2 a+ btanh™
—bczPolyLog (2, _— 1) + +2c?log (2 - _—
cvx+1 b

)+ btant™ (e45) -

cvx+1 X

[Out] -((bxc)/Sqrt[x]) + b*c 2xArcTanh[c*Sqrt[x]] - (a + b*ArcTanh[c*Sqrt[x]])/x
+ (c™2x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2xc”™2x(a + bxArcTanh[c*Sqrt[x]])*L
ogl2 - 2/(1 + c*Sqrt[x])] - bxc™2xPolyLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rubi [A] time = 0.363359, antiderivative size = 117, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 9, integrand size = 26, > % _

integrand size
0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

a4+ btanh”

, 2 1) . c? (a +btanh™ (C\/E))Z
cyVx +1 b

—bc?PolyLog (2 +2¢? log (2 -

)+ btanis” (e4) -

cVx+1 X

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2x(1 - c™2%*x)),x]

[Out] -((bxc)/Sqrt[x]) + b*c 2xArcTanh[c*Sqrt[x]] - (a + b*ArcTanh[c*Sqrt[x]])/x
+ (c™2x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2xc”™2x(a + bxArcTanh[c*Sqrt[x]])*L
ogl2 - 2/(1 + c*Sqrt[x])] - bxc™2xPolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*((a_.)*(x_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx"(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]
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Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_.)*(x_)) " (m_))/((d_) + (
e_.)x(x_)72), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_)*x(x_))"(m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((cx
x)7(m + 1*(a + b*x™n) " (p + 1))/ (a*ck(m + 1)), x] - Dist[(bx(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtla, 21*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*x((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQc™2*d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*xLogl[2 - 2/(1 + (e*x)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Log[2 - 2/(1 + (exx)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - e~2, 0]

Rule 2447
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Int [Loglu_]*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
a+btanh™ (cv/x btanh *
f ( \/_) dx = 2 Subst f a+btanh (%) dx, x, \/x
x2 (1 - czx) x3 — ¢2x5
btanh™
= 2 Subst f a+btanh () dx, x, \x
x3 (1 - szz)
btanh™ btanh™
=2 Subst f ar ar; (cx) dx, x, \x | + (Zcz) Subst f a+btanh (x) dx, x, \x
x x (1 - szz)
2
a+btanh™ (cvx) 2 (a+btanh™ (cv/x 1
=- ( \/—) + ( ( \/—)) + (bc) Subst f—dx,x,\/E -
X b x? (1 - c2x2)

be a+btanh™ (C\/Z) c? (a +btanh™ (C\/E))Z
+

+ 22 (a +btanh™ (C\E)) log (2 -

Vi : b
-1 2 -1 2
= ke +bc?tanh ™ (C\/;) i btanh (C\/;) + ‘ (a +btanh (C\/;)) +2c2 (a + bta
\x X b

Mathematica [A] time = 0.324301, size = 118, normalized size = 1.01

1-c%x
c2x

~bc? (PolyLog (2, e’ tanh’l(cﬁ)) ~tanh™’ (C\/;) (— + tanh™ (C\/;) +2log (1 —e? tanhl(cﬁ))) + L) + 2ac

cyx

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"2x(1 - c”2%x)),x]

[Out] -(a/x) + 2%axc”2*Log[Sqrt[x]] - a*c™2xLogl[l - c~2*x] - b*c™2*(1/(c*Sqrt[x])
- ArcTanh[c*Sqrt [x]]*(-((1 - c™2*x)/(c™2*x)) + ArcTanh[c*Sqrt[x]] + 2xLogl
1 - E7(-2*ArcTanh[c*Sqrt[x]]1)]) + PolyLogl[2, E~(-2xArcTanh[c*Sqrt[x]])])
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Maple [B] time = 0.057, size = 315, normalized size = 2.7

—c?aln (C\/; - 1) - g +2c%aln (cx/&) ~c%aln (1 + C\/;) — c?bArtanh (C\/;) In (C\/; - 1) - J—IZArtanh (C\/;) +2c%bA

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"2/(-c”2*x+1),x)

[Out] -c ™ 2*a*xln(c*x~(1/2)-1)-a/x+2*c " 2*a*xIn(c*x”~(1/2))-c " 2*xa*1ln(1+c*x~(1/2))-c 2%
bxarctanh(c*x~(1/2))*1n(c*x~(1/2)-1)-b*arctanh(c*x~(1/2)) /x+2*xc”2*b*arctanh
(c*x™(1/2))*1n(c*x~(1/2))-c"2*b*arctanh(c*x~ (1/2) ) *1n(1+c*x~(1/2) ) -b*c/x~ (1
/2)-1/2xc”2*%bx1n(c*x~(1/2)-1)+1/2xc”2*%b*1n (1+c*xx~ (1/2) ) -c"2xb*dilog(cxx~(1/
2))-c"2xb*xdilog(1l+c*x~(1/2))-c™2*b*1In(c*x~ (1/2) ) *1n(1+c*x”(1/2))-1/4*c™2*bx*
In(c*x~(1/2)-1)"2+c™2*%bxdilog(1/2+1/2xc*x~ (1/2) ) +1/2%c™ 2xb*1n(cxx~(1/2)-1)*
In(1/2+1/2%c*x~(1/2))+1/2xc”2xb*1In(-1/2*cxx™ (1/2)+1/2) *1n(1/2+1/2*xc*x~ (1/2)
)=1/2%c™2xbx1n(-1/2%c*xx~(1/2)+1/2) *1In(1+c*x~(1/2) ) +1/4*c™2xb*x1n(1+c*x~(1/2)

)72

Maxima [B] time = 1.7842, size = 335, normalized size = 2.86
—(1og (c X + 1) log (—% cVx + %) + Li, (% cVx + %))bc2 - (log (C\/}) log (—c X + 1) + Li, (—c X + 1))bc2 + (log(

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2)
)*¥bxc”2 - (log(c*xsqrt(x))*log(-cxsqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*b*c”

2 + (log(cxsqrt(x) + 1)xlog(-c*xsqrt(x)) + dilog(cxsqrt(x) + 1))*bxc™2 + 1/2
xb*xc"2%log(cksqrt(x) + 1) - 1/2*%bxc”2*xlog(cxsqrt(x) - 1) - (c™2*xlog(cxsqrt(

x) + 1) + c”2*log(cksqrt(x) - 1) - c™2xlog(x) + 1/x)*a - 1/4*(b*c™2*x*log(c
xsqrt(x) + 1)72 - bxc ™ 2xx*log(-c*sqrt(x) + 1)72 + 4xbxc*sqrt(x) + 2*bxlog(c
xsqrt(x) + 1) - 2x(bxc™2*xxxlog(c*sqrt(x) + 1) + b)*log(-c*xsqrt(x) + 1))/x

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

223 — 12

integral | - ,X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x72/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"3 - x72), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

) f a f batanh (C\/E)

—_— x —_—
2x3 — 2 2x3 — 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx*x(1/2)))/x*x*2/(-cx*2xx+1) ,x)

[Out] -Integral(a/(cx*2xx*x*3 - x**2), x) - Integral(b*atanh(c*sqrt(x))/(ck*2*x**3

- X**2), X)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f _bartanh (C\/E) +a

(czx - 1)x2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x72/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x72), x)
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3.42 dx

a+btanh ™! cvVx
[ (V%)

x3 (1—02x)

Optimal. Leaf size=157

) 1) . ct (a +btanh™ (cﬁ))z B c? (a +btanh™ (c\/E))

—bc*PolyLog |2
c oyog(, 5 .

+2c4log(2— )(a+bt

cvVx+1 cvVx+1

[Out] -(b*xc)/(6*%x~(3/2)) - (3*b*c~3)/(2+Sqrt[x]) + (3*b*c~4*ArcTanh[c*Sqrt[x]])/2
- (a + bxArcTanh[c*Sqrt[x]])/(2*%x72) - (c"2*(a + b*ArcTanh[c*Sqrt[x]]))/x

+ (c74*x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2xc"4*(a + b*ArcTanh[c*Sqrt[x]])*L

ogl2 - 2/(1 + c*Sqrt[x])] - bxc 4xPolyLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rubi [A] time = 0.455852, antiderivative size = 157, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 9, integrand size = 26, number of rules_

integrand size
0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

2 1) . ct (a +btanh™ (C\/E))z B c? (a +btanh™ (c\/}))
“evx +1 b x

~bc*PolyLog (2 +2c*log (2 — ) (a +bt
cyx+1

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*x(1 - c~2%*x)),x]

[Out] -(b*c)/(6%x~(3/2)) - (3*b*c~3)/(2+Sqrt[x]) + (3*b*c~4*ArcTanh[c*Sqrt[x]])/2
- (a + b*ArcTanh[c*Sqrt([x]])/(2*x"2) - (c™2x(a + bxArcTanh[c*Sqrt[x]]))/x

+ (c74*(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2*c"4*(a + bxArcTanh[c*Sqrt[x]])*L

ogl2 - 2/(1 + c*Sqrt[x])] - bxc”™4xPolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*x((a_)*xx_ )" (p_.) + (b_)*x(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(n*xp)*(a + bxx"(q - p))7n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
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PosQ[q - pl

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((f_.)*(x_)) " (m_))/((d_) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b¥ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f"2), Int[((f*x)~(m + 2)*(a + bxArcTanh[c*x]) p)/(d + e*x”
2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x1, x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_)*(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
)" (m + Dx*(a + bxx™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(axc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x"n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_.)/((x)*((d_ ) + (e_.)*x(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*dx(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] &% EqQ[c™2+d + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_.)/((x)*((d_) + (e_.)*x(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[cx*x]) “p*Log[2 - 2/(1 + (exx)/d)]1)/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)]1)
/(1 - c”2%x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQlp, 0] && EqQlc"



2xd"2 - e~2, 0]

Rule 2447
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Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, %113}, Simp[C*PolylLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,

x] [[2]], Expon[Pq, x]]

Rubi steps

f a+btanh™ (C\/E)

x3 (1 - czx)

Mathematica [A]

—bc*PolyLog (2, e? tamhfl(cﬁ)) -

dx = 2 Subst

=2 Subst

= 2 Subst

a+btanh™ (c\/E)

f a+b tanh_l(cx) dx, 3%

X5 — 247

h_l
f a+ btanh “(cx) dx 3,V

x° (1 - szz)

btanh™! btanh™
fa+ anh_(cx) dx, x, Vx +(2c2) Subst (fa+ anh_(cx) dx, x, \/E]

x° 3 (1 _ czxz)

a+ bt

1 1
— + E(bc) Subst [f m dx, x, \/E] + (2c2) Subst (f

be a+btanh™ (cﬁ) c? (a +btanh™ (cﬁ)) c* (a +btanh™ (c\/E))z 1
T2 2x2 - x " b T2 |
be  3bc3 a+btanh™ (c\/i) c? (a +btanh™ (C\/E)) c* (a +btanh™ (C\/E)
T2 2+/x - 2x2 - x " b
be  3bc® 3 _ a+btanh™ (cyx) 2 (a+btanh™ (cvx)) ¢
??C)/Z % + EbC4 tanh™ (cx/&) - > ( ) - ( . ( )) + -

time = 0.536917, size = 158, normalized size = 1.01

—6ac*x?log(x) + 6ac*x? log (1 - CZX) + 6acx + 3a + 9bc3x¥2 — 6bctx? tanh (C\/

6+

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(1 - c~2xx)),x]
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[Out] -(3*a + bxc*Sqrt[x] + 6*a*xc™2xx + 9*bxc™3%x~(3/2) - 6%b*c”4*x~2%ArcTanh[c*S
qrt[x]]72 - 3*bxArcTanh[c*Sqrt[x]]* (-1 - 2%c™2%x + 3*c™4*x"2 + 4*xc~4*x"2*Lo

gll - E7(-2%ArcTanh[c*Sqrt[x]])]) - 6*axc™4*x"2xLogl[x] + 6*a*xc”4xx"2*xLog[1

- ¢c72*x])/(6%x72) - b*c~4*PolyLog[2, E~(-2%ArcTanh[c*Sqrt[x]])]

Maple [B] time = 0.066, size = 348, normalized size = 2.2

a  ac?

—c*aln (C\/; -~ 1) - — ——+2c%n (C\/E) —c*aln (1 + C\/E) — c*bArtanh (C\/E) In (C\/E -~ 1) -~ %Artanh (cx/&

2x2 x
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"3/(-c”2*x+1),x)

[Out] -c”4*xa*xIn(cxx~(1/2)-1)-1/2%a/x"2-c"2*a/x+2*xc " 4d*ax1ln(c*x~(1/2))-c 4*a*xIn(1+c
*x7(1/2))-c"4*xb*arctanh(cxx~(1/2) ) *1In(c*x~(1/2)-1)-1/2*b*arctanh (c*x~ (1/2))
/x"2-c"2*b*arctanh(c*x~(1/2) ) /x+2*c " 4*b*arctanh(c*x~(1/2) ) *1n(c*x~(1/2))-c”
4xbxarctanh (cxx~(1/2) ) *1n(1+c*x” (1/2))-c 4*b*dilog(c*x~(1/2))-c"4*bxdilog(1
+c*x”(1/2) ) —c"4xbx1n(c*xx~(1/2) ) *In(1+c*x~(1/2) ) -1/4%c"4*b*1In(c*x~(1/2)-1)"2
+c"4xb*dilog(1/2+1/2%c*x™(1/2))+1/2*%c™4*bx1n(c*x” (1/2)-1)*1n(1/2+1/2*%c*xx~ (1
/2))+1/2%c”4xbx1n(-1/2%cxx”~(1/2)+1/2)*1n(1/2+1/2xc*xx~(1/2) ) -1/2*c”4*b*1n (-1
/2xcxx” (1/2)+1/2) *In(1+cxx”(1/2) ) +1/4xc ™ 4xb*x1n (1+c*xx™ (1/2) ) "2-3/4*c~4*bx1n(
cxx”(1/2)-1)-1/6*b*xc/x~(3/2)-3/2%bxc~3/x" (1/2)+3/4*c”4*xb*1n(1+c*x~(1/2))

Maxima [B] time = 1.78481, size = 393, normalized size = 2.5

—(1og (c X+ 1) log (—% cVx + %) + Li, (% cVx + %))bc‘L - (log (C\/E) log (—c X+ 1) + Li, (—c X+ 1))bc4 + (log (c«

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(-c”2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥bxc”4 - (log(cxsqrt(x))*log(-cxsqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bxc”
4 + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™4 + 3/4
*xbxc~4*log(cxsqrt(x) + 1) - 3/4xb*xc”4xlog(c*sqrt(x) - 1) - 1/2%(2*c”4*xlog(c
*sqrt(x) + 1) + 2xc"4x*log(cxsqrt(x) - 1) - 2xc"4x*log(x) + (2%c™2*x + 1)/x72
)*¥a - 1/12%(3xb*xc”4xx"2*xlog(cxsqrt(x) + 1)72 - 3xb*c™4*x"2xlog(-c*xsqrt(x) +



261

1)72 + 18%bxc™3*x7(3/2) + 2*b*cksqrt(x) + 3*x(2¥bxc™2*x + b)*log(cxsqrt(x)
+ 1) - 3%(2xbxc”4xx"2*xlog(cxsqrt(x) + 1) + 2%b*xc™2*x + b)*log(-c*ksqrt(x) +

1))/x72

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a
2ot _ o3

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c”2*x"4 - x73), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x**3/(-c*k*2*x+1) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f— bartanh (c\/}) +a

(czx - 1)x3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c"2*x - 1)*x73), x)
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a+btanh{%cvg)
x4(1—02x)

Optimal. Leaf size=192

dx

343 |

c? (a +btanh™ (cﬁ)) c® (a +btanh™ (cx/i))z ) ct (a +btanh™ (C\/E))

2
~bc®PolyLog (2, ——— - 1| -
il Og('c x+1 ) 2x2 " b X

[Out] -(b*c)/(15%xx~(5/2)) - (5xbxc~3)/(18%x~(3/2)) - (11xb*c~5)/(6*Sqrt[x]) + (11

*xbxc~6*ArcTanh [c*Sqrt[x]])/6 - (a + bxArcTanh[c*Sqrt[x]])/(3*x73) - (c"2*(a

+ b*ArcTanh[c*Sqrt [x]]))/(2*xx"2) - (c"4*(a + b*ArcTanh[c*Sqrt[x]]))/x + (c
~6*(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2%c”6*(a + bxArcTanh[c*Sqrt[x]])*Logl[2
- 2/(1 + cxSqrt[x])] - b*c~6*PolyLog[2, -1 + 2/(1 + c*xSqrt[x])]

Rubi [A] time = 0.571181, antiderivative size = 192, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 9, integrand size = 26, e .

integrand size
0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

+

—bc®PolyL.
bc®Poly og(Z 72 2 "

'c\/§+1

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"4x(1 - c~2%*x)),x]

[Out] -(b*c)/(16%x7(5/2)) - (Bxb*c™3)/(18*x~(3/2)) - (11xb*c”5)/(6%Sqrt[x]) + (11

xb*c~6%ArcTanh [c*Sqrt [x]])/6 - (a + bxArcTanh[c*Sqrt[x]])/(3*x~3) - (c™2x(a
+ b*ArcTanh[c*Sqrt[x]]1))/(2%xx"2) - (c"4*(a + b*ArcTanh[c*Sqrt[x]]))/x + (c
“6x(a + bxArcTanh[c*Sqrt([x]]1)~2)/b + 2*c™6%(a + bxArcTanh[c*Sqrt[x]])*Log[2
- 2/(1 + cxSqrt[x])] - bxc™6*PolyLog[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a ) + (b_)*(x )) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + bxx) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

2 1) ) c? (a +btanh™ (c\/})) c® (a +btanh™ (C\/E))z ) ct (a +btanh™ (cﬁ))

+2c°1

+2¢°1
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Int[Cu_)*((a_.)*(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx"(q - p))7n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x]) p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*(m + 1)), x] - Dist[(bx*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1)) /(a*xck(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n) p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 211)/(Rtl[a, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 01 |l LtQ[b, 01)

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),

x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2xd + e, 0] && GtQ[p, O]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*x((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*Log[2 - 2/(1 + (e*x)/d)]1)/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
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/(1 - c”2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - 72, 0]

Rule 2447

Int[Log[u 1*(Pq )~ (m_.), x_Symbol]l :> With[{C = FullSimplify[(Pq~m*(1 - u))
/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps

f a+btanh™ (c\/E) = 2 Subst f a + btanh ™ (cx) dx, %, Nx

x4 (1 - czx) x7 — c2x9

btanh™!
= 2 Subst f a+btanh (%) dx, x, \/x
x7 (1 - szz)

Lt h!
= 2 Subst f a+btanh (cx) dx, x, \/§ + (202) Subst (f a+btanh (cx) dx, x, \/E]

x7 X5 (1 _ szz)

a+btanh™ (cvx) 1 1
=- 30 ( ) + g(bc) Subst (f m dx, x, \/E) + (ZCZ) Subst (f

be  a+btanh™ (C\/J—C) c? (a +btanh™ (C\/E)) 1 1
R 3x3 - 2x2 3 (bCB) Subst (f x4 (1 - c2x2)

be 5bc3  a+btanh™ (C\/E) c? (a +btanh™ (C\/Z)) ct (a +btanh™ (c\/i

T 15x92  18x32 3x3 2x2 X

a+bta

be 5663 11pS a+btanh™ (C\/E) c? (a +btanh™ (C\/E)) ct (a + btanl
TO1502 18832 gk 313 - 222 - x

b 5bc3 11bc® 11 ~ a+btanh ! (cvx) 2 (a+btanh™
e 2 bcStanh”! (C\/;) - ( \/_) - ( (
15x%2  18x%2  64fx 6 3x3 2x2

Mathematica [A] time = 0.753271, size = 187, normalized size = 0.97

90ac*x? — 90ac®x® log(x) + 90ac®x® log (1 - czx) + 45ac?x + 30a + 165bc>x>? + 25b

—bc®PolyLog (2, e? t?’mh_l(‘f‘/z)) -

Warning: Unable to verify antiderivative.
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[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]]1)/(x74*(1 - c™2*x)),x]

[Out] -(30%a + 6%bkxcxSqrt[x] + 4bxa*xc™2*x + 2b5*xb*c™3*x7(3/2) + 90*axc™4*x~2 + 165
*xb*c"5xx” (5/2) - 90%b*c~6*x"3*ArcTanh[c*xSqrt[x]]~2 - 15%b*ArcTanh [c*Sqrt [x]

1% (-2 - 3*%c™2xx - 6*%c”4*x"2 + 11xc™6*x"3 + 12%xc~6xx"3*Log[l - E~(-2*ArcTanh
[cxSqrt[x]1)]) - 90*a*xc™6xx~3*Log[x] + 90%a*xc”6xx~3*Log[l - c~2#*x])/(90%x"3

) - b*c”6*PolyLog[2, E~(-2*ArcTanh[c*Sqrt[x]])]

Maple [B] time = 0.062, size = 381, normalized size = 2.

21n(—£x/§+l)ln( + = \/_)——bln(—gx/}+ )1n(1+C\/_)+—1H(C\/_ ) (%+§\/§)—£—2—

2 2 2 2 2
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"4/(-c”2*xx+1),x)

[Out] -c 4xb*arctanh(c*x~(1/2))/x+2*c”6*xb*arctanh(c*x~(1/2))*1n(c*x~(1/2))-c 6*bx*
arctanh(c*x~(1/2))*1n(c*x~(1/2)-1)+1/2*c”6*b*1n(-1/2*c*x~(1/2)+1/2) *1n(1/2+
1/2%c*x~(1/2))-1/2%c”6xb*x1n(-1/2xcxx” (1/2)+1/2) *1In(1+c*x~(1/2) ) +1/2*xc~6*xb*1
n(c*x~(1/2)-1)*1n(1/2+1/2*xc*x™(1/2))-1/2%c”2*a/x"2-c"4*a/x-c"6*bxdilog(c*x™
(1/2))-c”6*xb*xdilog(l+c*x~ (1/2))+2*c 6*ax1ln(c*x~(1/2))-c 6*axln(c*x~(1/2)-1)
—-c~6*a*xln(1+c*x”(1/2))-1/4*c”6*%bx1n(cxx~(1/2)-1) "2+c”6*bxdilog(1/2+1/2*c*x"
(1/2))+1/4*c”6%b*In(1+cxx~(1/2))"2-11/6*%b*c”5/x~(1/2)-1/3*a/x"3+11/12*c”6%b
*1n(1+c*x~(1/2))-1/3%b/x"3*arctanh (c*xx~(1/2))-11/12*c”6*b*1n(cxx~(1/2)-1)-1
/15xbxc/x~(5/2)-5/18*b*xc~3/x"(3/2)-c”6xb*1n(c*xx~ (1/2) ) *1n(1+cxx~(1/2))-1/2%
c~2xb*arctanh(c*x” (1/2))/x"2-c"6*b*xarctanh (c*x~ (1/2) ) *In(1+c*x~(1/2))

Maxima [B] time = 1.7959, size = 446, normalized size = 2.32

_(1og(c x+1)1og(_§c x+;)+mz(§c T ))bc  (log (eyx) log (~eE + 1) + Lig (~e/z + 1))t + (log

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="maxima"

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2)
)*¥bxc”6 - (log(cxsqrt(x))*log(-cxsqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bxc”
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6 + (log(cxsqrt(x) + 1)*xlog(-c*xsqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™6 + 11/
12xb*c”~6%1log(c*sqrt(x) + 1) - 11/12xbxc”6xlog(c*sqrt(x) - 1) - 1/6%(6*c™6%1
og(cxsqrt(x) + 1) + 6*%c”6*log(cksqrt(x) - 1) - 6*c™6xlog(x) + (6*c™4*x"2 +
3xcT2xx + 2)/x73)*a - 1/180%*(45%b*xc”6xx"3*1log(cxsqrt(x) + 1)72 - 45xb*c”6%*x
~3xlog(-c*sqrt(x) + 1)72 + 330%b*c”5*x~(5/2) + BOxbxc™3*x~(3/2) + 12%b*c*sq
rt(x) + 16%x(6%bxc™4*x™2 + 3*b*c™2%x + 2%b)xlog(cksqrt(x) + 1) - 15%(6%b*c”6
*xx"3%log(cxsqrt(x) + 1) + 6xb*xc™4*x"2 + 3*bxc™2*%x + 2*xb)*log(-c*xsqrt(x) + 1
))/x73

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

225 — A

integral | -

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x74/(-c"2*x+1),x, algorithm="fricas")

[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"5 - x74), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**(1/2)))/x**4/(-cx*2*xx+1) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f— bartanh (C\/E) +a

(czx - 1)x4

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x74), x)
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xz(a+b tanh™! (c\/E))

d+ex

3.44 dx

Optimal. Leaf size=460

24:(\/—_d+\/5\/9_c) ) )
(c x+1)(cx/—_d+\/2) 2d%log ((

2 2c(V=d—e k) 2 _
bd?PolyLog (2,1 - (Ve 1) (Vo) bd“PolyLog (2,1

e3 2¢e3 2¢3

) bd?PolyLog (2,1 -

[Out] -((b*d*Sqrt[x])/(c*e”2)) + (b*Sqrt[x])/(2*c™3xe) + (b*x~(3/2))/(6*c*e) + (b
xd*ArcTanh [cxSqrt [x]])/(c"2xe"2) - (bxArcTanh[c*Sqrt[x]])/(2*xc”4*e) - (d*xx*
(a + bxArcTanh[cxSqrt[x]]))/e”2 + (x72*(a + b*ArcTanh[c*Sqrt[x]]))/(2xe) -
(2%d"2x(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e”3 + (d"2%(a + b
xArcTanh [cxSqrt [x]])*Log[(2*xc*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((c*Sqrt[-d] -
Sqrtlel)*(1 + cxSqrt[x]))]1)/e”3 + (d"2*(a + bxArcTanh[c*Sqrt[x]])*Log[(2*cx
(Sqrt[-d] + Sqrtlelx*Sqrt[x]))/((cxSqrt[-d] + Sqrtle]l)*(1 + c*Sqrt[x]))])/e”
3 + (bxd"2xPolyLogl[2, 1 - 2/(1 + c*x3qrt[x])])/e”3 - (b*d"2*PolyLogl[2, 1 - (
2xc*x(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtlel)*(1 + c*Sqrt[x]))]
)/ (2%e~3) - (b*d~2%PolyLogl[2, 1 - (2*c*(Sqrt[-d] + Sqrtle]*Sqrt[x]))/((cxSq
rt[-d] + Sqrtle])*(1 + c*xSqrtlx]))])/(2%e~3)

Rubi [A] time = 0.783123, antiderivative size = 460, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 20, number of rules used = 11, integrand size = 23, o o TR
integrand size

= 0.478, Rules used = {43, 5980, 5916, 302, 206, 321, 6044, 5920, 2402, 2315, 2447}

2¢(V=-d-veyx 2c(V=d++/ey/x
bdzPolyLog (2/ 1= \/_L) bdzPolyLog (2,1 - (cac(Jrl)(T—)\/E)) bdzPolyLog (2, 1- W) 242 log ((

cyVx+1
e3 2¢3 2e3

Antiderivative was successfully verified.

[In] Int[(x"2*(a + b*ArcTanh[c*Sqrt[x]]))/(d + exx),x]

[Out] -((b*d*Sqrt[x])/(cxe”2)) + (b*Sqrt[x])/(2xc~3*e) + (b*x~(3/2))/(6*cxe) + (b
*xd*ArcTanh [cxSqrt [x]])/(c"2xe"2) - (bxArcTanh[c*Sqrt[x]])/(2*xc”4*e) - (d*xx*

(a + bxArcTanh[cxSqrt[x]]))/e”2 + (x72*(a + b*ArcTanh[c*Sqrt[x]]))/(2xe) -
(2%d"2x(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e”3 + (d"2%(a + b
xArcTanh [cxSqrt [x]])*Log[(2*xc*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] -
Sqrtle])*(1 + c*xSqrt[x]))])/e”3 + (d"2*(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*
(Sqrt[-d] + Sqrtlelx*Sqrt[x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/e”

3 + (b*d"2%PolyLogl[2, 1 - 2/(1 + c*xSqrt[x])])/e”3 - (b*xd~2*PolyLogl[2, 1 - (
2%c*(Sqrt[-d] - Sqrtlel*Sqrtlx]))/((cxSqrt[-d] - Sqrtle]l)*(1 + c*Sqrt(x]))]
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)/ (2%e73) - (b*d"2xPolyLog[2, 1 - (2*c*(Sqrt[-d] + Sqrt[el*Sqrt[x]))/((c*Sq
rt[-d] + Sqrtle])*(1 + cxSqrt[x]))])/(2%e”3)

Rule 43

Int[((a_.) + (b_)*(x_))"(@m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~"(m - 2)*(a + b*ArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx~2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x"2), x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 302

Int[(x_ )" (m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 321

Int[((c_)*x(x D))" (m )*((a_) + (b_)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - D*(c*xx)"(m - n + D*x(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(a*c™n*(m - n + 1))/ (o*(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, O] && GtQ[m, n - 1] && NeQ[m + n*p
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+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_ ) + (e
_)*(x_)"2)7(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (£*x)"mx(d + e*x"2)7q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_ ) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + exx))/((cxd + e)*x(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - 72, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2447

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps



d+ex d + ex?

2 -1 5 -1
f x (a + btanh (cx/i)) e = 2 Subst [f x (a + btanh (cx)) dox, \/;)

x3(a+b tanhfl(cx))
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_ 2Subst ( [ (a +b tanh_l(cx)) dx, x, \/E) (2d) Subst (f Tro? dx, x,+/
= : 3 ;
(ZdZ) Su

x? (a +btanh™ (cx/i)) (2d) Subst (fx (a +b tanh_l(cx)) dx, x, \/E)

+

2e e2

x2

dx (a +btanh™ (cﬁ)) x? (a +btanh™ (cx/i)) (bed) Subst (f Tz X%,

e2 2¢

e2

_ bdyfx s by/x . b2 dx (a +btanh™ (C\/E)) x? (a +btanh™ (c\/E)) &S

+
ce? 2c3e  6ce e?

by . byx . by3l2 N bd tanh ™ (cﬁ) ) btanh™ (cﬁ) )

2e

dx (a +btanh™ (cy

ce? 2c%e  6ce c2e? 2cte

by . by/x . 32 N bd tanh ™" (cx/§) btanh™ (C\/E)

e2

dx (a +btanh™ (c\/

ce? 2c%e  6ce c2e? 2cte

bdyx . byx . 32 N bd tanh ™ (C\ﬁ) btanh™ (cxﬁ)

o2

dx (a +btanh™ (cy

ce? 2c3e  6ce c2e? 2cte

Mathematica [C] time = 2.96978, size = 558, normalized size = 1.21

b[3e4d2

-1
(—2\/ —czde+c2(—d)+e)e_2 tanh (C‘/})

2d+e

-1
(2\/—c2de+c2(—d)+e)e_2tanh (cv¥)
—PolyLog] 2, >
ccd+e

—PolyLog[Z,

2
_4isin_1( o ]tanh‘
c4d+e

e2

Warning: Unable to verify antiderivative.

[In] Integrate[(x72*(a + b*ArcTanh[c*Sqrt[x]]))/(d + ex*x),x]

[Out] (-6*axd*e*xx + 3xaxe ™ 2xx"2 + 6*axd”~2*xLogl[d + e*xx] + (b*(2%ckex(-3*c™2*xd + 2%
e)*Sqrt [x] + c*xe”2*Sqrt[x]*(-1 + c™2xx) - 6%(c™2*d - e)*ex(-1 + c~2*x)*ArcT
anh[cxSqrt[x]] + 3*%e™2x(-1 + c”2%x) " 2xArcTanh[c*Sqrt[x]] - 6*c~4*d"2x(ArcTa
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nh[c*Sqrt [x]]*(ArcTanh[c*Sqrt [x]] + 2%Log[1l + E~(-2xArcTanh[c*Sqrt[x]])]) -

PolyLog[2, -E~(-2%ArcTanh[c*Sqrt[x]])]) + 3*c™4*d"2x(2xArcTanh[c*Sqrt[x]]~
2 - (4%I)*ArcSin[Sqrt[(c™2*d)/(c”2*d + e)]]l*ArcTanh[(c*exSqrt[x])/Sqrt[-(c”
2xdxe)]] + 2% ((-I)*ArcSin[Sqrt[(c~2*d)/(c"2xd + e)]] + ArcTanh[c*Sqrt[x]])*
Log[(-2xSqrt [-(c™2*d*e)] + ex(-1 + E~(2*ArcTanh[c*Sqrt[x]])) + c™2%d*(1 + E
~(2xArcTanh [c*xSqrt[x]1]1)))/((c™2*d + e)*E~(2xArcTanh[cxSqrt[x]]))] + 2x(IxAr
cSin[Sqrt[(c™2*d)/(c"2*d + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c"2*d*e
)] + ex(-1 + E~(2*%ArcTanh[c*Sqrt[x]])) + c™2*d*(1 + E~(2*ArcTanh[c*Sqrt [x]]
)))/((c™2xd + e)*E~(2*ArcTanh[c*Sqrt[x]]))] - PolyLogl[2, (-(c™2*d) + e - 2%
Sqrt[-(c™2xd*e)])/((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))] - PolyLog[2, (-(c
~2xd) + e + 2*xSqrt[-(c”2xd*e)])/((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))]1)))/
c™4)/(6%e~3)

Maple [A] time = 0.06, size = 651, normalized size = 1.4

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arctanh(c*x~(1/2)))/(e*xx+d) ,x)

[Out] -axd*x/e”2+1/2%a*x"2/e+a*xd”2/e"3*1ln(c”2*e*xx+c~2*d)-b*arctanh(cxx™(1/2))*x*d
/e”2+1/2*bxarctanh(c*x~ (1/2))*x~2/e+b*arctanh (c*x”(1/2))*d~2/e”3*x1n(c"2*e*x
+c72*d) +1/6xbxx”~(3/2) /c/e-b*xd*x~(1/2) /c/e”2+1/2xbxx~(1/2) /c"3/e-1/2/c"2*b/e
“2%In(c*x™(1/2)-1)*d+1/4/c”4*b*x1ln(c*x~(1/2)-1) /e+1/2/c"2xb/e"2*%1n (1+c*x~ (1/
2))*d-1/4/c”4xbx1n(1+c*x~(1/2)) /e+1/2xb*xd"2/e"3*1n(c*x~ (1/2)-1) *1n(c " 2xe*xx+
c”2%d)-1/2*b*xd"2/e " 3*1n(c*xx~ (1/2)-1)*1n((c*(-d*e) " (1/2)-ex(cxx~(1/2)-1)-e)/
(cx(-d*xe)~(1/2)-e))-1/2%bxd"2/e"3*1n(c*x~(1/2)-1) *1n((c* (-d*e) " (1/2) +e* (c*x
~(1/2)-1)+e) /(c*x(-d*e) ~(1/2)+e) ) -1/2xb*d"2/e"3*xdilog((c* (-d*e) ~(1/2) —e*x (c*x
~(1/2)-1)-e)/(c*x(-d*e)~(1/2)-e))-1/2xb*d"2/e"3*xdilog((c* (-dxe) ~(1/2) +e*x (c*xx
~(1/2)-1)+e) /(cx(=d*e) " (1/2)+e))-1/2%b*d"2/e " 3*x1n(1+c*x~(1/2) ) *1n(c"2*e*x+c
~2xd)+1/2%b*d"2/e"3*1n(1+cxx” (1/2) ) *1n((c*x (-d*e) ~(1/2) —ex (1+cxx~ (1/2) ) +e) /(
cx(=d*e)~(1/2)+e))+1/2xb*xd"2/e"3*1n(1+c*x~(1/2) ) *In((c* (-d*e) " (1/2) +ex (1+c*
x~(1/2))-e)/(cx(-d*e)~(1/2)-e))+1/2xb*d"2/e"3*dilog ((cx (-d*e) ~(1/2) —e* (1+cx*
x~(1/2))+e) /(cx(=d*e)~(1/2)+e))+1/2xb*d"~2/e"3*dilog((cx (-d*e) ~(1/2) +e* (1+cx*
x~(1/2))-e)/(cx(-dxe)~(1/2)-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

1 2d210g(ex+d)+ex2—2dx)+bfx210g(c x+1) fleog(—c x+1)
x_

2 el 2 2(ex+d) 2(ex+d)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima"

[Out] 1/2*a*x(2*d"2xlog(e*x + d)/e”3 + (exx"2 - 2*d*x)/e”2) + bxintegrate(1/2%x~2x
log(cxsqrt(x) + 1)/(e*xx + d), x) - bxintegrate(1/2*x"2xlog(-cxsqrt(x) + 1)/

(exx + d), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bx? artanh (C\/}) + ax?

integral ,X
& ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")

[Out] integral ((b*x~2*arctanh(c*sqrt(x)) + a*x~2)/(e*x + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x*x2x*(a+b*atanh (c*x**(1/2)))/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (b artanh (C\/E) + a)xz

ex +d

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2x(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x"2/(exx + d), x)
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x(a+b tanh ™ (c\/E))

3.45 dx
d+ex
Optimal. Leaf size=374
ZC(\/—_d—\/E\/}_C) ) ( 26(\/—_d+\/5\/§) )
__2 bdPolyLL 2,1-—— bdPolyL. 2,1-———— _
_deOlyLOg (2,1 C\/;+1) oly Og( (c x+1)(C\/—_d—\/E) .\ olyLog (c\/}+1)(c —d+\/§) s 2d 10g (c
e? 2¢2 2¢2

[Out] (b*Sqrt[x])/(cxe) - (bxArcTanh[c*Sqrt[x]])/(c"2*%e) + (x*(a + b*ArcTanh[c*Sq
rt[x]]))/e + (2xd*(a + b*ArcTanh[c*Sqrt[x]])*Logl[2/(1 + cxSqrt[x])])/e"2 -

(d*(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] - Sqrt[el*Sqrt[x]))/((c*Sq
rt[-d] - Sqrtle])*(1 + cxSqrt[x]))])/e”2 - (d*(a + b*ArcTanh[c*Sqrt[x]])*Lo
gl(2%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 + cxSqrt[x]
))1)/e”2 - (bxd*PolyLogl[2, 1 - 2/(1 + cxSqrt[x])])/e”2 + (bxd*PolyLog[2, 1

- (2xc*x(Sqrt[-d] - Sqrtlelx*Sqrt[x]))/((cxSqrt[-d] - Sqrtl[e])*(1 + c*Sqrt[x]
))1)/(2%e~2) + (b*d*PolyLog[2, 1 - (2%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*S
qrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2xe~2)

Rubi [A] time = 0.484596, antiderivative size = 374, normalized size of antiderivative =
number of rules

1., number of steps used = 15, number of rules used = 10, integrand size = 21,

= 0.476, Rules used = {43, 5980, 5916, 321, 206, 6044, 5920, 2402, 2315, 2447}
2 3 20(\/—_11—\/5\/9_5) 3 ZC(\/—_d+\/Eﬁ)

_deolyLog (2,1 -- ﬁﬂ) ) bdPolyLog (2,1 R ) bdPolyLog (2,1 = ) 2d 1og(;

e? 2¢2 2¢2

integrand size

Antiderivative was successfully verified.

[In] Int[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(d + exx),x]

[Out] (b*Sqrt[x])/(cxe) - (b*ArcTanh[c*Sqrt[x]])/(c"2*e) + (x*(a + b*ArcTanh[c*Sq
rt[x]]))/e + (2xdx(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e"2 -

(d*(a + bxArcTanh[c*Sqrt[x]])*Log[(2*xc*(Sqrt[-d] - Sqrtle]*Sqrt[x]))/((cxSq
rt[-d] - Sqrtlel)*(1 + c*Sqrt[x]))])/e”2 - (d*x(a + bxArcTanh[c*Sqrt[x]])*Lo
gl(2%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle]l)=*(1 + cxSqrt[x]
))1)/e”2 - (b*d*PolyLogl[2, 1 - 2/(1 + cxSqrt[x])])/e~2 + (bxd*PolyLogl2, 1

- (2xc*x(Sqrt[-d] - Sqrtlelx*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(1 + c*Sqrt[x]
))1)/(2%e”2) + (b*dxPolyLogl[2, 1 - (2*cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*S
grt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2xe~2)

Rule 43
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Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)7°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((f_.)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx~2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))"(p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x"2), x], x] /; FreeQ[{a, b, ¢, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] &% GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b]l && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((f_.)*(x_))"(m_.)*((d_) + (e
_)*(x_)"2)7(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (£*x)"mx(d + e*x"2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] & IntegerQ[ql && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920
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Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b¥ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2%c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x]1) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2+f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
c¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rubi steps
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-1 3 -1
f x (a + btanh (cﬁ)) P [f x (a + btanh (cx)) drx, \/;)

d+ex d + ex?
(a+b tanh ™ (cx)
_ 2Subst (fx (a + btanh_l(cx)) dx, x, \/§) (2d) Subst (f ez 0N ‘/—)
= - _ :
a+btanh™ (c
_ x(a +btanh™ (c\ﬁ)) ) (bc) Subst (f 7 ix, X, \/_) (2d) Subst (f( 2VE (Ve
e e
_ by/x X (a +btanh™ (c\/E)) N d Subst (f Mi/tinh\/zicx) dx, x, \/_) d Subst (f a”i;:z
ce e 32 ;

_ by/x B btanh™ (c\/E) s X (a +btanh™! (cﬁ)) . 2d (a +btanh™ (C‘/;)) log (ﬁ

ce c2e e e?
byx b tanh ™ (C\/E) X (a +btanh™ (cﬁ)) 2d (ﬂ +btanh™ (c\/E)) log (ﬁ

T e c2e * e - e2
byx b tanh ™! (c\/E) X (a +btanh™ (cﬁ)) 2d (‘1 +btanh™" (C\/E)) log (15_\/}

e c2e - e " e2

Mathematica [A] time = 1.44733, size = 337, normalized size = 0.9

(c2d+e)ez ¢

c2d—2c

Zb(—czalPolyLog(Z,—e_2 tanh”! (C‘&))Hamh_1 (C\/E) (2c2d log(e_2 tanh™!(cy%) +1)+Czex—e)+c2d tanh™! (C\/})2+ceﬁ)
= —bd [ PolyLog|2, -

Warning: Unable to verify antiderivative.

[In] Integrate[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(d + e*x),x]

[Out] (2*%axe*x - 2*xaxd*Logl[d + e*x] + (2xb*(c*exSqrt[x] + c~2*d*ArcTanh[c*Sqrt [x]
172 + ArcTanh[cxSqrt[x]]*(-e + c™2%e*x + 2xc”2*d*Log[l + E~(-2xArcTanh[c*Sq
rt[x]1)]) - c"2xd*PolylLog[2, -E~(-2xArcTanh[c*Sqrt[x]]1)]))/c™2 - b*dx(2*Arc
Tanh [c*Sqrt [x]]*(-ArcTanh[c*Sqrt [x]] + Logl[l + ((c™2*d + e)*E~(2xArcTanh[c*
Sqrt[x]]1))/(c”2*d - 2*xc*Sqrt[-d]*Sqrtle] - e)] + Logl[l + ((c™2*d + e)*E~(2x
ArcTanh [c*Sqrt[x]]))/(c™2*d + 2xc*Sqrt[-d]l*Sqrtle] - e)]) + PolyLog[2, -(((
c"2*d + e)*E~ (2¥ArcTanh[c*Sqrt[x]]))/(c™2xd - 2*c*xSqrt[-d]*Sqrtle] - e))] +
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PolyLog[2, -(((c”™2*d + e)*E~(2xArcTanh[cxSqrt[x]]1))/(c"2*d + 2*c*Sqrt[-d]*
Sqrtle] - e))]))/(2xe”2)

Maple [A] time = 0.057, size = 539, normalized size = 1.4

be

1n(cx/§—1)+—

2¢

bd In (czex + czd)
22

2 2
ax adln(c ezx+c d) . b—xArtanh (c\/;) ~
e e e

bdIn (czex + czd)

o2

Artanh (C\/;) -

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(at+b*arctanh(c*x~(1/2)))/(e*x+d) ,x)

[Out] a/e*x-a/e " 2*xd*1n(c”2*e*xx+c”2*d)+b*arctanh(c*xx~(1/2))/e*x-b*arctanh(c*x~(1/2
))/e”2*d*1n(c”2*e*x+c~2xd) -1/2%b/e~2xd*1n(c*x~(1/2)-1) *1n(c"2*e*x+c~2xd) +1/
2%b/e”2*%d*1n(cxx”(1/2)-1)*1n((c* (-d*e) " (1/2) -ex(c*xx~(1/2)-1)-e)/ (c*x (-d*e) "~ (
1/2)-e))+1/2%b/e"2*%d*1n(c*x~ (1/2)-1)*1In((cx (-d*e) ~(1/2)+ex(c*x~(1/2)-1)+e)/
(cx(-d*e)~(1/2)+e))+1/2xb/e"2xdxdilog((c* (-d*e) " (1/2)-ex(c*x~(1/2)-1)-e)/(c
x(—d*xe)~(1/2)-e))+1/2%b/e"2xd*dilog((c* (-d*e) ~(1/2)+ex(cxx~(1/2)-1)+e) / (c*(
-dxe) " (1/2)+e))+1/2*b/e"2xd*1n(1+c*x~(1/2)) *1n(c™2*xe*xx+c~2*d)-1/2*b/e”2*xd*1
n(1+cxx”(1/2) ) *1n((c*x(—d*e) " (1/2)—e*x (1+cxx~(1/2) ) +e) / (c*x(~d*xe) ~(1/2)+e)) -1/
2xb/e " 2*xd*1n(1+cxx™ (1/2) )*1n((c* (=d*e) " (1/2)+ex (1+c*xx~(1/2))-e) / (c* (=d*e) ~(
1/2)-e))-1/2%b/e"2*xd*dilog((cx (-d*e) ™ (1/2) -ex (1+cxx~(1/2))+e) / (cx(-d*e)~(1/
2)+e))-1/2xb/e”"2xd*dilog((cx(~-d*xe) " (1/2)+ex (1+c*xx~(1/2))-e)/(cx(-d*xe)~(1/2)
-e))+b*x~(1/2)/c/e+1/2/c " 2xbx1n(c*x~(1/2)-1) /e-1/2/c” 2xbx1In(1+c*xx~(1/2)) /e

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

a(f_dlog(ex+d))+bfxlog(c x+1)dx_bfxlog(—c x+1)

e 2 2 (ex +d) 2 (ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="maxima"

[Out] ax(x/e - dxlog(e*x + d)/e”2) + b*xintegrate(l/2*x*xlog(cxsqrt(x) + 1)/(exx +
d), x) - bxintegrate(1/2*x*log(-c*sqrt(x) + 1)/(exx + d), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

bx artanh (C\/E) + ax

integral ,X
& ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="fricas")

[Out] integral ((bxx*arctanh(c*sqrt(x)) + a*x)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*atanh(c*x**(1/2)))/(exx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (b artanh (c\/E) + a)x

ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(at+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x/(exx + d), x)
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a+btanh ™! (C\/})

346 | dx
d+ex
Optimal. Leaf size=318
2¢(V=d-yeyx) ) ( 2¢(V=d+eyR) ) _
bPolyLog (2,1 - ————— bPolyLog (2,1 - ————+—"— __2 a + btanh
e g( (VE)vaqg) 08 E) (G | bPolyLog (2,1 - ﬁﬂ) ) (
2e 2e e

[Out] (-2*(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e + ((a + b*ArcTanh[
c*Sqrt [x]]) *Log [ (2*c*(Sqrt [-d] - Sqrtlel*Sqrt(x]))/((c*Sqrt[-d] - Sqrtle])=*
(1 + cxSqrt[x]))])/e + ((a + bxArcTanh[c*Sqrt[x]])*Log[(2*cx(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrt[x]))])/e + (bxPolyLogl2,
1 - 2/(1 + c*xSqrt[x])])/e - (bxPolyLog[2, 1 - (2*cx(Sqrt[-d] - Sqrt[el*Sqr
t[x1))/((c*Sqrt[-d] - Sqrtlel)*(1 + cxSqrt[x]))])/(2xe) - (bxPolyLog[2, 1 -
(2%c*x(Sqrt [-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cxSqrt[x])
)1)/(2%e)

Rubi [A] time = 0.321541, antiderivative size = 318, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 11, number of rules used = 5, integrand size = 20, e =

0.25, Rules used = {6044, 5920, 2402, 2315, 2447}

B 26(\/—_d—\/z\/§) B 20(\/:l+\/2\/§) P _
_bPolyLog (2,1 —(C x+1)(c«/§—«/§)) bPolyLog (2,1 —(C V) ) bPolyLog (2,1 - c\/§+1) ) (a + btanh

2e 2e e

integrand size

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(d + e*x),x]

[Out] (-2*(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e + ((a + bxArcTanh[
c*Sqrt [x]]) *Log[(2*c* (Sqrt [-d] - Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] - Sqrtlel)=*
(1 + cxSqrt[x]))])/e + ((a + bxArcTanh[c*Sqrt[x]])*Logl[(2*cx(Sqrt[-d] + Sqr
tle]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrt[x]))])/e + (bxPolyLogl[2,
1 - 2/(1 + cxSqrt[x])])/e - (b*PolylLogl[2, 1 - (2*c*(Sqrt[-d] - Sqrt[e]l*Sqr
t[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + cxSqrt[x]))])/(2xe) - (b*PolylLogl[2, 1 -
(2xcx(Sqrt[-d] + Sqrtlel*Sqrt(x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*xSqrt[x])
)1)/(2xe)

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_)*((f_.)*(x_)) " (m_.)*x((d_) + (e
_D)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
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x])"p, (fxx)"m*x(d + e*x~2)"q, xJ}, Int[u, x] /; SumQ[ul]] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlql && IGtQ[p, 0] && (GtQ[q, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - 72, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_)*(x ))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQ[e~2+f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, 4, e}, x] && EqQle + cx*d, 0]

Rule 2447

Int[Loglu ]*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]]1 /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
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-1 -1
J crbtenh (o) dx:zsubst[f rlosbiomh ") dx,x,\/;)

d+ex d + ex?

— 5 Subs _a+btanh_l(cx) N a+btanh_1(cx) -
sl e () (Ve )2~

Subst (f a+btanh™ (cx) dx, x, \/—) Subst (f a+btanh™ (cx dx, x, \/—)

_ V=d—ex N V=d-++/ex
Ve Ve
_ o(V=d—/fey/x
B I e I e R L e I
e e

_ o(V=d—/eyx
2 (a +btanh™ (C\/E)) log (1+§ﬁ) (‘1 +btanh™ (C‘/E)) log (C‘Z/‘_("I“;I_TC)‘/’_‘) (a |

=- + + —

p e

B c\/—_— eyx

) _2(a+btanh_1 (C\/E))log(1+§\/}) ) (a+btanh 1(C\/§))log % .\ g
p e

Mathematica [C] time = 1.53407, size = 551, normalized size = 1.73

—02d3+c2(—d)+€)3_2tanh (%) —czde+cz(—d)+e)e_2tanh (cvx)

PolyLog (2, ST ] + PolyLog [2, TTre - 2PolyLo

b
alog(d + ex) ~
e

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(d + e*x),x]

[Out] (axLogld + e*xx])/e - (b*((4*I)*ArcSin[Sqrt[(c™2*d)/(c"2*d + e)]]*ArcTanh[(c
xexSqrt [x])/Sqrt[-(c"2*d*e)]] + 4xArcTanh[c*Sqrt[x]]*Log[l + E~(-2*ArcTanh[
cxSqrt[x]]1)] + (2%I)*ArcSin[Sqrt[(c™2*d)/(c”2*d + e)]]l*Logl[(-2*Sqrt[-(c™2xd
xe)] + ex(-1 + E7(2%ArcTanh[c*Sqrt[x]])) + c™2xd*(1 + E~(2%ArcTanh[c*Sqrt [x
11)))/((c™2+d + e)*E~(2xArcTanh[c*Sqrt[x]]))] - 2*ArcTanh[c*Sqrt[x]]*Log[(-
2x3qrt [-(c™2*d*e)] + ex(-1 + E~(2xArcTanh[c*Sqrt[x]])) + c”2xd*(1 + E~(2x%Ar
cTanh [c*Sqrt[x]]1)))/((c™2+d + e)*E~ (2*ArcTanh[c*Sqrt([x]]))] - (2*I)*ArcSin[
Sqrt[(c™2*d)/(c™2+d + e)]]*Log[(2*Sqrt[-(c"2*d*e)] + ex(-1 + E~(2*ArcTanh[c
*Sqrt[x]])) + c™2xd*(1 + E~(2xArcTanh[c*Sqrt[x]])))/((c™2*d + e)*E~(2*ArcTa
nh[c*Sqrt[x]]))] - 2%ArcTanh[c*Sqrt[x]]*Log[(2*%Sqrt[-(c"2xd*e)] + ex(-1 + E
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~(2xArcTanh[c*Sqrt[x]])) + c™2*xd*(1 + E~(2*ArcTanh[c*Sqrt[x]])))/((c™2*d +
e)*E” (2xArcTanh [c*Sqrt[x]]))] - 2xPolyLogl[2, -E~(-2*%ArcTanh[c*Sqrt([x]])] +
PolyLog[2, (-(c™2%d) + e - 2xSqrt[-(c”2*d*e)])/((c”2*d + e)*E~(2xArcTanh [c*
Sqrt[x]11))] + PolyLogl[2, (-(c™2*d) + e + 2*xSqrt[-(c”2*d*e)])/((c™2*d + e)*E
~(2xArcTanh [cxSqrt[x]1]1))]1))/(2*e)

Maple [A] time = 0.053, size = 462, normalized size = 1.5

aln (czex + czd) N bln (czex + czd) Avtans (c \/;)
e

2 2
+bln(c ex+c d)

e 2e

ln(cx/i—l)—zieln(cx/;—l)ln((c —de—e(c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(cxx”(1/2)))/(exx+d),x)

[Out] a/ex1n(c”2*exx+c”2*d)+b/e*xln(c ™ 2*e*xx+c”~2*d)*arctanh (c*x~(1/2))+1/2*b/ex1n(c
*x7(1/2)-1)*1n(c™2*xexx+c"2xd) -1/2%b*1n(c*x~(1/2)-1) /exIn((cx (-d*e) ~(1/2) -e*
(cxx~(1/2)-1)-e)/(cx(-d*xe) ~(1/2)-e))-1/2%b*1n(c*x”~(1/2)-1) /e*x1n((c*x(-d*e) " (
1/2)+ex(cxx~(1/2)-1)+e) /(cx(-d*e) ~(1/2)+e))-1/2%b/exdilog((c* (~d*e) ~(1/2)-e
x(cxx~(1/2)-1)-e)/(cx(~d*e)~(1/2)-e))-1/2%b/e*dilog((c*x(-d*e) " (1/2)+ex (c*x~
(1/2)-1)+e)/(cx(=d*e) ~(1/2)+e) ) -1/2xb/ex1n(1+c*xx~(1/2)) *1n(c~2*e*x+c~2xd) +1
/2¥b*x1n(1+c*xx”(1/2)) /ex1ln((c*x (-d*e) " (1/2) —ex(1+c*x~(1/2) )+e) / (c*x(-d*e) " (1/2
)+e))+1/2xb*1n(1+c*x™(1/2)) /exIn((c*x(-d*e) ™ (1/2) +ex (1+c*x™(1/2))-e)/ (c*x (-dx
e)~(1/2)-e))+1/2xb/exdilog((c*x(-d*e) ~(1/2)-e*x(1+cxx~(1/2))+e) /(c*x(-d*e) ~(1/
2)+e))+1/2xb/exdilog((cx(~d*xe) " (1/2)+e*x (1+cxx~(1/2))-e) /(c*x(-dxe)~(1/2)-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

log(c x+1) B flog(—c x+1) +glog(ex+d)
2 (ex + d) 2 (ex + d) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="maxima")

[Out] bxintegrate(1/2*xlog(cxsqrt(x) + 1)/(exx + d), x) - b*integrate(l/2*log(-c*s
grt(x) + 1)/(exx + d), x) + axlog(e*xx + d)/e
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Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a

integral ,X
& ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")

[Out] integral((bxarctanh(cxsqrt(x)) + a)/(exx + d), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(cxx**(1/2)))/(e*xx+d) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/E) +a

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*xsqrt(x)) + a)/(exx + d), x)
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a+btanh ™! (C\/})

347 | dx
x(d+ex)
Optimal. Leaf size=358
_ V) - M) 2
bPolyLog (2,1 e oo \/E)) ) bPolyLog (2,1 Eeng) bPolyLog (2,1 _ m) i bPolyLog (2’ _
2d 2d d d

[Out] (2x(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x]1)]1)/d - ((a + b*ArcTanh[c
*Sqrt [x]])*Log[(2*c*(Sqrt [-d] - Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] - Sqrtlel)*(
1 + cxSqrt[x]))])/d - ((a + bxArcTanh[c*Sqrt[x]])*Log[(2*c*x(Sqrt[-d] + Sqrt
[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*Sqrt[x]))])/d + (axLoglx])/d -
(bxPolyLog[2, 1 - 2/(1 + cxSqrt[x])])/d + (b*PolyLogl[2, 1 - (2*c*(Sqrt[-d]
- Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtlel)*(1 + cxSqrtlx]))]1)/(2%d) + (bx*
PolyLog[2, 1 - (2xc*(Sqrt[-d] + Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(
1 + cxSqrt[x]))]1)/(2*%d) - (b*PolyLogl[2, -(c*Sqrtl[x])])/d + (b*PolyLogl[2, cx*
Sqrt[x]11)/d

Rubi [A] time = 0.58681, antiderivative size = 358, normalized size of antiderivative =

. . . ber of rul
1., number of steps used = 15, number of rules used = 11, integrand size = 23, e 9 TR
integrand size

= 0.478, Rules used = {36, 29, 31, 1593, 5992, 5912, 6044, 5920, 2402, 2315, 2447}

2(VNER) (V) )
bPolyLog (2,1 - R \/5)) ) bPolyLog (2,1 " eing)  PolyLog (21--%)  bPolyLog (2, -
2d 2d a :

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x*(d + e*x)),x]

[Out] (2%(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x]1)]1)/d - ((a + b*ArcTanh[c
xSqrt [x]])*xLog[(2xc*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(
1 + cxSqrt[x]))]1)/d - ((a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*x(Sqrt[-d] + Sqrt
[el*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*xSqrt[x]))])/d + (axLoglx])/d -
(bxPolyLog[2, 1 - 2/(1 + cxSqrt[x])])/d + (b*PolyLogl[2, 1 - (2%c*(Sqrt[-dl]
- Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtle])*(1 + cxSqrtl[x]))]1)/(2*xd) + (b*
PolyLog[2, 1 - (2%c*x(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*xSqrt[-d] + Sqrtle])*(
1 + cxSqrt[x]))]1)/(2*d) - (bxPolyLogl[2, -(c*Sqrtl[x])])/d + (b*PolyLog[2, cx*
Sqrt [x]1]1)/d

Rule 36
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Int[1/(((a_.) + (b_)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- a*xd), Int[1/(a + bxx), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - axd, 0]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Loglx], xI]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]11/b, x] /; FreeQ[{a, b}, x]

Rule 1593

Int[(u_)*x((a_)*x )" (p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*x(x )" (m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && '(EqQ[m, 1] && NeQ[a, 0]
)

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Loglx], x
1 + (-Simp[(b*PolyLog[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((f_)*(x_))"(m_.)*((d_ ) + (e
_I)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (£*x)"m*x(d + e*x"2)"q, x]}, Int[u, x] /; SumQ[ul]l /; FreeQ[{a, b, c,
d, e, f, m}, x] & IntegerQ[q]l && IGtQ[p, 0] && (GtQ[q, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
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Log[(2%c*(d + exx))/((cxd + e)*x(1 + c*x))])/e, x]) /; FreeQl{a, b, c, d, e}
, X] && NeQ[c™2%d"2 - 72, 0]

Rule 2402

Int[Logl(c_.)/((d) + (e_.)*(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gr, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2447

Int[Log[u_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))

/Dlu, x]]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

Rubi steps
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a+btanh™ (C\/E) a + btanh ™ (cx)
=2
f dT o0 dx Subst f R~ dx, x, \/5)
-1
— 5 Qubst f a+btanh “(cx) dx, 3,V
X (d + exZ)
ht ex (a + btanh™ (cx
> Subst f a+ btan (cx)_ ( ( )) dx,x,\/z
dx d (d + exz)

-1 x(a+b tanh_l(cx)
2 Subst ( [ ) g x, \/;) (2¢) Subst ( [ % dx, x, \/E)

d - d

_a+b tanh_l(cx) a+b tanh_l(cx)
_alog) Mip(-ev) | BLip (eyy) (295 s e
T d d d d

a anh " (cx
2los()  DLi (~cy) ble(C\/;) Ve Subst (f ”i/t_ \[( arotanh @) gy, x, \/‘) Ve Subst
= - +
d d d d

) (VAo
2(a+btanh™ (cvix))log (1+§ﬁ) (a+btanh™ (cyx))log (cxz/—_(d—j_Tc)\/J—c) (a+

d - d B

) _ 2c \/—_—\/E\/E
2 (a +btanh™ (C\/;)) log (1+cﬁ) (“ +btanh™ (C‘/;)) log (cx/—_(d—j'Tc)\/}) (a +

d - d
_ o(V=d—+/e/x
) 2 (a +btanh™ (c\/E)) log (1+§\/§) (’1 +btanh”! (C‘/E)) log (C\Z/_(_d_j;)gié) (a +

Mathematica [A] time = 1.12444, size = 302, normalized size = (.84

2 Ztanhfl(cﬁ) 2 Ztanhfl(cﬁ)
bPolyLog (2, _E d;:); o ] + bPolyLog (2, _E dz:le); N ] + 2bPolyLog (2, g 2tanh (C‘/_)) + 2alog(d +
c2d-2c\—d+fe—e c2d+2cV—drJe—e

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x*x(d + ex*x)),x]

[Out] -(-4*b*ArcTanh[c*Sqrt[x]]~2 - 4xb*ArcTanh[c*Sqrt[x]]*Log[l - E~(-2*ArcTanh[
cxSqrt[x]])] + 2xb*ArcTanh[c*Sqrt[x]]*Logl[l + ((c™2*d + e)*E~(2*ArcTanh [c*S
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qrt[x]11))/(c™2*%d - 2xc*Sqrt[-dl*Sqrtle] - e)] + 2*bxArcTanh[c*Sqrt[x]]*Logl
1 + ((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”2*d + 2xc*Sqrt[-d]*Sqrtle] -
e)] - 2xaxLog[x] + 2*xaxLogl[d + e*x] + 2xb*PolyLogl[2, E~(-2*ArcTanh[c*Sqrt [x
11)1 + b*PolyLog[2, -(((c™2xd + e)*E~(2%ArcTanh[c*Sqrt[x]]))/(c”2*d - 2%cxS
qrt[-d]*Sqrtle] - e))] + b*PolyLog[2, -(((c™2*d + e)*E~(2xArcTanh[c*Sqrt [x]
1))/ (c72%d + 2*c*Sqrt[-d]*Sqrtle] - e))])/(2*d)

Maple [A] time = 0.062, size = 540, normalized size = 1.5

2 2 2 2 2 2
_uln(c e;c+c d) +2a1nE{cx/§) ) bln(c e;+c d)Artanh(C\/;)+2bArtanh(c;l/§)ln(cx/§) B bln(c263;+c d) .

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(cxx~(1/2)))/x/(exx+d) ,x)

[Out] -a/d*1n(c”2*e*xx+c™2*d)+2*a/d*1n(c*xx”(1/2))-b*arctanh(c*x~(1/2))/d*1n(c”2*e*
x+c”2*d) +2¥b*arctanh (c*xx~(1/2)) /d*x1n(c*x~(1/2))-1/2*b/d*1n(c*xx~(1/2)-1) *1n(
c " 2%exx+c”2xd)+1/2*xb/d*1n(c*xx” (1/2)-1)*1n((cx(-d*e) "~ (1/2) —ex(c*x~(1/2)-1)-e
)/ (cx(=d*xe) " (1/2)-e))+1/2xb/d*1n(c*x~(1/2)-1)*1n((cx(-d*e) "~ (1/2)+ex(c*xx~ (1/
2)-1)+e)/(cx(-d*xe)~(1/2)+e))+1/2%b/dxdilog((c* (=dxe) ~(1/2)-e*x(c*xx~(1/2)-1)-
e)/(c*x(-d*e)~(1/2)-e))+1/2*%b/d*dilog((c*(-d*e) " (1/2)+e*x(cxx~(1/2)-1)+e) /(c*
(-d*e)~(1/2)+e))+1/2*xb/d*x1In(1+cxx~(1/2) ) *1n(c™2*e*xx+c~2*d) -1/2*b/d*1n (1+c*x
~(1/2))*1n((c*x(-d*e) " (1/2) —ex(1+c*x™(1/2) ) +e) / (c*x(~d*e) ~(1/2)+e) ) -1/2%b/d*1
n(1+c*x”(1/2) ) *1n((c*x(~d*xe) ~(1/2) +ex(1+cxx~(1/2))-e) /(cx(-d*xe)~(1/2)-e))-1/
2xb/d*dilog((c*x(~d*e) ™ (1/2)-ex (1+c*xx~(1/2))+e) /(c*x(=dxe) ~(1/2)+e))-1/2%b/dx*
dilog((cx(-dxe)~(1/2)+e*x(1+cxx~(1/2))-e)/(c*(-d*e)~(1/2)-e))-b/d*dilog(c*x”
(1/2))-b/d*dilog(1+c*x~(1/2))-b/d*1n(c*x”~(1/2) ) *1n(1+c*x~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

_a(log (ex+d) log (X)) N bf logS(c X+ 1) Jr—b log E—C X+ 1)
4 d 2 (exE + dﬁ)ﬁ 2 (exE + d\/E)\/E

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="maxima"
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[Out] -ax(log(e*x + d)/d - log(x)/d) + bxintegrate(1/2*log(c*sqrt(x) + 1)/((exx"(
3/2) + dxsqrt(x))*sqrt(x)), x) - bxintegrate(1/2*log(-c*sqrt(x) + 1)/((e*xx~

(3/2) + dxsqrt(x))*sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (c\/E) +a
ex? + dx

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="fricas")

[Out] integral((bxarctanh(cxsqrt(x)) + a)/(exx"2 + d*x), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x/(e*xx+d),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/}) +a

(ex + d)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((e*x + d)*x), x)
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a+btanh ™! (C\/})

348 | dx
x2(d+ex)
Optimal. Leaf size=413
2 _2(Ve-vey) 2oV
bePolyLog (2,1 - - ﬁ+1)  bebolyLog (2/1 erorayg)  roblos 21 e  bePolyLog (
a2 242 242 a2

[Out] -((b*c)/(d*Sqrt[x])) + (bxc~2*ArcTanh[c*Sqrt[x]])/d - (a + b*ArcTanh[c*Sqrt
[x]1)/(d*x) - (2%ex(a + b*ArcTanh[c*Sqrt([x]])*Log[2/(1 + c*Sqrt(x])])/d"2 +

(ex(a + bxArcTanh[cxSqrt[x]])*Log[(2*xc*(Sqrt[-d] - Sqrtle]*Sqrt[x]))/((cxS
qrt[-d] - Sqrtle]l)*(1 + c*Sqrtlx]))])/d"2 + (ex(a + b¥ArcTanh[c*Sqrt[x]])*L
og[(2xcx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 + c*Sqrt([x
1))1)/d72 - (axexLoglx])/d~2 + (b*ex*PolyLog[2, 1 - 2/(1 + c*Sqrtl[x])])/d"2
- (b*xexPolyLog[2, 1 - (2*cx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqr
tle])*(1 + c*xSqrt[x]))])/(2+%d"2) - (bxex*PolyLog[2, 1 - (2xc*(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrt[x]))]1)/(2+%d"2) + (b*e*Po
lyLog[2, -(c*Sqrt[x]1)]1)/d"2 - (b*exPolyLog[2, c*Sqrt[x]])/d"2

Rubi [A] time = 0.720063, antiderivative size = 413, normalized size of antiderivative =

. . b f rul
1., number of steps used = 19, number of rules used = 13, integrand size = 23, ==
integrand size

= 0.565, Rules used = {44, 1593, 5982, 5916, 325, 206, 5992, 5912, 6044, 5920, 2402, 2315,
2447}

2 __(Vdevy) (V)
bePolyLog (2,1 - \/9_C+1) bePolyLog (2,1 A bePolyLog (2,1 ) bePolyLog (I
d2 242 B 242 + 2

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2x(d + e*x)),x]

[Out] -((bxc)/(d*Sqrt[x])) + (b*c 2xArcTanh[c*Sqrt[x]])/d - (a + b*ArcTanh[c*Sqrt
[x]1)/(d*x) - (2*ex(a + bxArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x])])/d~2 +

(ex(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] - Sqrtl[el*Sqrt[x]))/((c*S
qrt[-d] - Sqrtle])*(1 + c*Sqrt(x]))])/d"2 + (ex(a + b¥ArcTanh[c*Sqrt[x]])*L
og[(2*%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + c*Sqrtl[x
1))1)/d72 - (axexLoglx])/d"2 + (b*ex*PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d~2
- (b*e*PolyLogl[2, 1 - (2%c*(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqr
tle])*(1 + c*xSqrtlx]))])/(2%d"2) - (b*ex*PolyLogl[2, 1 - (2xc*(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))]1)/(2xd"2) + (b*e*xPo
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lyLog[2, -(c*Sqrt[x])])/d"2 - (b*exPolyLogl[2, c*Sqrt[x]])/d"2

Rule 44

Int[((a_) + (b_.)*(x ))"(m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*((a_.)*x(x_)"(p_.) + (b_.)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x]) p)/(d + e*xx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh([c*x]) p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(dx(m + 1)), Int[((d*x)"(m + 1)*(a + bxArcTanh[c*x])~(p - 1))/(1 - c~2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1)) /(axck(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 0])
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Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, 0]

)

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x
1 + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*x(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_ ) + (e
_)*(x_)"2)7(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (£*x)"mx(d + e*x"2)7q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, £, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - ¢c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + b*ArcTanh [c*x])*
Log[(2xcx(d + exx))/((cxd + e)*x(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2xd"2 - e~2, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol]l :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2447

Int[Loglu_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x]]}, Simp[C*PolyLogl[2, 1 - ul], x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
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x] [[2]], Expon[Pq, x]]

Rubi steps

x2(d + ex) dx3 + ex®

-1
= 2 Subst [f a+btanh (cx) dx, x, \/Q)

x3 (d + exz)

f a+btanh™ (cﬁ) i = 2 Subst [f a+ btanh ™ (cx) e x \/;)

a+b tanh_l(cx)

1
2 Subst (f w dx, x, \/E) (2¢) Subst (f ed) dx, x, \/E)

d d
1 a+b tanhfl(cx)
4+ btanh! (c \/E) (bc) Subst ( ) i) dx, x, \/§) (2¢) Subst ( il (T :
= — + —
dx d (
1 a+btanh”
b at btanh™ (C\/;) . (bc3) Subst (fmdx, X, \/E) (2e) Subst (f + ax
T dyx dx d 22
_ b . b2 tanh ™ (C\/E) a+ btanh™ (c\/E) _ aelog(x) N beLi, (—C\/E) ) beLi, (c«
N a ix 7 2 7
_ be . b tanh ™ (c\/E) a+ btanh™ (cx/z) _ aelog(x) N beLi, (—C\/E) ) beLi, (c«
NG a ix 7 2 iz

be  bc2tanh™ (C\/§) a+btanh™ (cﬁ) 2e (” +btanh™! (c\/E)) log (ﬁ)
N d ) dx ) 2 '

_ b . bc? tanh ™ (C\/E) a+ btanh™ (cx/}) B 2e (” +btanh™ (C\/})) log (1+iﬁ) _
T dyx d dx i

_ b . bc? tanh ™ (C\/E) a+ btanh™ (c\/E) B 2e (‘1 +btanh™ (C\/;)) log (pj_\/E) _
T dyx d dx i
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Mathematica [A] time = 1.62432, size = 360, normalized size = 0.87

,1 71 71
(c2d+e)32tanh (ev&) (c2d+e)e2tanh (cv) . (C2d+e)62tanh (cvx)
4 e[PolyLog [2,— e | PolyLog|2, - ERIERar N + 2tanh (c\&) log Er ey
4cd?

2bc

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*Sqrt[x]])/(x"2*(d + exx)),x]

[Out] -(a/(d*x)) - (2*a*xexLogl[Sqrt([x]])/d"2 + (axexLogld + exx])/d"2 + 2%bkxc ™ 4x*(-
((c*d)/Sqrt[x] + ArcTanh[c*Sqrt[x]]*((d*(1 - c™2*x))/x + exArcTanh[c*Sqrt[x

1] + 2%exLog[l - E~(-2*ArcTanh[c*Sqrt[x]])]) - e*PolyLog[2, E~(-2*ArcTanh[c

xSqrt [x]1]1)]1)/(2*%c™4xd"2) + (ex(2*ArcTanh[c*Sqrt[x]]*(-ArcTanh[c*Sqrt[x]] +

Logl[l + ((c™2%d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c”2*d - 2*xc*Sqrt[-d]*Sqrt[e

1 - e)] + Log[l + ((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”2*d + 2xcxSqrt[
-d]*Sqrt[e] - e)]) + PolyLogl[2, -(((c™2*d + e)*E~(2xArcTanh[c*Sqrt([x]]1))/(c

~2xd - 2*xcxSqrt[-d]*Sqrtle] - e))] + PolyLog[2, -(((c”2*d + e)*E~(2*ArcTanh
[cxSqrt[x]]))/(c™2*xd + 2xc*Sqrt[-d]l*Sqrtle] - e))]))/(4*c™4xd"2))

Maple [A] time = 0.068, size = 620, normalized size = 1.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"2/(e*xx+d) ,x)

[Out] a*e/d"2*1n(c”2%exx+c”2*xd)-a/d/x-2*a/d"2*ex1n(c*x” (1/2))+b*arctanh(c*xx~(1/2)
Yxe/d"2%1n(c”2%e*x+c”2*d) -b*arctanh (c*x~(1/2))/d/x-2*b*arctanh(c*x~(1/2)) /4
“2%exIn(c*x”(1/2))-bxc/d/x~(1/2)-1/2%c™2*%b/d*1n(c*x~(1/2)-1)+1/2%c"2%b/d*1n
(1+c*x~(1/2))+b/d"2xe*dilog(cxx™ (1/2) ) +b/d"2*exdilog (1+c*x~(1/2) ) +b/d"2*ex*1
n(c*x~(1/2)) *1n(1+c*xx~(1/2))+1/2*b/d"2%e*x1n(c*x” (1/2)-1)*1n(c"2*exx+c”2*d) -
1/2%b/d"2*xe*1n(c*xx~(1/2)-1) *1n((c* (-d*e) ~(1/2) —ex(c*xx~(1/2)-1)-e)/(cx(-d*e)
~(1/2)-e))-1/2xb/d"2*e*x1n(cxx” (1/2)-1)*1n((c*(-d*e) "~ (1/2)+e*x (cxx~(1/2)-1)+e
)/ (cx(-d*e)~(1/2)+e))-1/2%b/d"2*exdilog((cx(-d*e) ~(1/2)-e*x(c*x~(1/2)-1)-e)/
(cx(=dxe)~(1/2)-e))-1/2xb/d"2xe*dilog((c*x(-d*e) " (1/2)+ex(c*xx~(1/2)-1)+e)/(c
*(-d*xe) " (1/2)+e))-1/2%b/d"2xex1n(1+c*x~(1/2)) *1n(c"2*e*xx+c~2*d) +1/2*b/d " 2xe
*1n(1+c*x~(1/2) ) *In((c*x (=d*e) " (1/2) —ex(1+c*x~(1/2) ) +e) / (c*x(-d*e) ~(1/2)+e) )+
1/2xb/d"2*xex1n(1+c*xx” (1/2)) *1n((c*x (-d*e) " (1/2)+e*x (1+c*x~(1/2)) -e) / (c*x (-dx*e)
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~(1/2)-e))+1/2*%b/d"2*e*xdilog((c* (~dxe) " (1/2)-e* (1+cxx~(1/2))+e) / (c*x (~d*e) ~(
1/2)+e))+1/2%b/d"2*e*dilog((c*x (-dxe) " (1/2)+e*x (1+c*x~(1/2))-e) /(c*x(-d*e)~(1/
2)-e))

Maxima [F] time = 0., size = 0, normalized size = 0.

- o 5 3

log (cyx +1 log (—cvx +1
a(elog(ex+d)_elog(x) 1)+bf g( ) dx—b g( ) i
a2 a2 dx > 3 5 3
2(ex2 +dx2)\/§ Z(exz +dx2)\/§

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(e*x+d) ,x, algorithm="maxima"

[Out] a*x(exlog(exx + d)/d”2 - exlog(x)/d"2 - 1/(d*x)) + bxintegrate(1/2xlog(c*sqr
t(x) + 1)/((exx™(5/2) + d*x~(3/2))*sqrt(x)), x) - b*integrate(1/2*xlog(-c*sq
rt(x) + 1)/((exx~(5/2) + d*x~(3/2))*sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/}) +a

ex3 + dx?

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*sqrt(x)) + a)/(e*x”3 + d*x"2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**(1/2)))/x**2/(exx+d) ,x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/E) +a

(ex + d)x?
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x"2), x)
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a+btanh ™! (C\/})

x3(d+ex)

dx

349 |

Optimal. Leaf size=506

ZC(\/—_d—‘/E\/E) ZC(\/:iﬂ/E\/})

2 2 _ 2 _ V)
be?PolyLog (2/1 _ c\/§+1) be“PolyLog (2,1 e \/E)) be“PolyLog (2,1 Ve (ovoir \/E)) be2Pol
d3 243 243

[Out] -(b*c)/(6*%d*x~(3/2)) - (b*xc~3)/(2*d*Sqrt[x]) + (b*cxe)/(d"2*Sqrt[x]) + (bxc
“4xArcTanh[c*Sqrt [x]]1)/(2*%d) - (bxc~2*exArcTanh[c*Sqrt[x]])/d"2 - (a + bxAr
cTanh [c*Sqrt [x]])/(2*d*x~2) + (ex(a + bxArcTanh[c*Sqrt[x]]))/(d"2xx) + (2xe
~2%(a + b¥ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrtl[x])])/d~3 - (e"2*x(a + b*Arc
Tanh [c*Sqrt [x]]) *Log [(2*c* (Sqrt [-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrt
[e]l)*(1 + c*xSqrt[x]))])/d"3 - (e"2+(a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqr
t[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + c*Sqrtl[x]))])/d~3 +
(axe~2*Log[x])/d~3 - (b*e"2xPolyLogl[2, 1 - 2/(1 + cxSqrt([x])])/d"3 + (bxe~2
*PolyLog[2, 1 - (2*c*x(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])x
(1 + cxSqrt[x]))])/(2%d"3) + (b*e"2+PolyLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtle]
xSqrt [x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2xd~3) - (b*xe~2*Poly
Log[2, -(c*Sqrt[x])])/d~3 + (b*xe~2xPolyLog[2, c*Sqrt[x]])/d"3

Rubi [A] time = 0.872401, antiderivative size = 506, normalized size of antiderivative =

o - . ber of rul
1., number of steps used = 24, number of rules used = 13, integrand size = 23, i
integrand size

= 0.565, Rules used = {44, 1593, 5982, 5916, 325, 206, 5992, 5912, 6044, 5920, 2402, 2315,
2447}

2 2 _ 2e(V=d—evh) 2 _2e(V=d+yevr)
be?PolyLog (2/1 _ \/__) be“PolyLog (2,1 ) Vo) be“PolyLog (2,1 V(o) ) be2Pol

cyx+1
- + +

a3 243 243

Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt([x]])/(x"3*(d + e*x)),x]

[Out] -(b*c)/(6xd*xx~(3/2)) - (b*c™3)/(2*d*Sqrt[x]) + (bxcke)/(d"2xSqrt[x]) + (b*c
“4xArcTanh[c*Sqrt [x]])/(2%d) - (bxc~2*exArcTanh[c*Sqrt[x]])/d"2 - (a + b*Ar
cTanh [c*Sqrt[x]])/(2xd*x"2) + (ex(a + bxArcTanh[c*Sqrt[x]]))/(d"2xx) + (2*e
~2%(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/d~3 - (e”2*(a + bx*Arc
Tanh [c*Sqrt [x]])*Log[(2xc*(Sqrt[-d] - Sqrtle]*Sqrt([x]))/((c*Sqrt[-d] - Sqrt
[e]l)*(1 + c*Sqrt[x]))]1)/d™3 - (e"2x(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqr
t[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtl[e])*(1 + cxSqrt[x]))]1)/d"3 +
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(axe~2*Log[x])/d~3 - (b*e"2*PolyLog[2, 1 - 2/(1 + cxSqrt([x])])/d"3 + (bxe~2
*PolyLog[2, 1 - (2xcx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtlel)*
(1 + cxSqrt[x]))])/(2%d"3) + (b*e"2+PolylLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtle]
xSqrt [x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]))])/(2xd~3) - (b*xe~2*Poly
Log[2, -(c*Sqrt[x])])/d~3 + (bxe~2xPolyLog[2, cxSqrt[x]])/d"3

Rule 44

Int[((a_) + (b_.)*(x )) " (m_.)*x((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*x(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - axd, 0] && ILtQ[m, O] && IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m
+n+ 2, 0])

Rule 1593

Int[(u_)*x((a_)*xx )" (p_.) + (b_)*x(x_)"(q_.))"(n_.), x_Symbol] :> Int[u*x
“(nxp)*(a + bxx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x]) p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(b*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQlp, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 325

Int[(Cc_)*(x_))"(m_ )*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((cx
x)"(m + 1)*(a + bxx™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + nx(p + 1)
+ 1))/(axcnx(m + 1)), Int[(c*x)"(m + n)*x(a + bxx™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] &% IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))*x(x )" (m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0]
)

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Loglx], x
1 + (-Simp[(b*PolyLogl[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_ ) + (e
_I)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (f*x)"mx(d + e*xx"2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQlq, 0] || IntegerQ[m])

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(bxc)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2%c*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQl{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - 72, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, f, g}, x] & EqQlc, 2*d] && EqQle~2*f + d~2xg, 0]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]
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Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, x11}, Simp[C+PolyLogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQlm] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]]1, Expon[Pq, x]1]

Rubi steps
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f a+btanh™ (C\/E) Jx = 2 Subst (f a+btanh ™ (cx) ex \/;)

x3(d + ex) dx® + ex”
=2 Subst f a+btanh” (cx) dx, x, \x
x° (d + exz) "
a+b tanh’l(cx) 2¢) Subst a+b tanhfl(cx) d
2 Subst ( f —5— dxx, \/E) (2e) Subs f o) X, X, \x
= ; 3 L
1 1
a+btanh™! (c\/E) (bc) Subst (f A1) dx, x, ﬁ) (2e) Subst (f atbtanh (cx) tax3h ) -
B 2dx2 * 2d - 7
3 1
bc  a+btanh” (C\/E) e (a +btanh™ (c\/E)) (bc ) Subst (f 2(1-22) dx, x,
T edxd? 202 " P " 2d
b bcd . bce a+btanh™’ (c\/§) N e (a +btanh! (c\/i)) . (bc5) Subst 1
T 62 2d\x d2x 2dx2 s

be bc3 bce  bc*tanh™ (C\/E) bc%e tanh ™ (c\/E) a+btanh™ (c\/E)

RN AN 24 2 202

be bc3 bce  bc*tanh™ (C\/E) bc%e tanh ™’ (c\/E) a+btanh™ (c\/E)
RN AN 2d - P - 2%

be bc3 bce  bc*tanh™ (c\/E) bc%etanh ™ (cﬁ) a+btanh™ (c\/E)

R NN 2d &2 2422

be bc3 bce  bc*tanh™ (C\/E) bc%etanh ™ (C\/J_c) a+btanh™ (c\/E)
T6d  2dyx | Bk 24 - 72 - 2022

be bc3 bce  bc*tanh™ (C\ﬁ) bc%e tanh ™ (C\/E) a+btanh™ (cx/z)

T T 2k | dyr 24 2 202

Mathematica [A] time = 2.67282, size = 394, normalized size = 0.78

(Gd+e)e? tanh ™ (eV¥) (Rd+e)e? tanh™ (cy¥)

2,2 _ _
b[3e x (PolyLog (2, Ky )+PolyLog [2, e oev dvie

(C2d+6)ez tanh_l(c

+2tanh™ (C\/E) (log (m
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Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*Sqrt[x]])/(x73*(d + exx)),x]

[Out] -(3*a*xd™2 - 6*akxdxexx - 6*akxe”2xx"2*Log[x] + 6xaxe”2*x"2xLogld + exx] + bx(
cxd*Sqrt [x]*(d + 3*c™2*d*x - 6*%e*x) - 3*ArcTanh[c*Sqrt[x]]*(d*x(-1 + c™2*x)*
(d + c™2%d*x - 2%e*xx) + 2%e”2xx"2%ArcTanh[c*Sqrt[x]] + 4xe”2*x"2*Log[l - E
(-2xArcTanh [cxSqrt[x]])]) + 6%e”2xx"2*PolyLog[2, E~(-2*%ArcTanh[c*Sqrt[x]])]

+ 3%e”2xx” 2% (2xArcTanh [cxSqrt [x]] *(-ArcTanh [c*Sqrt[x]] + Logl[l + ((c”2xd +

e)*E~ (2+¢ArcTanh [c*Sqrt [x]]))/(c”™2*%d - 2xc*Sqrt[-d]*Sqrt[e] - e)] + Logll +
((c™2%d + e)*E~ (2*%ArcTanh[c*Sqrt[x]]))/(c”2*d + 2*xc*Sqrt[-d]*Sqrtle] - e)]
) + PolyLog[2, -(((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]1))/(c™2*d - 2*c*Sqrt[-
dl*Sqrtle] - e))] + PolyLogl[2, -(((c™2*d + e)*E~ (2xArcTanh[c*Sqrt[x]]))/(c”
2xd + 2xcxSqrt[-d]*Sqrtle] - e€))]1)))/(6%d"~3*x"2)

Maple [A] time = 0.072, size = 741, normalized size = 1.5

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~(1/2)))/x"3/(exx+d) ,x)

[Out] -1/2*a/d/x"2+1/2*b/d"3*e"2*1In(c*x~(1/2)-1)*1n((c*x(-d*e) ~(1/2)-e*x(c*x~(1/2)-
1)-e)/(cx(-d*e)~(1/2)-e))+1/2*b/d"3*e"2*x1n(1+c*x~(1/2) ) *1n(c” 2*e*x+c~2*d) -1
/2%¥b/d"3*%e”2x1n(1+c*xx~(1/2) ) *1n((c* (~d*e) " (1/2) —ex(1+cxx~(1/2))+e) /(c*(-d*e
)" (1/2)+e))-1/2%b/d"3*%e"2*1n(1+c*x™ (1/2) ) *1n((c*x (-d*e) ~(1/2) +ex (1+c*xx~(1/2)
)-e)/(c*x(-d*e) " (1/2)-e))-bxarctanh(c*x~(1/2))*e”2/d"3*1n(c”~2*exx+c~2*d) +2*b
*arctanh(c*x”(1/2))/d"3*e"2x1n(c*x~(1/2))-1/2*c”2*b/d"2*x1n(1+c*xx~(1/2) ) xe+1
/2xc”2*xb/d"2*x1n(cxx™ (1/2)-1) *e+1/2%b/d"3*e " 2*1n(cxx~ (1/2)-1)*1n((c* (-d*e) ~(
1/2)+ex(cxx~(1/2)-1)+e) /(c*x(-d*e) " (1/2)+e))-b/d"3*e " 2*1n(c*x~ (1/2) ) *1n(1+c*
x~(1/2))-1/2%b/d"3*xe"2*1n(c*x~ (1/2)-1) *1n(c™2*e*x+c”2*d) +a/d"2*e/x-1/2*b*ar
ctanh(c*x~(1/2))/d/x"2+2*a/d"~3*%e"2*1n(c*xx~(1/2))-b/d"3*e"2*dilog(c*x~(1/2))
-b/d"3*e"2xdilog(1+c*x~(1/2))+1/2xb/d"3*e"2xdilog((c* (-d*e) ~(1/2) -e*x (c*xx~ (1
/2)-1)-e) /(c*x(-d*e)~(1/2)-e))+1/2xb/d"3*xe"2xdilog((c* (-d*e) ~(1/2) +e* (c*xx~ (1
/2)-1)+e) /(cx(-d*e) " (1/2)+e))-a*e”2/d"3*1n(c " 2*exx+c”~2*d) -1/2*b/d"3*e~2xdil
og((c*x(-dx*e)~(1/2)-ex(1+c*x~(1/2))+e)/(cx(~d*e) " (1/2)+e))-1/2%b/d"3*%e~2*dil
og((cx(-dxe)~(1/2)+ex(1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)-e))-1/4*c™4*b/d*1n(cx*
x~(1/2)-1)+1/4*c"4*b/d*1n(1+c*x~ (1/2) ) +b*arctanh (c*x~(1/2))/d"2*e/x-1/6*b*c
/d/x~(3/2)+b*xc*xe/d"2/x"(1/2)-1/2%b*c~3/d/x"(1/2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

2 2 - log (cvx +1 log (—cy/x +1
1 (Ze log(ex+d) 2e’log(x) 2ex d)+bf g( ) dx—bf g( Vx )dx

——a
3 3 2,2 7 5
2 d d dex Z(exE +dx§)\/§

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(e*x+d),x, algorithm="maxima")

[Out] -1/2x%a*x(2*e"2*log(e*x + d)/d~3 - 2xe"2*xlog(x)/d~3 - (2xexx - d)/(d"2*x"2))
+ brxintegrate(1/2*log(c*xsqrt(x) + 1)/((exx~(7/2) + d*x~(5/2))*sqrt(x)), x)
- bxintegrate(1/2*log(-c*sqrt(x) + 1)/((exx~(7/2) + d*x~(5/2))*sqrt(x)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

bartanh (C\/E) +a
ex* + dx3

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(e*x+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*sqrt(x)) + a)/(exx"4 + d*x"3), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx*x(1/2)))/x**3/(exx+d) ,x)

[Out] Timed out
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Giac [F] time = 0., size = 0, normalized size = 0.

dx

f bartanh (C\/E) +a

(ex + d)x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x~3), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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13

14
15
16
17
18
19
20
21
22
23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417
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is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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